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Summary :

The electromagnetic field scattered by an impedance plane is generally given by its plane wave expansion
(Fourier representation). Here we derive an alternative expression which is more suitable for point source
illumination. For this, we consider an original expression of the Hertz potentials for the incident field and
express the scattered potentials in a novel form. A special function then involved can be expressed in an
integral which is in turn expanded in a convergent series. The expression presented also permits us to

express complete asymptotics. Our development considers an arbitrary impedance, passive or active.
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material.

1) Introduction

In a recent paper [1], we considered the field scattered by a structure composed of several
homogeneous and planar layers on a perfectly reflecting plane. We here apply our results
to the particular case of an arbitrary constant impedance plane (passive or active) in the
presence of bounded sources in electromagnetism. The impedance boundary conditions,
that involve first order normal derivatives, are commonly used to model the scattering by
imperfectly conducting objects of different geometries, such as an impedance cone
studied in [2]. Concerning the impedance plane, the scattered field is generally given by
its plane wave (Fourier representation) or Fourier-Bessel expansion [3]-[7], while other
methods [8]-[13], developed for passive cases (for example the complex image method),
are generally limited because of the presence of a branch cut as the impedance is active.
In this paper, we give another approach to express the field for any impedance choice,
which is more suitable for illumination by an arbitrary bounded source than the Fourier
or Fourier-Bessel representations. Moreover, we give an original expression of the Hertz
potentials for the incident field and express the scattered potential in a novel form.

In practice, the Fourier expansion is suitable in far field or for simple plane wave

illuminations, but is particularly complex to use for non-plane, in particular spherical
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incident waves near the scatterer. Indeed, even if double Fourier integrals can be reduced
to simple Fourier-Bessel integrals for point source illumination in 3D, numerical
integration is quite lengthy because of the highly oscillatory nature of the integral and the
calculus of Bessel functions. Moreover, in far field, the steepest descent method (or
saddle point method) that is currently used for this integral [3]-[7], leads us to an
expansion that is not strictly convergent but asymptotic, and poles of the reflection
coefficient near the steepest descent path can greatly complicate the calculus.

The analytic method developed here can be applied to the determination of coupling
between antennas above an imperfectly reflective plane, or to the computation of Green's
functions for planar lines printed on a multilayer. Other methods restricted to the passive
case exist. So, for the radiation of a point source in 3D above a homogenous passive half-
space or a passive impedance plane in electromagnetism and in acoustics, we can notice
[3]-[6] and [8]-[17], while for the determination of Green's functions for planar lines
using asymptotics, we recommend the reading of [7].

The paper is organized as follows. The section 2 is devoted to novel expressions of the
potentials fields for the impedance case. In section 2.1, we give a brief discussion on the
representation of the field with potentials, and on boundary conditions. In section 2.2, we
describe a novel form of the potentials attached to the field radiated by arbitrary bounded
sources, equally valid for horizontal and vertical dipoles composing the sources. Then in
section 2.3, we give a new compact expression of the potentials for the field scattered by
an impedance plane for arbitrary sources. In section 3, we present convergent and

asymptotic expansions of a special function involved in the development.

2) A novel expression of the field for arbitrary bounded sources above a passive or

active impedance plane
2.1) Formulation of the problem

We consider the scattering by an imperfectly reflective plane when it is illuminated by
the field radiated by a bounded source, composed of arbitrary electrical and magnetic
currents J and M (see fig. 1). The plane is defined by z = 0 in Cartesian coordinates
(x,y,z). A harmonic time dependence e“!, from now on assumed, is suppressed
throughout. Each component of the scattered field is assumed to be regular in the domain
z > 0,and O(e 9Py at P(x,vy,2), v> 0,as zor p — oo, when |arg(ik)| < /2.

