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Summary :

The electromagnetic field scattered by an impedance plane is generally given by its plane wave expansion

(Fourier representation). Here we derive an alternative expression which is more suitable for point source

illumination. For this, we consider an original expression of the Hertz potentials for the incident field and

express the scattered potentials in a novel form. A special function then involved can be expressed in an

integral which is in turn expanded in a convergent series. The expression presented also permits us to

express complete asymptotics. Our development considers an arbitrary impedance, passive or active.

keywords : scattering, impedance plane, dipole, electromagnetism, analytical expression, passive or active

material.

1) Introduction

In a recent paper [1], we considered the field scattered by a structure composed of several
homogeneous and planar layers on a perfectly reflecting plane. We here apply our results
to the particular case of an arbitrary constant impedance plane (passive or active) in the
presence of bounded sources in electromagnetism. The impedance boundary conditions,
that involve first order normal derivatives, are commonly used to model the scattering by
imperfectly conducting objects of different geometries, such as an impedance cone
studied in [2]. Concerning the impedance plane, the scattered field is generally given by
its plane wave (Fourier representation) or Fourier-Bessel expansion [3]-[7], while other
methods [8]-[13], developed for passive cases (for example the complex image method),
are generally limited because of the presence of a branch cut as the impedance is active.
In this paper, we give another approach to express the field for any impedance choice,
which is more suitable for illumination by an arbitrary bounded source than the Fourier
or Fourier-Bessel representations. Moreover, we give an original expression of the Hertz
potentials for the incident field and express the scattered potential in a novel form.
In practice, the Fourier expansion is suitable in far field or for simple plane wave
illuminations, but is particularly complex to use for non-plane, in particular spherical
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incident waves near the scatterer. Indeed, even if double Fourier integrals can be reduced
to simple Fourier-Bessel integrals for point source illumination in 3D, numerical
integration is quite lengthy because of the highly oscillatory nature of the integral and the
calculus of Bessel functions. Moreover, in far field, the steepest descent method (or
saddle point method) that is currently used for this integral [3]-[7], leads us to an
expansion that is not strictly convergent but asymptotic, and poles of the reflection
coefficient near the steepest descent path can greatly complicate the calculus.
The analytic method developed here can be applied to the determination of coupling
between antennas above an imperfectly reflective plane, or to the computation of Green's
functions for planar lines printed on a multilayer. Other methods restricted to the passive
case exist. So, for the radiation of a point source in 3D above a homogenous passive half-
space or a passive impedance plane in electromagnetism and in acoustics, we can notice
[3]-[6] and [8]-[17], while for the determination of Green's functions for planar lines
using asymptotics, we recommend the reading of [7].
The paper is organized as follows. The section 2 is devoted to novel expressions of the
potentials fields for the impedance case. In section 2.1, we give a brief discussion on the
representation of the field with potentials, and on boundary conditions. In section 2.2, we
describe a novel form of the potentials attached to the field radiated by arbitrary bounded
sources, equally valid for . Then in horizontal and vertical dipoles composing the sources
section 2.3, we give a new compact expression of the potentials for the field scattered by
an impedance plane for arbitrary sources. In section 3, we present convergent and
asymptotic expansions of a special function involved in the development.

2) A novel expression of the field for arbitrary bounded sources above a passive or
active impedance plane

2.1) Formulation of the problem

We consider the scattering by an imperfectly reflective plane when it is illuminated by
the field radiated by a bounded source, composed of arbitrary electrical and magnetic
currents  and  (see fig. 1). The plane is defined by  in Cartesian coordinatesN Q D œ !

