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Abstract

We propose kinetic models to describe dust particles in a rarefied atmosphere in order to model the
beginning of a Loss Of Vacuum Accident (LOVA) in the framework of safety studies in the International
Thermonuclear Ezperimental Reactor (ITER). After having studied characteristic time and length scales
at the beginning of a LOVA in ITER and underlined that these characteristic scales justify a kinetic
approach, we firstly propose a kinetic model by supposing that the collisions between dust particles
and gas molecules are inelastic and are given by a diffuse reflexion mechanism on the surface of dust
particles. This collision mechanism allows us to take into account the macroscopic character of dust
particles compared to gas molecules. This leads to establish new Boltzmann type kinetic operators that
are non classical. Then, by noting that the mass of a dust particle is huge compared to the mass of a gas
molecule, we perform an asymptotic expansion to one of the dust-molecule kinetic operators with respect
to the ratio of mass between a gas molecule and a dust particle. This allows us to obtain a dust-molecule
kinetic operator of Vlasov type whose any numerical discretization is less expensive than any numerical
discretization of the original Boltzmann type operator. At last, we perform numerical simulations with
Monte-Carlo and Particle-In-Cell (PIC) methods which validate and justify the derivation of the Vlasov
operator. Moreover, examples of 3D numerical simulations of a LOVA in ITER using these kinetic models
are presented.

Key words: dust particle, rarefied spray, rarefied atmosphere, kinetic operator, Boltzmann operator, Vlasov
operator, asymptotic expansion.

1 Introduction

In the future International Thermonuclear Experimental Reactor (ITER), the abrasion of the facing surface
of the tokamak by the deuterium-tritium plasma will lead to a production of a large amount of dust particles,
essentially made up with the wall materials. These dust particles will lie on the inner surfaces of the tokamak
after the functionning. In the case of a Loss Of Vacuum Accident (LOVA), the vessel filling may result in
a mobilization of the dust particles, which may lead to several safety hazards, including possible release of
activated dust particles or to a classical dust explosion. For these reasons, one of the aims of safety studies
applied to the future ITER tokamak is to describe the evolution of dust particles in such a situation. In this
context, diagnostics using optical, sampling or gravimetric systems [31, 32] are performed to study the extent
of dust particle mobilization for a given set of flow conditions. At the same time, mathematical models are



investigated in order to compare numerical simulations with experimental diagnostics, and to predict the
onset of dust particle mobilization.

Several models for the description of a spray constitued by solid or liquid particles in suspension in a
surrounding gas are used in this framework. One can distinguish different approaches, depending on the type
of the partial differential equations used to describe the gas and the (solid or liquid) particles. A first approach
consists in describing the gas-particles mixture like a multiphase fluid using hydrodynamic equations, like in
the Gidaspow model [29] or in the Baer & Nunziato model [2] (which is used for situation of detonation -
deflagration of dusty gas). These approaches have been extended in [28] for the situation of dust particles
mobilization in ITER. A major drawback of this method is that it can not deal with situations when the
particles are not enough dense to be modeled as a continuous fluid.

A second approach consists in coupling an eulerian and a lagrangian approach. More precisely, the
evolution of the gas is described by classical hydrodynamic equations, whereas the evolution of (solid or
liquid) particles is described by a kinetic equation or by a system of ordinary differential equations. The
interaction between the gas and the particles is taken into account by mean of a Stokes type drag force

Dy

F(v,r) = m (ug —v) (1)

where D,, is an empirical coefficient depending on the surrounding gas and particles, u, (¢, z) is the macro-
scopic velocity of the gas and m,,(r) is the mass of a particle of radius r. We refer to [33, 24, 25] for examples
for such kinetic-fluid models in the case of thin polydispersed sprays and to [35] in the case of thick sprays
(which are used for example in the code KIVA II [36]). This approach is used in the accidental situation of
a LOVA in ITER in [43], [8] and [37], where it is shown by numerical simulations that dust particles may be
mobilized. Moreover, Takase [43] shows also that the crucial phenomenoms take place during the beginning
of the LOVA that is to say during the first milliseconds. However, the atmosphere inside the vessel is initially
rarefied, and hydrodynamic models are consequently not suitable to describe the flow of the gas just after the
air ingress in the vessel. Indeed, it is possible to compute some Knudsen numbers associated to this situation
such as

A
K?’Lzl = 5d21 ,
ust
(2)
A
Kn22 = %

where Ao and Ago are the mean free pathes of gas molecules respectively for the dust-molecule collisions and
for the molecule-molecule collisions. In (2), dgyst := ﬁ may be seen as an average distance between dust
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particles at the macroscopic level [6] — n$ being an order of magnitude of the number density of dust particles
—and d is a characteristic length scale of the emissive source that is responsible for the LOVA in ITER. Then,
by supposing for the sake of simplicity that the dust particles and the gas molecules are respectively only
tungsten and Ny (nitrogen), by taking n$ = 10'* m~3 (this order of magnitude will be justified in § 2.1) and
d = 10~2 m, by supposing that the initial order of magnitude of the number density in gas molecules and the
initial temperature in ITER are respectively equal to n3 = 102 m=3 and to T° = 300 K and by supposing
that the radius of a dust particle is smaller than 107° m [31], we obtain Kng; > 1 and Kngs > 1. As a
consequence, the initial atmosphere in ITER is rarefied which justifies to model the beginning of a LOVA
in ITER with a kinetic approach where, in particular, the gas molecules should not be at thermodynamical
equilibrium. In other words, we have to propose a kinetic model for a spray in a rarefied gas. In [26], a
kinetic model for the transport of solid particles in a gas is proposed. Nevertheless, in this approach, the
gas is supposed to be at thermodynamical equilibrium and is described by a maxwelian distribution. As a
consequence, the density in number of solid particles is solution of a linear kinetic equation. Another approach
to model dust particles in a rarefied atmosphere is proposed in [27] for the steady evaporation from a spherical
condensed phase contening solid particles. In this model, the evolution of the gas molecules is described by
a BGK-Boltzmann type equation and the evolution of dust particles is described by a fluid model without
pressure. A similar model has been applied later in [14] in the 3D modelling of cometary flows by Monte-
Carlo simulations. Let us note that it is shown in [14] that some physical phenomena which are characteristic



of a dust-molecule flow in the coma of a comet can only be obtained with a kinetic description of the gas
molecules. In [45], a dust-molecule kinetic model is proposed to model the interaction between dust particles
coming from an intensive volcanic plume and a rarefied atmosphere as in the case of volcanoes on Jupiter’s
moon Jo. In this kinetic model, the dust-molecule collisions are treated with classical (elastic) multispecies
Boltzmann operators for nano-sized dust particles and with a drag model of type (1) for the micron-sized
dust particles — this drag model being deduced from the classical (elastic) multispecies Boltzmann operators
—, and the feedback of dust particles on the gas molecules is not taken into account.