Following Harrington [18, p.131] in 1961 (see also Jones [3, p.19] in 1964), we can write
the electric field £ and the magnetic field H satisfying the Maxwell equations, with two



scalar potentials £ and H, following
E = —ikcurl(H%) + (grad(div(.)) + k?)(£2)
FOH = ikeurl(€2) + (grad(div(.)) + k) (H?) (1)

€0

where (A + k)€ = 0 and (A + k?)H = 0 outside the sources of radiation (i.e. outside
J, M, and the scatterer), with k = w, /poéo, the constants € and p being respectively
the permittivity and the permeability of the medium above the plane, |arg(ik)| < /2.
Following the theory of this representation, the constant vector Z can be chosen
regardless of the sources, and £(or H) = e*** has no influence on (E, H). Thereafter,
we denote (Eine, Hine) and (E5,Hs) the potentials corresponding to the incident field
(incoming wave) and the scattered field (outgoing wave), and write (1) in the compact
form (E,\ /2 H) = L(ZE,ZH).

figure 1) geometry : sources (.J, M) and observation point above the plane z = 0

In [1], we considered the class of multimode boundary conditions on an isotropic plane,
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which corresponds to the reflection coefficients of a plane wave for the principal
polarizations 7'M (components of electric field £ in the plane of incidence) and T'E

(components of magnetic field H in the plane of incidence),
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where [ is the angle of incidence with the normal Z [1], g "are complex constants, [V

J
and P are two positive numbers. This class of problem corresponds to the reflection by a
multilayer, composed of isotropic media, or more generally, of uniaxial anisotropic
media with the principal axis along z, backed with a perfectly reflective plane. From the
symmetry at normal incidence, we notice that the condition Ryr(0) = — Rpps(0) has
also to be satisfied. This implies that g = 1/g" for monomode conditions, when
N=P=1.
We now restrict ourselves to this latter case, commonly named the impedance case, and
take an arbitrary complex number gf = ¢°, corresponding to a passive (Reg® > 0) or
active (Reg® < 0) plane. Using

E. = % + K€, “OHZ = %277: + kM, (4)
we will search the potentials & and Hg, satisfying the Helmholtz equation as z > 0,

regular and vanishing as z — oo when |arg(ik)| < /2, that verify

e o .
Zkg)(gs + ginc)‘z:O = 07 (_ - Zk:gh)(Hs + Hinc)|z:0 =0 (5)

(% B 0z

where ¢" = 1/g°. Therefore, we need first a correct definition of (Epe, Hine ).

Remark 1 :

The boundary conditions on z-components can be simply deduced from boundary
conditions on the tangential components perpendicular to the plane of incidence in the
case of plane wave illumination, by derivating them along the line which is the

intersection of the plane of incidence and the plane z = 0.

remark 2 :

For a more general case where a line of discontinuity in the characteristics of the plane is
present, contact conditions along this line (valid asymptotically for small layers) can be
necessary to insure uniqueness. This point has been discussed independently by the

author in [19, sect. 3]-[20] (electromagnetism) and Tuzhilin in [21] (acoustics).
2.2) An expression of (EincyHinc) for bounded sources J and M

Let us consider the incident field (F,H) at r of coordinates (z,y,z), radiated by

arbitrary electric and magnetic bounded sources J and M [3],



E = curl(GxM) + c%()(grad(div(.)) + k%) (G*J)

Fog - - \//:j;]curl(G*J) + %(grad(div(.)) + EH(GxM) (6)

€0

—ik|r(z,y,2)|

where G(r) = — Ty With |r| = /22 + 42 + 22, and * is the convolution product.
The potentials (&;,e, Hine) for this field, satisfying the Helmholtz equation as + z > 0,
and vanishing at infinity when |arg(ik)| < m/2 as £ z — o0, have a definite expression,
particularly compact, that we develop in [1] for arbitrary sources. So, for J and M in the

domain F z > 0, we have as £+ z > 0,

(Eines Hine) = %( ’Z—S(grad(div(J)) + k2J ik curl(J)) +
+ (= ik curl(M), grad(div(M)) + k*M))xW = 87/fk2 E(\/izsl], M)xW, (7)
where
W(r) = ("B (ik(|r| + |2])) + e ™ (B (ik(|r] - |2[)) + 2Inp)) (8)

with p = /2?2 4+ 32, E; being the exponential integral function [23], and the notation
(A, B)xC = (AxC, Bx(C'). The reader can verify by inspection our expression, noticing
that the conditions

0? W(r)

(55 +H) gt = G, (A+EW(r) =0 ©)

are satisfied when + z > 0, and that all derivatives of }V are regular in these domains.
2.3) Expression of the potentials (€5, H ) for an impedance plane
Using our expression of (&, Hine) for the radiation of J and M, we can express the

potentials & and H, which satisfy the impedance boundary conditions (5), from the
method developed in [1]. So, letting N = P = 1 in [1, prop. (5.2)], we obtain, as z > 0,