ÐBß Cß DÑ /. A harmonic time dependence , from now on assumed, is suppressed3 >=

throughout. is assumed to be regular in the domain Each component of the scattered field 
D  ! SÐ/ Ñ T ÐBß Cß DÑ  ! D Ä _ l Ð35Ñl  Î#, and  at ,  , as  or  , when . lST l# # 3 1arg
Following Harrington [18, p.131] in 1961 (see also Jones [3, p.19] in 1964), we can write
the electric field  and the magnetic field  satisfying the Maxwell equations, with twoI L



scalar potentials  and , followingX [
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where  and  outside the sources of radiation (i.e. outsideÐ  5 Ñ œ ! Ð  5 Ñ œ !? X ? [# #

N Q 5 œ, , and the scatterer), with , the constants  and  being respectively= . % % .È ! ! ! !

the permittivity and the permeability of the medium above the plane, l Ð35Ñl Ÿ Î#arg 1 .
Following the theory of this representation, the constant vector  can be chosenDs

regardless of the sources, and (or )  has no influence on . Thereafter,X [ ´ / ÐIßLÑ„35D

we denote  and the potentials corresponding to the incident fieldÐ ß Ñ ÐX [38- 38- X [= =,  Ñ
(incoming wave) and the scattered field (outgoing wave), and write 1  in the compactÐ Ñ

form .Ð œ ÐD Ds sI LÑ Ñ, ,É .
%
!

!
_ X [

figure 1) geometry : sources  and observation point above the plane ÐN ßQÑ D œ !

In [1], we considered the class of multimode boundary conditions on an isotropic plane,
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which corresponds to the reflection coefficients of a plane wave for the principal
polarizations  (components of electric field  in the plane of incidence) and XQ I XI
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where  is the angle of incidence with the normal  [1], are complex constants, " D 1 Rs 4
Ð/ß2Ñ

and  are two positive numbers. This class of problem corresponds to the reflection by aT

multilayer, composed of isotropic media, or more generally, of uniaxial anisotropic
media with the principal axis along , backed with a perfectly reflective plane. From theD

symmetry at normal incidence, we notice that the condition  hasV Ð!Ñ œ  V Ð!ÑXI XQ

also to be satisfied. This implies that  for monomode conditions, when1 œ "Î1" "
/ 2

R œ T œ ".
We now restrict ourselves to this latter case, commonly named the impedance case, and
take an arbitrary complex number , corresponding to a passive (Re ) or1 œ 1 1  !"

/ / /

active (Re ) plane. Using1  !/
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we will search the potentials  and , satisfying the Helmholtz equation as ,X [= = D  !

regular and vanishing as  when , that verifyD Ä _ l Ð35Ñl  Î#arg 1

Ð  351 ÑÐ  l œ !ß Ð  351 ÑÐ  l œ ! Ð Ñ
` `

`D `D
/ 2

= Dœ! = Dœ!X [X [38- 38-Ñ Ñ 5

where . Therefore, we need first a correct definition of 1 œ "Î12 /
38- 38-Ð ß ÑX [ .

Remark 1 :
The boundary conditions on -components can be simply deduced from boundaryD

conditions on the tangential components perpendicular to the plane of incidence in the
case of plane wave illumination, by derivating them along the line which is the
intersection of the plane of incidence and the plane .D œ !

remark 2 :
For a more general case where a line of discontinuity in the characteristics of the plane is
present, contact conditions along this line (valid asymptotically for small layers) can be
necessary to insure uniqueness. This point has been discussed independently by the
author in [19, sect. 3]-[20] (electromagnetism) and Tuzhilin in [21] (acoustics).

2.2) An expression of ÐX [38- 38-,  for bounded sources Ñ N Q and 

Let us consider the incident field  at  of coordinates , radiated byÐIßLÑ < ÐBß Cß DÑ

arbitrary electric and magnetic bounded sources  and  [3],N Q
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where  is the convolution productKÐ<Ñ œ  l<l œ B  C  D/