We propose in this work purely kinetic models of Boltzmann and/or Vlasov type to describe the dust-
molecule mixture. These models are devoted to complete previous models, especially in the context of the
beginning of a LOVA in ITER for which any fluid model cannot be valid since the atmosphere is initially
rarefied. In particular, to take into account the fact that dust particles are macroscopic compared to molecules,
we suppose that the dust-molecule collision mechanism is analogous to a diffuse reflexion boundary condition
[13] and, thus, is inelastic, which implies that we have to introduce a random process in the multispecies
kinematic relations of the dust-molecule collision. As a consequence, the proposed dust-molecule (inelastic)
kinetic operators are not classical (elastic) multispecies Boltzmann operators. Let us note that the proposed
dust-molecule kinetic model takes into account the feedback of the dust particles on the gas molecules,
which is not the case in previous works except in [27, 45]. Moreover, we derive a Vlasov-Boltzmann type
model by performing an asymptotic expansion of one of the dust-molecule kinetic operators with respect
to the ratio of mass between a gas molecule and a dust particle. This allows us to obtain a dust-molecule
kinetic operator whose any numerical discretization is less expensive than any numerical discretization of
the original Boltzmann type model. Let us note that the obtained Vlasov operator allows us to generalize
the dust-molecule drag model (1) to a rarefied atmosphere where the dust-molecule interaction is inelastic.
At last, let us underline that the proposed dust-molecule kinetic models could also describe the interaction
between dust particles coming from an intensive volcanic plume and a rarefied atmosphere as, for example,
in the case of volcanoes on Jupiter’s moon Io [44, 45].

The outline of this paper is the following: In Section 2, we introduce basic modelling hypothesis and we
estimate characteristic time and length scales in the context of a LOVA in ITER. This allows us, firstly, to
justify the fact that dust-dust collisions may not be taken into account in this context, secondly, to justify
the use of a kinetic model to describe the beginning of a LOVA in ITER, and, thirdly, to justify the fact that
the dust-molecule kinetic model cannot be a classical (elastic) multispecies Boltzmann model because of the
macroscopic character of dust particles compared to gas molecules. Then, we introduce the general formu-
lation of the proposed dust-molecule kinetic model. In Section 3, we derive the Boltzmann type operators
which model the dust-molecule collisions. In Section 4, we derive a Vlasov-Boltzmann type model by perform-
ing an asymptotic expansion. In Section 5, we study the dust-molecule kinetic model of Vlasov-Boltzmann
type at different time and length scales. This study allows us to estimate the appropriate characteristic
time and length scales of the proposed kinetic modelling in the context of a LOVA in ITER, which is in
particular important for numerical simulations. In Section 6, we propose numerical simulations with Monte-
Carlo and Particle-In-Cell (PIC) methods. These numerical results validate and justify the derivation of the
dust-molecule kinetic operator of Vlasov type. Moreover, examples of 3D numerical simulations of a LOVA
scenario using the proposed dust-molecule kinetic models are presented. At last, we conclude in Section 7.

2 Formulation of the dust-molecule kinetic model

To propose a dust-molecule kinetic model of Boltzmann and/or Vlasov type, we have to clearly introduce
modelling hypothesis and to estimate time scales, length scales and Knudsen numbers in the physical context
of a LOVA in ITER. This analysis, firstly, justifies the fact that dust-dust collisions may not be taken
into account in the model, secondly, justifies the use of a kinetic model to describe the beginning of a
LOVA in ITER, and, thirdly, justifies the fact that the dust-molecule kinetic model cannot be a classical
(elastic) multispecies Boltzmann model because of the macroscopic character of dust particles compared to
gas molecules. In particular, we briefly discuss the impact of the magnitude of the dust particle radius on
the diluted gas hypothesis and on the molecular chaos hypothesis.



2.1 Basic modelling hypothesis

We introduce basic modelling hypothesis which will be used, in particular, to justify in § 2.2.3 the fact that
the beginning of a LOVA in ITER has to be modelled with a kinetic modelling.

2.1.1 Hypothesis on the physical properties of dust particles and gas molecules
The first hypothesis concerns the incompressibility and the shape of dust particles and gas molecules:

Hypothesis 1 Dust particles and molecules are supposed to be hard spheres of respective radius r and ro.
Moreover, we suppose that

re [Tmina Tmaa:] with 0 < Tmin < Tmaz < +00.

In the context of ITER, a large size distribution range is expected for dust particles, with radius included
between 1078 m and 1075 m [41]. However, we focus here our attention on the biggest of those dust particles,
and we take 7, ~ 107% m and 7,40 ~ 1075 m.

The tricky point of our modelling is the large difference in size between dust particles and gas molecules.
Thus, considering for the sake of simplicity that the gas is constituted of only one type of molecule, we make
this second hypothesis:

Hypothesis 2 Dust particules are supposed to be macroscopic compared to gas molecules which means that
T2

< 1. (3)
Tmin

By supposing that gas molecules are nitrogen N, in the rarefied atmosphere, we have r ~ 2-1071% m which

implies that ro /i, ~ 21074,

A consequence of Hypothesis 2 concerns the magnitude of the mass of a dust particle compared to the
magnitude of the mass of a gas molecule:

Hypothesis 3 The mass ma of a molecule is very low compared to the mass m1(r) of a dust particle of
radius r. In other words, we assume that

em <1 (4)
with
Em = (Tmin), (@)
m (5)
g(r) = ) (b)
Of course, (4) implies that
V7 € [Tmins Tmaz) @ &(r) < 1 (6)

since my (r) = %wpr?’ where p is the volumic mass of the chemical component of dust particles. Hypothesis
2 and 3 are not equivalent but are linked. Indeed, by defining the dimensionless constant

3m2

n: (7)

= drprd’

e(r) = (9)3 7. (8)

r

<€;]">1/3 < 1. 9)

Relation (8) shows that Hypothesis 3 is satisfied under Hypothesis 2 when 7 is not too high. In the context
of ITER, by only considering dust particles of tungsten (which is the heaviest material that should be
considered) and by only considering nitrogen N» in the rarefied atmosphere, we have p = 19,3 - 103 kg-m~3,
ro ~2-1071% m and my = 4,6 - 10726 kg. Thus, we obtain 1 ~ 7,2-10~2 which implies that Hypothesis 3 is
satisfied.

we have

Thus, Hypothesis 2 only implies that



2.1.2 Hypothesis on the initial thermodynamic state

The kinetic modelling of the dust-molecule mixture consists in introducing two density functions f; :=
filt,x,v,7) and fy := fa(t,z,v) which respectively represent the number density in dust particules and in
gas molecules at the time t € [0,T], at the position z € Q C R?® and at the velocity v € R3. In our context,
the subset ) defines the interior of the ITER tokamak, and the LOVA is produced by a small opening on the
frontier 0€2. We make two hypothesis on these number densities f; and fs which are especially adapted at
the beginning of a LOVA in ITER and which will allow us to introduce characteristic time and length scales
in § 2.2.1 and 2.2.2.