Z grad(div(J)) + k*J
weg 8k

5S(x,y,2) = &‘nc(%y, - Z) + ((

+%(_ik80;:(M)))*a;,1 (9° = e koD@, =)
e (AL 3 (o),
e + g° € aeK
(e PR NI (10)

and

Hs(2,y,2) = Hine(z,y, —2) + (( z M

w—eo 8k
2 (grad(div(M)) + k*M) a” ,
. T Ve Ky Yy T
+ ’ Sk )*6,;71 =) (Ve +Kp))(z,y, — 2)
B 2 (ikcurl(J))  Z (grad(div(M)) + k*M)
- HZTLC(xﬂ y? Z) + ((CUEO 871']{7 + kj 87T]€ )*
e +g" €a"lC,
+ 1)V + —=))(x,y, — 2 11
€/_le((e, — ) 7 _6,)))( ) (11)
where ¢° = 1/g" , a®" = — 2¢°". In these expressions, the functions V., K, satisfy
Vo(w,y,2) = e (B (ik(Ir| — €2)) + (1 — €)Inp),
Ky(z,y,2) = e ™ F,(p, 2) (12)

where p = /22 + 42, g = g°or g = ¢", and Jg(p, — 2) is given by the integral

fzkgz H kpSIIlﬁ —ikzcosf
/ cosff+ g

Jq(ﬂ, sinfd 3, (13)
with Re(iksin3) = 0 on D from — ico — arg(ik) to ioco + arg(ik), which is a Fourier-
Bessel integral commonly encountered in scattering theory [5, p.234], also called a
Sommerfeld-type integral [20]. Letting g = sinf; with |[Re(6;)| < /2, we notice the cut
Re(ikcosf;) = 0 in active case (Reg < 0), which is due to poles of (cos3 + g) 'that can
go through D. Thus, as discussed in [1], the transformations that improve the calculus in
passive case (Reg > 0) without considering the branch cut, can be wrong in active case.

To avoid this restriction, we develop in [1] a novel expression for arbitrary g = sinf,
with [Re(61)| < 7/2 as |arg(ik)| < /2,



\Yg(p; _ Z) — 7// 6—(1,COS(1da (14)
b

where the parameters a and b, with | Reb| < 7, Rea > 0, are defined following,

- kR
eTit = Z—(1 + sinf; ) (1 + cosyp), a = eik Rsinpcosby,
a

— tasinb = ik R(cosp + sinf;), acosb = ik R(1 + sinf;cosyp) (15)

and z = Rcosp, p = Rsing, R = \/p? + 22, € = sign(Re(ik Rsinpcosf); ) (Re(a) = 0
being a limit case), O0<p <7/2. So defined, we remark that
sign(Reb) = — esign(Im(sinf;)), and sign(Ima) = — sign(arg(ik)) whene = — 1.

We notice that, as g varies in the complex plane, this expression has a correct cut as €
changes of sign for Reg < 0, is singular for ¢ = — 1, and is regular elsewhere (note: for
Reg > 0, the change of sign of € does not induce a cut as g varies).

Let us remark that this integral was also given in [12] for passive impedance case but it
was with a definition of parameters which restricts its application (see details in section 2
of [1]). It is intimately related to the incomplete cylindrical function in the Poisson form
[24] and to the leaky aquifer function (see [25,26] and appendix B).

remark 3 :

The reader can verify by inspection that,

0,(p, —2) _ e i)
0z N R

(A +E) (" Ty(p, = 2)) =0,

when z > 0.

3) A new expansion of 7,

Several original expansions of 7, have been developed for an arbitrary complex g in [1]
(see appendix C) when multimode boundary conditions are considered. We present here a
series of a new type. Using the error function, the expansion has both the properties to be
convergent and to give the asymptotics.