% l<ÐBßCßDÑl
# # #

35l<ÐBßCßDÑl

1
 with , and .È ‡

The potentials ,Ð ß Ñ „ D  !X [38- 38-  for this field, satisfying the Helmholtz equation as 
and vanishing at infinity when  as , have a definite expression,l Ð35Ñl  Î# „ D Ä _arg 1

particularly compact, that we develop for  in [1] for arbitrary sources. So, N Q and  in the
domain … D  ! „ D  !, we have as ,
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where

j 3Ð<Ñ œ Ð/ I Ð35Ðl<l  lDlÑÑ  / ÐI Ð35Ðl<l  lDlÑÑ  # ÑÑ Ð Ñ35lDl 35lDl
1 1 ln 8

with ,  being the exponential integral function [23], and the notation3 œ B  C IÈ # #
"

ÐEßFÑ‡G ´ ÐE‡GßF‡GÑ. The reader can verify by inspection our expression, noticing
that the conditions
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#

#
# j

1
 9? j#

are satisfied when , and that all derivatives of   are regular in these domains.„ D  ! j

2.3) Expression of the potentials an impedance planeÐX [= =,  for Ñ

Using our expression of for the radiation of , we can express theÐX [38- 38-ß Ñ N Q and 
potentials  and  which satisfy the impedance boundary conditions (5), from theX [= =

method developed in [1]. So, letting  in [1, prop. (5.2)], we obtain, as ,R œ T œ " D   !
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where , and 3 œ B  CÈ # #   or , 1 œ 1 1 œ 1 Ð ß  DÑ/ 2
1] 3  is given by the integral
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with Re  on  from  to , which is a Fourier-Ð35 Ñ œ !  3_ Ð35Ñ 3_ Ð35Ñsin arg arg" W

Bessel integral commonly encountered in scattering theory [5, p.234], also called a
Sommerfeld-type integral [20]. Letting Re notice the cut1 œ Ñl Ÿ Î#sin) ) 1" " with , we l Ð

Re  in active case (Re ), which is due to poles of that canÐ35 Ñ œ ! 1  ! Ð  1Ñcos cos) ""
"

go through . Thus, as discussed in [1], the transformations that improve the calculus inW

passive case (Re ) without considering the branch cut, can be wrong in active case.1  !

To avoid this restriction, we develop in [1] a novel expression for arbitrary 1 œ sin)"
with Re | ,l Ð Ð35Ñl Ÿ Î#) 1"Ñl Ÿ Î# as arg 1
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Let us remark that this integral was also given in [12] for passive impedance case but it
was with a definition of parameters which restricts its application (see details in section 2
of [1]). It is intimately related to the incomplete cylindrical function in the Poisson form
[24] and to the leaky aquifer function (see [25,26] and appendix B).
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3) A new expansion of ]1

Several original expansions of  have been developed for an arbitrary complex  in [1]]1 1

(see appendix C) when multimode boundary conditions are considered. We present here a
series of a new type. Using the error function, the expansion has both the properties to be
convergent and to give the asymptotics.

3.1)  which also gives the asymptoticsA convergent expansion of ]1

For this, we consider the definition of  given in (15), and%  thus, the following property,
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in order to expand the expression 14  of ,  Let us noticeÐ ÞÑ lV/,l Ÿ +  !]1 with , Re1
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asymptotics given by Thomasson in [14].

3.2) Numerical applications

For the calculus of our series with the error functions, it is worth noticing, from [23], that
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well-tabulated, and we remark in particular that, for large ,7 ¦ l=l
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Numerical examples are given in figures 3 and 4 for the modulus, and in figure 5 for the
phase. The comparison of results given by our series 17 - 19  with the one given byÐ Ñ Ð Ñ

numerical evaluation of the Fourier-Bessel expression 13  (very costly in computerÐ Ñ

time) is excellent for passive and active case. Notice the presence of a discontinuity as we
let vary Re  when Im  It is due to a cut when  is active, in the quarter plane1 1  !Þ 1

Re , arg Im , of the complex plane.1  ! Ð35Ñ 1  !