The first one of these two hypothesis is the following:

Hypothesis 4 The order of magnitude of the dust particle number density ny is very low compared to the
order of magnitude of the gas molecule number density ny knowing that

ny(t,x) ::/ /m” fi(t, x,v,r)dvdr,
R3 Jr

min

na(t,x) := /]R3 fa(t, z,v)dv.

More precisely, we assume that
a® <1 (10)

where

a = — (11)
with the two orders of magnitude

ng = sup ny(t,z) < 400,
0,T]xQ

5 := inf t,x) > 0.
2 [O,ITI‘}XQ’NQ( z)

Moreover, in the context of a LOVA in ITER, we suppose that

supni(t =0,z) ~nJ,
Q

(12)
igfng(t =0,z) ~ns.

Let us underline that by defining n§ and n$ respectively with the supremum of n; (-, ) and with the infimum
of na(+, ) on [0,T] x Q, under (10), we assume that the number density of dust particles is always negligible
compared to the number density of molecules during a LOVA in ITER. Let us estimate n{ in the context of
ITER. We considere the situation where the abrasion of the walls leads to the formation of M = 102 kg of
tungsten mobilizable dust particles (this value corresponds to the safety limit which has been set inside the
vacuum vessel, and could be reached after approximately 500 plasma pulses [32]). Then, with the estimate
that the total surface of vessel is S = 5 - 10? m?, this quantity of dust particles corresponds to a width
h=M/(pS) =10"" m of eroded tungsten. Moreover, we assume that at the initial time ¢ = 0 (just after
the beginning of the air ingress in the vacuum vessel), dust particles are hanging uniformly in a layer of
I = 1072 m width on the surface of the vessel. Then, the density n; of dust particles in this layer verifies for
dust particles of radius r

gwr?’nlls = Sh.

Thus, when r € [Fmin, "'maz], We have

3h 3h
< < — 13
4rrd, 1 = 4ard 1 (13)



that is to say
2,5-10"m™3 <ny <2,5-10"m™3. (14)

Consequently, we can choose in our context the order of magnitude n = 104 m=3. Moreover, when there
will be thermonuclear reactions in ITER, the pressure and the temperature inside the ITER tokamak will be
respectively of the order of 1 atm and of 1,5-10% K. As a consequence, by using the perfect gas law, we find
that the number density inside the ITER tokamak has to be of the order of 10?2 m~3. As a consequence, we
choose ng = 10?2 m~3. Consequently, we have a® = 1075.

The second one of these two hypothesis concerns the order of magnitude of the kinetic temperature of
each species:

Hypothesis 5 The kinetic temperatures involved in the mizture are of the same order of magnitude. Thus,
we assume that

mq ()

Ty, (t,x, 1) = ——F—— {/Rs filt,z,v,r) (v —ufl(t,ac,r))2 dv] , (a)

B Sanl (ta Z, T)

(15)

Ty, (t,z) = #j@m) { . fa(t,z,v) (v —uy, (t,z))? dv:l (b)
where
uy, (t,x,r) = / fi(t, x, v, r)vdv
) (16)
uy,(t,z) ::/ fa(t, z,v)vdv
R3
verify

and Ty, ~T°,

and, as soon as particles are mobilized,
Tf1 ~ T°.

In (15), kg ~ 1,38-1072 m?. kg- s~2. K~! is the Boltzmann’s constant. Hypothesis 5 means that we suppose
that there is a LOVA when the temperature in ITER is not too high that is to say when ITER is stopped.
In this context, we can choose T° ~ 300 K. Let us underline that when ng ~ 102 m=3 and T° ~ 300 K, the
perfect gas law Py = nSkpT® gives a pressure of Py ~ 4-107°% atm, which justifies to model, when ITER is
stopped, the beginning of a LOVA with a kinetic model: we detail this question in § 2.2.3.

2.1.3 A last basic modelling hypothesis
The last basic modelling hypothesis is essentially introduced for the sake of simplicity:
Hypothesis 6 We neglect any external force field as magnetic field.

However, although gravity field is not written in the model for a sake of simplicity, it is taken into account in
the spatially inhomogeneous 3D-simulations of § 6.2.3 and § 6.2.4. In the context of a LOVA in ITER, it is
obvious that Hypothesis 1-4 cannot be affected by any external force field. Nevertheless, we may think that
Hypothesis 5 could be affected by the high external magnetic field since, in that case, the dust particles of
tungsten are heated by the hot hydrogen plasma or directly by the magnetic field (tungsten is a metal). Of
course, when ITER is stopped, this potential problem does not exist.



2.1.4 Summary of the order of magnitudes

We now summarize the order of magnitude introduced in the previous subsections:

rg = 2-1071m, (a)
Tmin = 1075m, (b)
Tmae = 107°m, (c)
my = 4,6-10"20kg, (d)
p = 19,3-103kg-m~=3, (e) (17)
T° = 300K, (f)
a® = 107°, ()
n = 10%m=3, (h)
ny = 10°°m=3. (i)

We recall that these orders of magnitude are characteristic of those at the beginning of a LOVA in ITER.

2.2 Characteristic time and length scales, and Knudsen numbers

Let us now make a brief analysis of the orders of magnitude of time scales, length scales and Knudsen
numbers.

2.2.1 Characteristic time scales

In order to point out the various characteristic time scales involved in the system, we make a brief analysis
of the orders of magnitude of the mean collision time of each collision type in the dust-molecule mixture. We
distinguish four types of collision which, thus, define four different mean collision times ¢;;:

e collisions between dust particles whose mean collision time is noted t11;
e collisions between molecules whose mean collision time is noted t99;

e collisions between dust particles and molecules — from the point of view of dust particles — whose mean
collision time is noted t1o;

e collisions between molecules and dust particles — from the point of view of molecules — whose mean
collision time is noted to1.