3.1) A convergent expansion of 7, which also gives the asymptotics

For this, we consider the definition of € given in (15), and thus, the following property,



cosb—e| B |1—|—sm( )| ) e gi(5—Red1) 1 o—ip
cosb + € 1+ sin(0; + ¢)

b €
jtan® ()] = | ?<1 (16)

€Im916 —Reb)) + ely

in order to expand the expression (14) of J,, with |[Reb| < m, Rea > 0. Let us notice
that, from this inequality, 15¢7 < |Reb| < 37¢xr

After some particular development given in appendix A, we can write: ife = 1,
100 b
T, =) =il [ eotda~ [ da) = - (Ko(a) + Mab) (17
0 0

where,

877L
M(a,b) = ie’aCOSbtan Zcm tan 2 \/_e erf(s'/2))]

ﬂL s=—2asin? b
m>0 88 1/2 ’ (2)
b
([tan(= Cm( tan Qm (Wi (= 2asin’(=)) — W, +b 18
m§>0 ( (3)) (0)] +b) (18)
while, if e = — 1, with v = sign(Reb),

b 0 100
Jq(ﬂy - Z) - — Z(/ e—acosada - / 6—acosada o / e—acosada)
v 0

v T

= — (N(a,b) + imvly(a) + Ko(a)),

= — ((W(a,b) — vsign(arg(ik)) Ko( — a)) + (1 + vsign(arg(ik))) Ko(a))  (19)
where N (a,b) = M( —a,b— vm).
In these expressions, ¢, = ( — 1)™(2m)!/((m!)?2%™) is the binomial coefficient for the
function (14 )72, W,,(s) = &2 (esefl(/‘i/z)) and erf is the error function [23]. We

asm
have used that the modified Bessel functions [, and K, [23] satisfies
sign(Ima)inly(a) = Ko( — a) — Ko(a) and that sign(Ima) = — sign(arg(ik)) when
e= —1.

Concerning asymptotics when a (and thus if kR) is large, we let erf(z) = 1 — erfc(z),
then we derive (see appendix A) that, fore = 1,

Typ, =) ~ = (1= )Eifa) — ir/me *tan(5)

am S
XY eml (tan(2 (5) a?(l—perfc( Y2 w2 is /amsin(ty) (20)

m>0

and, fore = — 1,



Tg(py —2) ~ ((1 + vsign(arg(ik)))Ko( ) — (vsign(arg(ik)) + 6v) Ko( — a)
+iy/me” “°°Sbcot Zcm cot 8 (Werfc( 1/2))]&/27 ), (21)

== 2(1cos(%)
m>0

where & is chosen +or—1, so that Res'/? >0 and 2= (<perfe(s'/?)) = O(ok)

gm+l /.

Considering the definitions of a and b given in (15), it is worth noticing that

1 +sin(0) —¢)  cosp + sinf;
cosp +sinf; 1+ sin(f; + @)

= acosb — ea = ikR(1 + sin(6y — ¢)) (22)

) =

(— itan(§

figure 2 : definition of S and Q2 for arg(ik) > 0

So, 6 changes when we «cross S with k(1 +sin(f; —¢)) <0 ie.
Reb, = o — 5+ G(Imb), G(z) = 2arctan(tan(arg(2k))tanh( )) [1]. It follows that, when
e = 1(resp. — 1), § = 1(resp. & = v) on the right of S, and § = — 1 (resp. 6 = — v) on
the left of S, with v = sign(Reb) = — esign(Im(siné,)), (vsign(arg(ik)) + év) =2 in
Q7 (figure 2). The reader will notice that, in passive case (Ref; > 0), we recover the
asymptotics given by Thomasson in [14].

3.2) Numerical applications

For the calculus of our series with the error functions, it is worth noticing, from [23], that



W (s) = e 9" eterf(sV?)  [let(1-t) m!M(3,m+3, —s)

T gsm s1/2 o /2 B I'(m+ 3) ’

om Serf 1/2 — 1) 3 — 1)
eerfe(s ) (=1 Um+1,m+ -,s) = (-1

Bsm( m!sl/2 )= ﬁ 2 ﬁsm+1

where M and U are confluent hypergeometric functions [23]. These special functions are

(14+0(s7Y)) (23)

well-tabulated, and we remark in particular that, for large m > |s|,
Won(s) = Win(0) + O(s/m*?) = m™* + O(m™*7%), (24)

since M (1/2,m +3/2, —s) = 1+ O(s/m) and F&”r;}%) = m~ 12 4 O(m=3/2).