          l l l l] ]1 1

       Re Re1 1

figure 3) Comparison of  given by our series  and by Fourier-Bessel expansion ,l l Ð   Ñ Ð  ‰  Ñ]1

when Re  varies, as Im  and   left : 0 1, 0 2 ; right : , 1 Ð1Ñ œ !Þ% 5 œ "  Þ!"3 à D œ Þ œ Þ D œ "Þ œ #Þ3 3

          l l l l] ]1 1
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figure 4) Comparison of  given by our series   and by Fourier-Bessel expansion ,l l Ð   Ñ Ð  ‰  Ñ]1

when Re  varies, as Im  and  ; left : 0 1, 0 2 ; right :  , 1 Ð1Ñ œ  !Þ% 5 œ "  Þ!"3 D œ Þ œ Þ D œ "Þ œ #Þ3 3

argÐ Ñ]1

Re1

figure 5) Comparison of  given by our series  and by Fourier-Bessel expansion ,argÐ Ñ Ð   Ñ Ð  ‰  Ñ]1

when Re  varies, as Im  and  0 1, 0 2 1 Ð1Ñ œ !Þ% 5 œ "  Þ!"3 ß D œ Þ œ Þ Þ3

4) Conclusion

We have developed simple exact expressions of the field scattered by an impedance
plane which can be active or passive for arbitrary bounded sources. In general,
difficulties restrict the use in active case of expressions known for a passive plane, and
we give here a novel exact expression for arbitrary parameters, in a compact form derived
from the application of our works on multimode plane in [1]. A new expansion of the
special function involved in the expression is given which has the particularities to be
convergent and to also give the asymptotics.
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Appendix A : expansion of ]1

We give here the proof of the results given in section 3, considering that .l Ð Ñl Ÿ "tan# ,
#

%

In the case , we use  in , and obtain,% ! !œ " œ "  #Ð Ð Î#ÑÑ Ðcos sin # 14Ñ

`Ð+ß ,Ñ œ 3

œ 

( (
(

! !

, Ð3 Ð,Î#ÑÑ
+

+ #+>

"Î# "Î#

!

" + , #+Ð3 Ð,Î#ÑÑ >

"Î# #

/ . œ  .>
/ /

> Ð"  >Ñ

/ / Ð  3 Ð,Î#ÑÑ

Ð"  >Ñ Ð"  Ð  3 Ð,Î#ÑÑ Ð"  >

cos
sin

cos sin

! !

#

# sin
sin ÑÑ

.>

/ .>
3 /

Ð"  >Ñ Ð"  >Ñ

"Î#

+ ,

!

" #+Ð3 Ð,Î#ÑÑ >

"Î# "Î#
œ Ð Ñ

Ð Ñ

Ð Ñ
cos

sin( tan
tan

,
#

,
#

#

#
25

so that, using the binomial expansion of , we haveÐ"  >Ñtan#Ð Ñ,#
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The terms under summation signs have no exponential dependence, and we remark that
the term with  factor has the same asymptotics as . Indeed, using that/  O Ð+Ñ+
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we can verify by inspection that, for large  and ,+ Q
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which is equal to the known asymptotics of O Ð+Ñ l ,l !  [23 Re] as  Besides, since1Þ
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Remark 4 :
We can also apply our development for a convergent expansion of ,M Ð+Ñ!
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and consider erf erfc  to obtain its asymptotics.ÐBÑ œ "  ÐBÑ

Remark 5 :
Defining as sign our series (and those of [1]) for any , % % œ Ð + ,lnl Ð ÑlÑcot ,
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Appendix B : some notes on leaky aquifer function, incomplete Bessel function and
asymptotics

A.2.1) About leaky aquifer function, incomplete Bessel fuction and a new original
development of  Temme.