These four mean collision times ¢;; define four characteristic time scales. Under Hypothesis 1 and 5 and by
supposing that all dust particles have the same radius © € [Tmin, Tmaz], the characteristic time scales ¢;; are
given by [6]
t1n = (4mring < Vi >)_1, (a)
tog = (47‘(?“%”2 < V2T2€l >)_1 s (b)

(18)
tio = (m(r + r2)?ny < Vig! >)_1, (c)

to] = (77(7"+r2)2n1 < ‘/'2r1el >)_1

(d)



with, as soon as particles are mobilized,

< __ kpT°
<V >=4,/ kel

<Vig >=< Vid >= \/S’WBT" ( L+ m%)

T my(r)

knowing that < Vi;-el > is the thermal relative velocity between particles of type ¢ and particles of type j

supposed to be hard spheres [6]. Then, under Hypothesis 2-4, we have

t

tQ—l ~4./2e(r) < 1, (a)
11

n 2

2~ a2 (T—Q) <1 (b)
t22 r

tﬁ:ﬂga"«l. (c)
tor  no

Moreover, we have also under Hypothesis 2 and 3

t22 1 1 <T‘>2
tor  44/2n2 \ 1o

and consequently

1 Foin \° _ tag 1
V(t,r) € 0 X [Tmin, Tmaz] —=a° < Z < —af
(&) : ] 42 ( ) tor — 4v/2

In the same way, we have under Hypothesis 4

2
oo my [ ny [ r Trmax
V t7 S R+ X ins N _— = — _— = — < o
( T) [Tmzn rmam} i Tz <T2> V E(T) s 777‘2 <a \/C

where 7 is defined by (7). By using (7) and (17), we obtain

Thus, we deduce from (22), (23) and (24) that

ta2
V(t,?‘) €0 x [rminurmaz] : —>1
to1
t
V(t,”f’) €R* x [rminarmaz] : t272 < 1.
11

Finally, in our context, the characteristic time scales ¢;; are such that

V(t,’)") S 0 X [Tminarmaz] : t12 < t21 S t22 < t11.

(25)



We deduce from (25) that the dust-dust mean collision time ¢17 is the largest characteristic time scale involved
in the collisionsat the beginning of the LOVA. More precisely, hypothesis (17) implies that

= Tmin s < V{fl >~51- 107* m- s71,

= Tmaz 2 < V{fl >~1,6-10"° m-sL.
Then, we deduce that at the beginning of the LOVA, we have
075 s < t11 < 175 S.

On the other hand, the time scale tpoy 4 in the context of the beginning of a LOVA in ITER is lower than
1073 s [43]. Thus, we have

trova < t11.

Therefore, we can neglect dust-dust collisions in any modelling of the beginning of a LOVA in ITER. Let us
note that we have
< Vgt >~ 673 m-s7!

which implies that at t =0
toy ~3-107° s that is to say oo Strova.

As a consequence, too seems to be a good time scale to study the beginning of a LOVA in ITER: we study
in detail this question in Section 5 when t92 ~ t21 (see Hypothesis 8 and 9).

2.2.2 Characteristic length scales

The mean free path A;; of the collision of a particle of type ¢ with a particle of type j from the point of view
of the particle of type i is given by \;; =< V; > t;; where < V; >=< V¢l > /v/2 is the thermal velocity of
the particle of type 7. By using (18) and (19) (once again, we suppose that all dust particles have the same
radius T € [Fmin, "'maz)), We obtain

1
At = ———,
1 4272, (&)
1
Aop = —— b
22 42773154 (b)
o . ] o (26)
12 mi(r) +me  w(r+r2)2ng’
mq (r) 1
Aol = . d
2 mi(r) +me 7w(r+ry)?n (d)

Then, under Hypothesis 2-4, we obtain

22145, (a)
A1

%z ~ 43/2e(r) - (7;—2)2 <1, (b) (27)

A
VA< Ve et <L (©)
which implies
Az € A1 S Aot
V(t,’l“) S RJr X [Tmina T?naw] : (28)

)\12 < )\22.



Moreover, we have also under Hypothesis 2 and 3
A 1 n r\’
e () )
which is exactly estimate (21). Thus, in our context, by using (24)(a,b) we have
(t,r) = (0, 7min) * Ao1 S Aag,
(t,r) = (0, 7maz) : A21 < Aga.
Moreover, at ¢t = 0 and by using (17) and (27), we have Ay2 ~ 1,4 - 1072 m and
5,6-107°m < A;; <5,6-1074m,  (a)
7,6-107%m < \jp < 2,4-107Pm. (b) (30)
3,2-107°m < X1 <3,2-103m. (c)

Estimate (30)-(b) shows that Aj5 is not an appropriate characteristic length scale from a physical point of
view. At the opposite, A\11 and A1 — which is of the same order as Ay; because of (27)(a) — and Age seem to
be appropriate length scales from a physical point of view in our context. In Section 5, we justify the fact
that A12 is not an appropriate length scale for the proposed dust-particle kinetic model. As a consequence, we
only use the characteristic length scales A11, A2; and g2 in the sequel of this Section 2.

2.2.3 Knudsen numbers

By defining the dust-molecule and molecule-molecule Knudsen numbers with
K’ngl = )\21 -n}/S,
Kn22 = /\22/d

where nl_l/ - 2,15-107° m and d ~ 10~2 m are macroscopic characteristic length scales respectively related
to the dust particles and to the emissive source that is responsible for the LOVA in ITER [43], we deduce
from (26) that at t =0

K’ngl Z 1,4 (31)

for r < rpee and

KTLQQ ~ 1,4 (32)

Let us note that Kni; ~ Kngi/(4v/2) where Kniy = Ajp - ni/g since A1 ~ Ma1/(4v2) (see (27)(a)).
Estimates (31) and (32) justify the modelling of the beginning of a LOVA in ITER with dust-molecule and
molecule-molecule kinetic models.

2.3 Diluted gas hypothesis and molecular chaos hypothesis

In a binary gas mixture constituted of hard spheres, the classical multispiecies Boltzmann operators are valid
when the mixture is diluted — which means that the dilution parameter 7;; := %m’?nj has to verify n;; < 1
— and when the molecular chaos hypothesis is satisfied — which means that ¢;; := )\f’jn]— has to verify (;; > 1

— knowing that (i, ) € {1,2}2. In our context, we have the following estimates:

o Diluted gas hypothesis: We have

T = Tmin 0 1 < 1 (a)
vt e RT : F=Tmaz: 1 ~4-1071, (b) (33)
N1 K 1 (C)

10



and
T =Tmin * M2 = 4- 1027 (a)

t=0: "= Tmaz * T2 > 1; (b) (34)

N2 K 1. (c)

e Molecular chaos hypothesis: We have

7= Tmin 1> 1 and (o >>1  (a),
vVt e RT: (35)
"= Tmae: C11~1072 and (o ~3,2 (b)

and
t=0: (o2>1 (36)

(we do not estimate (12 since Ajo is not an appropriate characteristic length scale from a physical point
of view: see § 2.2.2).

Estimates (33)(b), (34)(b) and (35)(b) show that the dust-molecule mixture may not be a diluted gas
and/or may not satisfied the molecular chaos hypothesis at least for dust particles whose radius is of the
order of Tz = 107° m: this is a direct consequence of the macroscopic character of dust particles compared
to molecules (c¢f. Hypothesis 2). As a consequence, the dust-molecule kinetic operators cannot be classical
(elastic) multispecies Boltzmann operators at least for dust particles whose radius is of the order of rmaz =
1075 m: we propose to take into account this important characteristic in our modelling through Hypothesis 7
(see below) that introduces a random process in the dust-molecule binary collision.