Numerical examples are given in figures 3 and 4 for the modulus, and in figure 5 for the
phase. The comparison of results given by our series (17)-(19) with the one given by
numerical evaluation of the Fourier-Bessel expression (13) (very costly in computer
time) is excellent for passive and active case. Notice the presence of a discontinuity as we
let vary Reg when Img > 0. It is due to a cut when g is active, in the quarter plane

Reg < 0, arg(ik)Img > 0, of the complex plane.
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figure 3) Comparison of |J,| given by our series (—o— ) and by Fourier-Bessel expansion (—o —),

when Reg varies, as Im(g) = 0.4 andk =1 — .01i; left: 2 = 0.1, p = 0.2 ;right: 2 = 1., p = 2.
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figure 4) Comparison of |J,| given by our series (—o— ) and by Fourier-Bessel expansion ( —o — ),

when Reg varies, as Im(g) = —04andk =1—.01;left: 2=0.1,p=0.2;right: z2=1.,p=2.

arg(J,)
’ — 1 1 T

3 “Reg

figure 5) Comparison of arg(.J,) given by our series ( — o — ) and by Fourier-Bessel expansion ( —o — ),

when Reg varies, as Im(g) = 0.4 andk =1—.01i,2=0.1,p=0.2.

4) Conclusion

We have developed simple exact expressions of the field scattered by an impedance

plane which can be active or passive for arbitrary bounded sources. In general,

difficulties restrict the use in active case of expressions known for a passive plane, and

we give here a novel exact expression for arbitrary parameters, in a compact form derived

from the application of our works on multimode plane in [1]. A new expansion of the

special function involved in the expression is given which has the particularities to be

convergent and to also give the asymptotics.
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Appendix A : expansion of 7,

We give here the proof of the results given in section 3, considering that |tan?(2)|¢ < 1.

In the case € = 1, we use cosa = 1 — 2(sin(c/2))? in (14), and obtain,

b o (—isin(b/2))? et 2at
M(a,b) =i [ e g = — L
(a,0) Z/oe a /0 t12(1 + t)1/2

B /1 e—acosbeQa(—isin(b/Z))2t( _ zsm(b/2)) "
- (1= OV2(1 + (— isin(b/2))2(1 — 1))1/2

_ _acosh 1 itan(é) 2a(—isin(b/2))*t
- dt (25)
o (1—1)'2(1 4 tan?(5)t)1/?

so that, using the binomial expansion of (1 + tan?(2)¢)~1/2, we have

b b 1€2a( isin(b/2)) tym
b) = it v (t 2 Y \\ym ,—acosb / dt
M(a,b) zan(2)m§>oc (tan (2)) e S e

8"1,
_ztan )e "N ey tan (5)) (fe erf(s/2))] (26)

m\ gl/2 s=—2asin?(%)
m>0 85

Letting Wi (s) = 595 (“05)) and Wi (s) = (Win(s) — Win(0)) + Win(0),  the

convergence can be improved, noticing that the sum with W,,,(0) is e"*M(0, b) = ibe™*

Concerning asymptotics for large a, we let erf(“) = 17622‘1(6“) with Re(éu) > 0, and write

M(a,b) = lim [ie “tan(= Zcm tan 0 (@))

67” e
“C"Sbtan Zcm tan 2 \/_ erfc(sl/ N

8Sm 51/2

51/2:—i6 asm(%) (27>
The terms under summation signs have no exponential dependence, and we remark that

the term with e~ factor has the same asymptotics as — § K(a). Indeed, using that

8m B P iml(—1x1x..x(2p—1)) (28)
asm 1/2 1/2 stpp (m p)




we can verify by inspection that, for large a and M,

' B am 62
— iy/me "tan (= Zcm (tan®(=))™( aﬁ(ﬁ))b/‘z:ﬂ 2asin(2)

" iﬁe_atan(g)Z(tanz(g))p(_1)p+ (Z1x..x(@2p—1)

20( — i\/2asin(%))2+!

b b
Zcm tan2(§))m_p ~ — z'\/%e—atan(i)

m>p
1)p+1( —1x..x(2p—1)) o !
X Z (tan?( ' bl 9 S 1 772 lo—an2(3)
= 2rpl( — 2asm( ))?P vP (1 +v)
cos?(2)

Z(_l)p( —1x..x(2p—1))? (29)

Cos(g) = 22p(2a)p+1/2p!
which is equal to the known asymptotics of Ky(a) [23] as |Reb| < 7. Besides, since
Re(s?) > 0, 2= (&perfe(s'/?)) = O(55) which implies the remaining sum is also
asymptotic.