The function  is intimately connected to the incomplete Bessel function [24], and in his]1

recent paper, Harris [25] notices the connection between this class of functions and leaky
aquifer functions. We had some discussion with Nico Temme [26] on this subject during
June 2010, in connection with my new developments in [1]. On this occasion, I found the
development given in section 3, Temme recovered my expansions found in [1] and
discovered another remarkable series. I now give here some of his original developments
with his permission :
"Let us consider the leaky aquifer function of zero order . We can writeO ÐBß CÑ!
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Assume  (that is ) and substitute . This gives5 5 ! B  C = œ "  ?È
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which permits to recover the expansion found in section 3.3.2 of [1] and to write,
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Another option is using the expansion

0Ð?Ñ œ . Ð Ñ Þ Ð Ñ
" ?

"  ? "  ?È "
5œ!

_

5
5 41

Using again  it follows that: œ ?ÎÐ"  ?Ñ
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which gives us the original expansion
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These expansions are convergent for positive arguments  and  with , and have anB C  !5

asymptotic character when .""
#

#+ Ä _5



A.2.2) About the asymptotic character of some expansions

Let us consider the expansion at order  of a function We[ ÐDÑ œ + A ÐDÑ R AÐDÑÞR 8 8
8œ!

R!
will consider that this development has an asymptotic character for , ifD Ä _

D ÐAÐDÑ [ ÐDÑÑ Ä ! Ð ÑR
R

! 44

where  is a constant. In our case , but the choice of the function  can differ! ! œ " A8

with the authors.
For example, G.D. Maliuzhinets [8] and A.D. Rawlins [15] found the complete
development of the problem in acoustics for passive impedance with . LetA ÐDÑ œ D8

8

us notice that, the asymptotics given in [15] can also be derived from (14) if we consider
the asymptotic expansion of incomplete cylindrical function given in [24, chap. 2 sect.
10].
In contrary, our developments (for multimode case in [1], and in the present paper), the
ones given in [14] or by Temme (see previous section), are different :  are then specialA8

functions, which permits the expansion to be more accurate.

Appendix C : some expansions of  given in [1]]1

C.1) Exact series rapidly convergent for small  (prop. 3.2 and prop. 3.3 of [1]).+

An exact expansion of  for arbitrary  is given by,] 3 )1 "Ð ß  DÑ 1 œ sin
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with , and  being the unit step function.ZÐBÑ œ # Ð Ð Ñ Ð ÑÑ Y ÐBÑarctan tan tanhargÐ35Ñ
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A second expres  sion of with a better convergence in the vicinity of ,]1Ð ß  DÑ3 1 œ  "

is given by
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C.2) a series rapidly convergent when , and asymptotic for large  (froml l  " +#
,cos %

prop. 3.4 of [1])

The function  can be developed following,] 31Ð ß  DÑ
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and the remaining integral term,
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with . In this expression,  is the indicator function of the subregion ,= œ " A# "H H
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and sign Re  which is equal to sign  in  being the unit step$ HA œ Ð Ð,ÑÑ Ð Ð35ÑÑ ß Y ÐBÑarg :
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function. The function , also denoted  [23] (detailed in [1]), is given by@ ÐDÑ Y Ð8ß "ß DÑ8
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vanishes, and the expansion becomes an absolutely convergent series  Moreover, forÞ

large ,   is small, and the expansion is asymptotic, except when  and+ + L , œ !8
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In these expressions,  is the binomial coefficient of the- œ Ð  "Ñ Ð#7ÑxÎÐÐ7xÑ # Ñ7
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function  for , and  is the incomplete gamma functionÐ"  >Ñ l>l  " Ð7  "Î#ß DÑ"Î# #

[23, p.262], related to error function erf  byÐBÑ

# 1 # ! !# !Ð"Î#ß B Ñ œ ÐBÑß Ð  "ß B Ñ œ Ð ß B Ñ  B / Þ Ð Ñ# # # # BÈ erf  57! #



References :