2.4 Kinetic modelling of dust-molecule collisions

Under Hypothesis 1-5 and in the context of the beginning of a LOVA in ITER, we can neglect the dust-dust
collisions (see § 2.2.1). As a consequence, under Hypothesis 6, the dust-molecule kinetic model is given by

of

‘5?-%U-me1=1ﬁ(ﬁhﬁ% (a)
O 0 Vafo = Rolfu ) + QU f2), (D) (37)
(t’x’ v, T’) ERT x Q x R3 x [Tmina’f’max] (C)

where €2 is an open subset of R® (which defines the interior of the ITER tokamak) and where 0 < 7pin < Trmaz-
The kinetic operator Q(fa, f2) models collisions between gas molecules and is a classical Boltzmann operator.
As these collisions are not the important point of our modelling, we consider a hard sphere model. Then,

Q(f2, f2) is given by

Qo )t = [ [ (Bt ) plt) = hltn bt o))l = oldode, (39)

with
, v v —
T T2 7
(39)
;o vt vl v — vy
v, = o
2 2

and 0 € S%. The main point of our modelling is the derivation of the kinetic operators Ri(fi, f2) and
Rs(f1, f2) which model collisions between dust particles and gas molecules under Hypothesis 1 and 2, and
which cannot be classical (elastic) multispecies Boltzmann operators at least when the radius of a dust particle
is of the order of 7,4, = 107° m (see § 2.3).
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2.5 Discussion about the basic modelling hypothesis

We make the following coments to summarize the physical justification of kinetic model (37) in our context:

e Hypothesis 1-5 are used in § 2.2 to estimate in our context the characteristic time and length scales
and the Knudsen numbers involved in the dust-molecule mixture. In particular, we show that we have
to model the beginning of a LOVA in ITER with a kinetic model and that we can neglect dust-dust
collisions. In other words, under Hypothesis 6, the beginning of a LOVA has to be modelled with a
kinetic model whose general formulation is given by (37).

e Hypothesis 2 is central to justify the derivation in Section 3 of the dust-molecule operators Ry (f1, f2)
and Ra(f1, f2) in a non-classical way (see also § 2.3).

e Hypothesis 3 is central to perform in Section 4 an asymptotic analysis to approach R;(f1, f2) with a
Vlasov type operator and, then, to simplify kinetic model (37) in Section 5.

e Hypothesis 6 allows us to neglect any external force field in (37). Of course, it would be simple to add
a posteriori any external force field in (37) (as soon as Hypothesis 5 remains valid when Hypothesis 6
is not satisfied).

3 Derivation of dust-molecule kinetic operators of Boltzmann type

We now propose to derive the dust-molecule operators Rj(f1, fo) and Ra(f1, f2) used in the kinetic model
(37) in the spirit of the derivation of the classical Boltzmann operator (38) [7]. The new point is the way we
take into account in our modelling Hypothesis 1 and 2.

3.1 Random kinematic relations for the dust-molecule collision

Dust particles and gas molecules are supposed to be hard spheres: see Hypothesis 1. Moreover, dust particles
are also supposed to be macroscopic compared to molecules: see Hypothesis 2. From a physical point of view,
we have to take into account this important modelling hypothesis, which means in particular that kinetic
operators Ri(f1, f2) and Ra(f1, f2) cannot be the multispecies versions of classical Boltzmann operator (38)
(see section 2.3). In the case of the classical multispecies Boltzmann operator, kinematic relations (39) are
given by [6]

e(r)

U1 =V~ mh’g —vilo, (a)
(40)
1 o o
U2 = VB + TE(T)|U2 —vilo (b)
with o € §2 where £(r) is the ratio of masses defined by (5)(b) and where
1
vB : o £(r) vy (41)

= 1—1—5(7‘)1}1 + 1+ ¢(r) 2

is the barycentric velocity of the dust-molecule binary system. In (40), v{ and v§ are the pre-collisional
velocities, v1 and vy are the post-collisional velocities. In our modelling, we take into account Hypothesis 1
and 2 in the derivation of Ry (fi, f2) and Ra(f1, f2) by supposing that a molecule arriving on a dust particle
thermalizes with molecules constituting the surface of the dust particle within a negligible time with respect
to the other characteristic time scales, and leaves the dust particle following a half maxwellian at its surface
temperature Tsy,rr. In other words, we take into account Hypothesis 1 and 2 by supposing that the dust-
molecule collision mechanism is analogous to a diffuse reflexion boundary condition (see [13] p. 104) and,
thus, by introducing a random process in the multispecies kinematic relations (40):

12



Hypothesis 7 The kinematic relations of the dust-molecule binary collision — which transform the pre-
collisional velocities v and v5 into the post-collisional velocities v1 and va — are given by

e(r)

V1 = VB — mvrv (a)
(42)
1
f— - r b
V2 UB+1+€(T)U ()
where
Vp 1= Vg — V1 (43)

is the post-relative velocity whose probability density h, is given by

B 1 mo 2 m2|s|2
hn(s) = - <kﬂw7f) (n-s)exp < m Lin-s>03 (44)

n being the normal vector at the tangent plan of the dust particle, oriented to the exterior of the dust particle,
and Tyyrg € R being the surface temperature of dust particles.

We roughly represent in Figure 1 the collision between a dust particle and a molecule. In this figure,

2
n = % where C7 and Cy are respectively the centers of the dust particule and of the molecule. In (44),
1©2

Figure 1: Diffuse reflexion of a molecule on a dust particle

the surface temperature of dust particles T, ¢ is not necessarily equal to the kinetic temperature T, defined
with (15)(a). For the sake of simplicity, we assume in the sequel that all dust particles have the same surface
temperature Ts,,s and that Ty, does not depend on the time. Let us note that we can rewrite (44) with

B 26* 2012
hn(s) = — (n-s)exp (—ﬁ |s] ) Lin-s>0} (45)
where
ma
=,/ — 4
B 2kBT‘surf ( 6)

(1/B is a thermal velocity related to the surface temperature T, of dust particles). Of course, we can
verify that

Vne$S?: hn(s)ds = 1. (47)
R3

Let us underline that kinematic relations (42) are such that the momentum of the dust-molecule binary system
is conserved. Nevertheless, since |v,| is not equal to the pre-relative velocity |v2| with v2 := v — v] (see
Figure 1) because of the random process, collision mechanism (42) is not planar and is not micro-reversible,
and the kinetic energy is not conserved, which is not the case for the classical collision mechanism (40). This
implies that the kinetic operators R;(f1, f2) and Ra(f1, f2) proposed in the sequel will not verify all the
properties verified by a classical (elastic) multispecies Boltzmann operator based on kinematic relations (40).
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3.2 Derivation of dust-molecule operator R:(fi, f2)