Concerning the case with e = — 1, we can use that

b b—um
N(a,b) = z/ e %o = z/ IR o
v 0

e

e —acosb m e
= — cot(g)Zcm(cot(2>)2ma f erf(s”))|

m gl/2
7 = 0s

(30)

s:2acos2(§)
and consider previous development, changing b for b — v and a for — a.

Remark 4 :

We can also apply our development for a convergent expansion of Iy(a),

7TI() / / *acosada = Zcmzasm 1/2 erf(sl/z)”s::y:a (31)

m>0

and consider erf(z) = 1 — erfc(x) to obtain its asymptotics.

Remark 5 :
Defining € as € = sign(In|cot(%)]), we can apply our series (and those of [1]) for any a, b
with Rea > 0, |Reb| <  (other definition € = sign(Re(cosb)) or 1547 < [Reb| < <)



Remark 6 :

Letting V. (s) = Wi (s) — Wi (0) with W,,(0) = gzl we derive, from [23],

25V (5) + Vin(s) (1 — 25+ 2m) — 2mViy_1(s) = % (32)

Appendix B : some notes on leaky aquifer function, incomplete Bessel function and
asymptotics

A.2.1) About leaky aquifer function, incomplete Bessel fuction and a new original

development of Temme.

The function 7, is intimately connected to the incomplete Bessel function [24], and in his
recent paper, Harris [25] notices the connection between this class of functions and leaky
aquifer functions. We had some discussion with Nico Temme [26] on this subject during
June 2010, in connection with my new developments in [1]. On this occasion, I found the
development given in section 3, Temme recovered my expansions found in [1] and
discovered another remarkable series. I now give here some of his original developments
with his permission :

"Let us consider the leaky aquifer function of zero order Ky(z,y). We can write

Ko(x,y)z/ exty/tdt:/ e~ wcoshw gy, (33)
1 B

This form is obtained by substituting ¢ = \/y/ze” and using
a=2/xy, 5 =1Iny/x/y (34)

Next, transform s = 2sinh%w to obtain

0 1 .2 d
Ky(z,y) = 6‘“/ O e — (35)
o /1 + iSQ
where
— 9sinh(L1 — (Zyra_ Iy 36
7 = 2sinh(5Iny/z/y) = ()1 ~(4)!1 (36)



Assume o > 0 (that is x > y) and substitute s = o4/ 1 + u. This gives

Ko(z,y) = %aew /0 " e £ () du, (37)
where
fw = \/1+;{ol—2(1+u) \/11+u' %)
Expand
f) =1 Jlr ugck(l i i

Then, with p = u/(1 + u) it follows that

1

k+3
(1+u)f(U)\/m:>Ck(l)k<k2)<l+1}p2> (39)

which permits to recover the expansion found in section 3.3.2 of [1] and to write,

1 o 1
Ko(z,y) = §ae*x*yzc;§k!U(kz +1,1, 5aaZ). (40)
k=0

Another option is using the expansion

|

—
N
o~
+ |
g
=

(41)

) = =3

— i /1
V1i+uf(u)= Lop :dk:Z(—l)](;,)ij (42)

which gives us the original expansion

1 = 31
Ko(z,y) = 50’6_m_y2dkk!U(l€ +1, 37 5&02) (43)
—

These expansions are convergent for positive arguments x and y with o > 0, and have an

asymptotic character when ao? — 00."

2



A.2.2) About the asymptotic character of some expansions

N
Let us consider the expansion Wy (z) = > a,w,(z)at order N of a function w(z). We
n=0

will consider that this development has an asymptotic character for z — oo, if
2N w(z) = Wi(2)) — 0 (44)

where « is a constant. In our case o = 1, but the choice of the function w,, can differ
with the authors.

For example, G.D. Maliuzhinets [8] and A.D. Rawlins [15] found the complete
development of the problem in acoustics for passive impedance with w,(z) = z7". Let
us notice that, the asymptotics given in [15] can also be derived from (14) if we consider
the asymptotic expansion of incomplete cylindrical function given in [24, chap. 2 sect.
10].

In contrary, our developments (for multimode case in [1], and in the present paper), the
ones given in [14] or by Temme (see previous section), are different : w,, are then special

functions, which permits the expansion to be more accurate.
Appendix C : some expansions of 7, given in [1]
C.1) Exact series rapidly convergent for small a (prop. 3.2 and prop. 3.3 of [1]).