[1] J.M.L. Bernard, 'On the expression of the field scattered by a multimode plane', The
Quarterly Journal of Mechanics and Applied Mathematics, pp. 237-266, 63, 3, 2010
[2] J.M.L. Bernard, M.A. Lyalinov, N.Y. Zhu, 'Analytical-numerical calculation of
diffraction coefficients for a circular impedance cone', IEEE Trans. On AP, 56, 6,
pp.1616-1623, 2008.
[3] D.S. Jones, 'The theory of electromagnetism', Pergamon Press, 1964.
[4] J.R. Wait, 'Electromagnetic wave theory', Harper and Row Publishers, 1985.
[5] L.M. Brekhovskikh, 'Waves in layered media', Academic Press, 1980.
[6] G. Boudouris, 'Propagation troposphérique', Centre de documentation universitaire,
1955.
[7] M.A. Marin, P.H. Pathak, 'An asymptotic closed-form representation for the grounded
double-layer surface Green's function', IEEE Trans. AP, vol. 40, 11, 1992.
[8] G.D. Maliuzhinets, 'About one generalisation of the Weyl formula for the wave field
over an absorbing plane', Dokl. Akad. Nauk., 60, 3, pp. 367-370, 1948.
[9] Uno Ingard, 'On the reflection of a spherical sound wave from an infinite plane',
JASA, 23, 3, pp.329-335, 1951.
[10] D.C. Chang, R.J. Fisher, 'A unified theory on radiation of a vertical electric dipole
above dissipative earth', Radio Science, 9, 12, pp. 1129-1138, 1974.
[11] K. Sarabandi, M.D. Casciato, I.S. Koh, 'Efficient calculation of the fields of a dipole
radiating above an impedance surface', IEEE Trans. AP, 50, 9, pp.1222-1234, 2002.
[12] I.S. Koh, J.G. Yook, 'Exact closed-form expression of a Sommerfeld integral for the
impedance plane problem', IEEE Trans. AP, 54, 9, pp.2568-2576, 2006.
[13] I.V. Lindell, 'Methods for electromagnetic field analysis', Piscataway, IEEE Press,
1995.
[14] S.I. Thomasson, 'A powerful asymptotic solution for sound propagation above an
impedance boundary', Acustica, 45, 2, pp. 122-125, 1980.
[15] A.D. Rawlins, 'The field of a spherical wave reflected from a plane absorbent
surface expressed in terms of an infinite series of Legendre polynomials', J. of Sound and
Vibration, 89, 3, pp.359-363.
[16] S.N. Chandler-Wilde, D.C. Hothersall, 'Efficient calculation of the Green function
for acoustic propagation above homogeneous impedance plane', J. of Sound and
Vibration, 180, 5, pp.705-724, 1995.
[17] K. Attenborough, 'Propagation of sound above a porous half space', JASA, 68, 5,
pp.1493-1501, 1980.



[18] R.F. Harrington, 'Time-harmonic electromagnetic field', Mc Graw-Hill Book, 1961.
[19] J.M.L. Bernard, 'Diffraction by a metallic wedge covered with a dielectric material',
Wave Motion, 9, pp.543-561, 1987.
[20] J.M.L. Bernard, PHD thesis, Orsay University, 1995 (available at http://hal.archives-
ouvertes.fr/tel-00221353/).
[21] A.A. Tuzhilin, 'Diffraction of plane sound wave in an angular domain with
absolutely hard and slippery face bounded thin elstic plates', Diffent. Urav., 9, 10,
pp.1875-1888, 1973.
[22] A. Sommerfeld, 'Uber die ausbreitung der wellen in der drahtlosen telegraphie',
Analen Physik, 28, pp. 665-736, 1909.
[23] M. Abramowitz, I. Stegun, 'Handbook of mathematical functions', Dover, Inc., 1972.
[24] M.M. Agrest, M.S. Maksimov, 'Theory of incomplete cylindrical functions and their
applications', springer, New York, 1971.
[25] F.E. Harris, 'Incomplete Bessel, generalized incomplete gamma, or leaky aquifer
functions', J. of Comp. Appl. Math., 215, pp. 260-269, 2008.
[26] N. M. Temme, 'The leaky aquifer function revisited', Int. J. Quantum Chem., 109,
pp. 2826-2830, 2009.