Under Hypothesis 7, R1(f1, f2) cannot be a classical (elastic) multispecies Boltzmann operator. To derive
Ri(f1, f2), we have to apply the heuristic Boltzmann’s construction [7, 13] in the particular context of
Hypothesis 7. This leads to the following proposition:

Proposition 1 Under Hypothesis 7, the dust-molecule operator Ry(f1, f2) obtained with the heuristic Boltz-
mann’s construction is given by

Ri(f1, f2)(t, z,v1,7) =(r +15)? /3 . fi(t,z,v7,7) fa(t, x,v3) By (v, v3, v1)dvy dvg
R RR¢

—m(r+ r2)2 /3 fi(t, z,v1,7) fa(t, z,v2)|v1 — valdve (48)
-

with

Bp(vf,v5,v1) = %ﬁ4 (WYGXP [_ﬁQ (1?:(78"5”)2 o= vl)Z]

x| In-(vp —od)][n - (07 = v3)| - op—01)20) L (02 —0g) 0} A7 (49)
SZ

where £(r) is the ratio of masses defined by (5)(b), where vp is the barycentric velocity given by (41) and

where 1/ is a thermal velocity given by (46).

Proof of Proposition 1. In the elementary volume dxdv;, the variation of the number of dust particles
during the time dt is
dfy
dt

0
dtdzdv; = ((“)ftl + v ~fo1) dtdzdv;.
Let us introduce the number of dust particles R} (fi, fo)dtdrdv; whose position and velocity enter respec-
tively into the classes |z, x +dx] and |v1, v1 +dv1], and let us also introduce the number of particles
R (f1, f2)dtdxdv, whose position and velocity leave those classes. Then, the collisional balance writes

%dtdmdm = [R{ (f1, f2) — Ry (f1, f2)] dtdzdvy. (50)

Thus, the operator Ri(f1, f2) can be expressed by
Ri(f1, f2) = RE (f1, f2) = Ry (f1, fa)- (51)

Due to Hypothesis 1, the loss part Ry (f1, f2) is a classical multispiecies Boltzmann loss operator for a hard
sphere cross-section. Its expression is given by (see [13] or [11] for details)

R;(f1,f2)(t,$,’t)1,’/‘) = fl(t,x,vl,r)fg(t,x,UQ)ﬂ'(T'+7‘2)2 |U1 _02|dv2' (52)
R3
We now establish the expression of R} (f1, f2) by noting that Ry (fi, fo)dt dx dv; is the number of collisions
in the elementary volum dx during the time dt whose post-collisional velocity of dust particles is in the class
|v1, v1 + dvp|. This number can be expressed by

R (f1, fo)dtdzdv, = / / / Iy (v1)dNY dvy (53)
nes? JvgeR3 Jvf €R3

where dNY is the elementary number of collisions during the time dt in the elementary volum dz between
dust particles and molecules whose pre-collisional velocities are respectively in the classes |v], v§ + dvf ]
and |vg, v§ + dvg |, and where I (vy)dv; is the elementary probability that, after such a collision, the post-
collisional velocity of these dust particles is in the class |v1, v1 + dvy]. At time ¢ and at position z, the dust
particles flux whose velocity is in the class |v], v{ + dv§| and relative to a molecule whose velocity is equal
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to v§ is given by fi (¢, z,v?)|vy — v§|dvy. Thus, the number of these dust particles that collide this molecule
during a time dt with an impact parameter p and an azimuthal angle € € [0, 27| (angle between a reference
plan and the pre-collision plan) is equal to

fi(t, x,v],r)|v] — v3| pdp dedvy dt.
Then, dN7 is given by
AN? = fu(t, 2,05, 7) falt, 2, 05) 05 — v | pdpde du? dvf dt d

since the number of molecules in the elementary volume dx whose velocity is in the class |v5, v3 + dvg] is
equal to fa(t,z,v9)dvs dx. Under the assumption that dust particles and molecules are hard spheres, the
impact parameter p between molecules and dust particles is given by p = (r + r2) sin(6) with 6 € [0, 7/2].

—
Moreover, denoting n the vector n = %, where C7 and C5 are respectively the centers of the particule
1C2

and of the molecule (see figure 1), we have
[0S — v3|pdpde = [v9 — v3|(r + 12)? sin 0 cos Odfde
=(r+mre)? [n-(v] —vg)] dn
with n € S2N{n - (v{ —v§) > 0}. Then, we can express dN{ by
o o o 2 o o 0 3.0
dN7Y = fi(t,z,v],7) fa(t, z,05) (r +72)" [n - (v] — v3)] 1{n,<vf_vg)20}dndv1dv2dtdx.

Moreover, we can express the density of probability I; according to the density of probability h, of the
post-collisional relative velocity v, := ve — vy, h,, being defined with (45). Indeed, by using (42)(a) — which
implies in particular that vg given by (41) is not changed by the collision —, we have

And, by using (45), we finally get

R (f1,f2) = /3 /3 fi(t, 2,09, 7) fat, 2, v9) (r + 72)? B, (v, v, v1 ) dvydvg (54)
r3 JR
where B, (v],v5,v1) is given by (49). &

3.3 Derivation of dust-molecule operator Rs(fi, f2)
Following the same approach as in section 3.2, we obtain for the operator Ra(f1, f2):

Proposition 2 Under Hypothesis 7, the dust-molecule operator Ra(f1, f2) obtained with the heuristic Boltz-
mann’s construction is given by

Ro(f1, f2)(t, z,v9) :/ /3 /3 (r+ r2)2 filt, 07, 7) fa(t, ¢, v5) By (0], 05, va)drdvy dvs
T R R

min

_ /:Ml /R3 7 (r+12)° f1(t, @, v1,7) fat, 2, v2)|va — vy |drdu, (55)
with
Bin(05, 05, 12) = B* (14 () exp [~ (1 + (r)* (v — v2)? (56)
X /82 [n- (v —v2)|[n- (v3 —v7)] 1{71-(1)3—1)2)20}1{n~(vgfvf)20}dn

where e(r), vp and B are respectively given by (5)(b), (41) and (46).
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Proof of Proposition 2. To obtain operator (55)(56), we just have to permute the subscripts 1 and 2 in
operator (48)(49) (which means in particular that we replace e(r) by 1/(r)) and to take into account an
integration in 7.

3.4 Other formulations of dust-molecule operators R;(f1, f2) and Ry(f1, f2)

We now propose other formulations of the operators Ry (f1, f2) and Ra(f1, f2) respectively given by (48) and
(55). The first ones are weak formulations of (48) and (55) ; the second ones are deduced from these weak
formulations, and will be adapted for the derivation of the Vlasov-Boltzmann model in section 4. In this
section, we omit the variables ¢ and = for the sake of simplicity.