An exact expansion of J,(p, — z) for arbitrary g = sinf, is given by,

—ib

ae

Jolp, —2) = = Ei(—5—) — 10,2(Ko(a) = Ko( — a))

( N ae“’)p ae—
- Z ‘2 Ep-i-l( 92 ) (45)
p>1 p:
where 1q is the indicator function of the region );, where e = — 1, Re(sinf;) < 0 (or
Im(sind, )arg(ik) > 0 or Re(b)Im(a) < 0), bounded by the cut of Ep+1(%%), following
1—
Lo, = —5—U (= Re(sinfh))U (Reby — (= 2 +G(Imé1))), (46)
arg(ik)

with G(x) = 2arctan(tan( Jtanh(5)),and U () being the unit step function.
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A second expression of J,(p, — z) with a better convergence in the vicinity of g = — 1,

is given by
ae®
Jyp, = 2) = Er(—-) — 2Ko(a) + 1o, 2(Ko(a) — Ko( — a))
(_ ae Ib)p a/elb
+ 27,2 Ep—H(T) (47)
p>1 p:
C.2) a series rapidly convergent when ]ﬁ| < 1, and asymptotic for large a (from

prop. 3.4 of [1])

The function J,(p, — z) can be developed following,

Tg(p, —2) = —e ““Ej(acosb — ea)( — itan(g))6

n—1
— (1= 8.)Ky(a) — 1g2mi sign(arg(ik)) Io(a) = > _h, — H, (48)
p=1
where h,, and H,, are, respectively, the term of the series,
2¢ (Ix..x(2p—1)) _., b,
h, = (cosb " E)P 2 e ““vyy1(acosh — ea)( — ztan(i))‘ (49)
and the remaining integral term,
1X...x (2n—=1)) [Ty, —
By = g e D) [ wlaleme ) g
(n—1)! 5.b (cosa + €)"

with s = 1Q§w27r. In this expression, 1g¢ is the indicator function of the subregion Q7

with ¢ = — 1, Re(sinf;) < 0 (or Im(siné,)arg(ik) > 0 or Re(b)Im(a) < 0), that is
bounded by the cut of E, ;1 (acosb — ea), following
1—
lo; = — CU( - Re(sind)))U (Rey — ¢ — ( — g +G(Imhy))), (51)

and 26, = (1 4+ €)61 + (1 — €)6 with

§ = sign(Im(b)), 6, = sign(Ref; — o — (— g + G(Imhy))), (52)



and 6w = sign(Re(b)) which is equal to sign(arg(ik)) in €, U(x) being the unit step
function. The function v,,(z), also denoted U (n, 1, z) [23] (detailed in [1]), is given by

n—1

—1)™(n—1)!
oa(t) = X2 it B (1)
When | 132?1%?3—%)” = |COS%+€‘ <1 and as n — oo, Im(6:b) >0 and the term H,

vanishes, and the expansion becomes an absolutely convergent series. Moreover, for

n

large a, a"H, is small, and the expansion is asymptotic, except when b =0 and

cosp + sinf; = 0.

C.3) a series rapidly convergent when > 1 (prop.3.5in [1])

\cosbJrﬁ

- L+-sin(g+
When [©2=¢| <1, and thus as |&2t| = ! 2ssi:llgc(1)s9‘f | <1 since [£—<] <1, two

convergent expansions apply. If e = 1, we are in vicinity of b = 0 and we can write

Ty(p; —2) = — (Ko(a) +i /O be_“"”da) (53)
where,
/Obe_““’s“da = %7(25%1/2 e “y(m+1/2,( —iv/2asin(b/2))?) (54)
while, if e = — 1, in vicinity of b = v, v = sign(Reb), we have
Ty(p, —2) = — (imvly(a) + Ko(a) + i / be*mwda), (55)
where,

’ —acosa (_ 1)mcm a 2
/e da= —vY ————re'y(m+ 1/2,(1/2acos(b/2))?) (56)

; P (2a)m+1/2

In these expressions, ¢, = (— 1)™(2m)!/((m!)?2*™) is the binomial coefficient of the
function (14 ¢)~'/2 for |t| < 1, and y(m + 1/2, 2) is the incomplete gamma function
[23, p.262], related to error function erf(x) by

v(1/2,2%) = /merf(z), v(a+1,2%) = ay(a, 2?) — 22", (57)
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