3.4.1 Weak formulation of R;(f1, f2) and Ra(f1, f2)
The weak formulations of Ri(f1, f2) and Ra(f1, f2) are given in the following proposition:

Proposition 3 Let ¢ be a test function (p € C2(R®) for example), let Ri(f1, f2) and Ra(fi1, f2) be the
Boltzmann operators (48) and (55). Then, we have formally

[ e =+ [ [ e = pton] fitonn) o)

Xhp(w) [ - (v1 = v2)] Lin.(v) —vs) >0} dndwdvy dvs
(57)
with

;L 1
v = 7o) [v1 + e(r)ve — e(r)w], (58)

and

/RS o(0) R (fi1, fo) (v)dv :/T

Tmax

/SQ /R3 /RS /D@ (r+72)% [p(vh) — (v2)] f1(v1,7) f2(v2)

Xhp(w) [ - (v1 = v2)] L{n.(v; —vs) >0y drdndwdvi dvs
(59)

min

with ]
vh = T [v1 + e(r)ve + w] (60)

where hy, is given by (44).

Let us underline that under Hypothesis 3, the velocities v and v} of a dust particle before and after a collision
with a molecule are such that

v — v = O(r) (61)

(see (58)). In other words, since the mass of a dust particle is huge compared to the mass of a molecule
(see Hypothesis 3), the velocity of a dust particle is few modified after a collision with a molecule. As
a consequence, the collisions of dust particles on molecules are grazing collisions. This will allow us to
approximate in section 4 the Boltzmann type operator R;(f1, f2) with a Vlasov type operator. Of course,
the collisions of gas molecules on dust particles are not grazing collisions since

vy — v = w (62)

is not a O(e(r)) term (see (58) and (60)). Thus, this will not be possible to approximate the Boltzmann type
operator Ra(f1, f2) with a Vlasov type operator.
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Proof of Proposition 3. Let ¢ be a test function and let R (f1, f2) be the gain term (54) of the operator
Ri1(f1, f2). We have

/ P(W)RE (fr f2)(0, 7)o = (1 + 12)° / / / () F1 (05,7 fo(03) By (5, 03, vy )dudugdvy (63)
R3 R3 JR3 JR3

where B, is expressed according to h, by

sytei.es.on = (L) [ (500 (EE0) Y- 0 - 9 g 60

We set 1+ <(r) ) oy 1 LTelr)
wi(”UB”l)( e(r) ><1+g(r)v2+1+6(7“)vlvl>( e(r) >’

and we consider in the integral (63) the following change of variable

(U1>vi)7v(2)) - (’LU,’U%US)

| = 1+¢e(r) 3
S\ e )
Therefore, we get

et (it =ear?* [ ] o)

X hp(w) [0 - (v1 = v2)] 1{n.(v; —vs) >0y dndwdvy dvy (65)
with v{ given by (58). Moreover, thanks to (47) and by noting that [11]

for which the jacobian is given by

vk e R?: / (n - k) Lipp>ordn = 7|k, (66)
SZ

we get the weak formulation

T = 2 — V2|aV1AV2
@B s =G ma)? [ oto0fionn)fatv)aln = valdond

~r+r’ [ [ [ etonfitenn e

X hp(w) [0 - (v1 = v2)] L{n.(v) —vs) >0y dndwdvi dvs. (67)

for the loss term Ry (f1, f2). Expression (57) is a direct consequence of (65) and (67). We obtain expression
(59) with similar computations (see [11] for details).$

3.4.2 A second formulation of R;(f1, f2) and Ra(fi, f2)
We deduce from Proposition 3 another expression of collisional operators Ry (f1, f2) and Ra(f1, f2):

Proposition 4 The Boltzmann operators Ri(f1, f2) and Ra(f1, f2) given by (48) and (55) are respectively
equivalent to the operators

4
R o) = 2 r? [ ] [fl(vim)fz(vé)exp (5201 = )

68
—f1(v1,7) fa(v2) exp (=B (v] — v5)?) (0%)

X (n-w) [0 (v1 = v2)] 1{n-w>0} Ln-(v1—vs) >0} dndwdvy
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with

v = T3 e [v1 + e(r)ve — e(r)w), (69)
and
4 Tmas
Rl o) =2 [ [ [ [ | Aot e exp (<570 = )
70
—f1(v1,7) f2(v2) exp (—B%(v] — v})?) (70)
X (n-w) [ (v1 = v2)] Lnaw>01 Ln- (01 —vy) >0} drdndwduy
with
vy = [v1 + &(r)ve + w] (71)

1+4¢(r)
where B is given by (46).

Compared to (48) and (55), formulations (68) and (70) are closer to the classical (elastic) multispecies
Boltzmann operator obtained by supposing that the kinematic relations of the binary collision are given by
(40) instead of (42)(43)(44). The function exp(—/32|s|?) in (68) and (70) is a direct consequence of Hypothese
7.

Proof of Proposition 4. Let us start from the expression (65) in which we make the change of variables

(U1>U2aw) — (vivvévvr)

with v] and v4 given by (69)(71) and with v, := v3 — v1 (see also (43)). This transformation is involutive,
and the inverse transformation is expressed by

1
no= g 0 [v] + e(r)vh —e(r)v,],
v = o+ =)0 + ) (72)
1+e(r) ’
w = vh—vl.

Then, according to (65), we get

, v] + evh — e, vl + evl, + v,
/Rs )R] (1, fo) (v, r)dv = (4 1)’ /S /R /R /R o)) <1+<>> 2 (1+<>)

Xhy (Vg — v1) [=1 - 0] 1 ppep, >0 dndudv] dvy.
(73)
And, by using the involutive character of the transformation (vy,vq,w) — (v}, vh,v,) and by renaming
(vl,vgmr) with (v1,va, w), we deduce from (73) that

[ R ()0 = (4 72) /S/// ploa)fy (0},7) f2 (1)

th(vg — Ul) (—TL . ’LU) 1{_n.w20}dndwdv1dv2.

Using the change of variable n — —n and the fact that h_,(s) = h,(—s), we finally obtain that

[ e i = e [ [t el fat0d) -

Xhp(v1 = v2) (0 - w) 1ip.>0ydndwdvy dvs.
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Thus, by using (67) and (74), we obtain

Ralfo Do) =m0 ] ) o () haor = 0) (1010) sy

i 1) o (02) () [ (01 = )] Lmoramsy] D)

X dndwdvs.

We finally deduce (68) by using (45). By permuting the subscripts 1 and 2 in (75) and by taking into account
an integration in 7, we obtain

Ry(f1, f2)( /"LM/SQ/RS/]R3 (r+72)* [f1 (V1 7) fa (Uh) b (v2 — 01) (- W) 1{_pw>0}

—f1 (v1,7) fa (v2) hp(—w) [0+ (v2 — v1)] 1{n'(vz—v1)20}]

xdrdndwdv .

(76)

Using again the change of variable n — —n and the fact that h_,(s) = hy(—s), we deduce from (76) that

Ry(f1, f2)( /me /SZ/RJ/R& (r+72)?[f1 (V1) fa (V) A (01 — v2) (0 W) 1>

—f1 (v1,7) f2 (V2) hy(w) [0+ (01 = V2)] Ln-(v; — ) >0}

xdrdndwdv .

(77)

Expression (70) is deduced from (77) by using (45).$

4 Derivation of a Vlasov-Boltzmann model

We now introduce another kinetic model which is devoted to approach Boltzmann type model (37) under
Hypothesis 3 that is to say when the ratio of mass between a molecule and a dust particle is close to zero.
The idea is to use the fact that the velocity of a dust particle after a collision with a molecule is very close
to its precollisional velocity (see (61)), like in grazing collisions [21]. In the context of grazing collisions, a
Fokker-Plank operator is derived from the classical Boltzmann operator, thanks to an asymptotic expansion
with respect to a small parameter (related to the angle of collisions) [21, 1, 19]. Similarly, we propose to
perform an asymptotic expansion of the operator Ri(f1, f2) with respect to the mass ratio ¢ defined by
(5)(a). This asymptotic analysis will allow us to simplify (in a sense which will be precised) the Boltzmann
type operator Ry (f1, f2) with a Vlasov type operator. In order to do so, we perform a dimensional analysis
of Boltzmann type model (37) which leads to a dimensionless formulation of (37). Let us underline that
Hypothesis 4 and 5 allow us to easily introduce this dimensionless formulation of (37).

4.1 Dimensionless formulation of the dust-molecule kinetic model

We now define the dimensionless variables which will be used to derive the dimensionless formulation of the
dust-molecule kinetic model (37).

4.1.1 Dimensionless variables

Let us introduce the dimensionless variables ¢ and &

_ t
t= 10 (a)

! (78)
z= To (b)



where t© and L° are characteristic time and length scales which will be chosen in section 5. In order to
introduce a unique order of magnitude for the radius r of dust particles, we make this hypothesis:

Hypothesis 8 We assume that the size of dust particles are of the same order of magnitude. In other words,
we have

.~
rmzn - rma:v~

In the sequel, we denote 7° the order of magnitude for the radius of dust particles. We define the dimensionless

dust particle radius  with

T

r = ch). (79)
Hypothesis 8 allows us to also introduce a unique order of magnitude of the mass of a dust particle — chosen
equal to mq(r°) — and a unique order of magnitude of the dust-molecule collision frequencies v15 and vo;

defined by (18)(c,d).

Moreover, we introduce the dimensionless velocities 9; and ¥, with

A U1
0= —,
1 Ve
(80)
- V2
Uy = —
2 Vg
where V° and V3 are velocity scales. For the sake of simplicity, we use the notation
s Ve
=
We propose two different velocity scalings:
e In the first scaling, we choose
8kT°
VP =<Vp >i= ] ——,
wmy (r°)
(81)
8kT°
V2O =< ‘/2 >i=
T™mo
where T° has been introduced in Hypothesis 5. Thus, we have
VP = VE Vs < V5, (82)
where
g :=¢e(r°), (83)

that is to say
d=vex1

because of Hypothesis 3 for this first scaling. Thanks to Hypothesis 5 and 8, < V7 > and < Vo >
given by (81) are respectively characteristic thermal velocities of dust particles and of gas molecules.
Such velocity scales have been already used for a disparate mass binary gas in [16, 17, 18] to study the
epochal relaxation phenomenon [30]. However, on the contrary to [16, 17, 18], neither cross sections
(because of Hypothesis 2) nor densities (because of Hypothesis 4) are in our context of the same order
of magnitude.

e In the second scaling, we introduce a unique order of magnitude V° for the velocity scales V;° and Vy
that is to say
VP =Ve,
(84)
Vy =V°.
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Thus, we have
0=1.

We can choose for example V° =< V5 >. In fact, the exact choice of V° is not really important to
formally derive the Vlasov operator. Nevertheless, the fact that 6 = 1 instead of § = /¢ is important
to estimate the error introduced by the Vlasov operator.

At last, we introduce the dimensionless densities fl and fg in the phase space

0\3 .0
f1(57j7617f) = (‘/1#][1(1%%7@’7")7
LGt
(85)
foo s ()
fg(t,{E/UQ) = no fz(t7.’f7U2)
2

By using (79) and (80), we deduce from (85) that
nS frdordi = fidvidr  and  nSfodly = foduvs.

As a consequence, we have

sup/ / frdoydF = O(1) and inf [ fodiy = O(1)
R3 J7

min Q Jr3

at the beginning of a LOVA in ITER by using Hypothesis 4 (see (12)), where 7min = Tmin/7°, Tmaz = Tmaz/7°
and Q being deduced from  through scaling (78)(b).
4.1.2 Dimensionless kinetic model

By using the dimensionless variables (¢, Z,7, 91, 02) defined with (78), (79) and (80), and the dimensionless
densities f1 and fo defined with (85), the dimensionless formulation of system (37) is given by

of, Vet 5P NG o =
O 00 6 9o = e (r* V5 Ral o o), 0,7),

(86)
3f2 Vote .

o + 7o U2 Vafa = t°n5(r°)2Vy Ra(f1, f2) + t°n5Ver2 Q(fa, fa).

Here, Q(f2, f2) is defined by

Q(.f? Z‘i / / _fVQ(t_a‘iarD;)fQ(t_ajafD;)7f2(£7:iﬂflv})f2(t_7i”ﬁ*) |67’D*‘d0d6* (87)
s2 Jr3 L

where o 15— |
. U+ 0 U —0
r_ 5 *+ 5 *0_7
g U+ Vs _ \17717*|0
o 2 2 '

The dimensionless operator R; ( fl, fg) deduced from (68) is defined by
*AV—7A772B4 NFE T o= vt 592/ en v N2
Rl(flva)(taxyvlvr) - ,T)fQ(t7$,7)2) exp (75 (57)1 - UQ) )

™ s2 JR3 JR3

X (n-a0) [0+ (601 — V2)] Linw>0} L{n (561 —vs)>0}

x dndibdvs
(88)
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where
o 1
Uy

- 14er—

. (@1 n %F‘S iy — %F‘3 w)

is the dimensionless formulation of (69), w being the dimensionless velocity

and S being the dimensionless constant

g AT
N 7 Tury < Vo>

w
o
Vs

’[I):

‘/20

where the thermal velocity 1/3 is given by (46). In the same way, the dimensionless operator Ro( fi, fg)

deduced from (70) and (71) is defined by

R, ) E.. 1) = 2 / LLL

min

with

i

1/3
Let us note that we have replaced ;2 by (%)

“ T

X (n-w) [n- (601 = U2)] 1nw>0} 1{n-(56, —92)>0}

X drdndwdi,
(90)
001 +E77_37V12 —‘r’Lb) .

(91)

in (88) and (90) by using relation (8), and that, under

Hypothesis 8, we have 7y, = O(1) and 7pye, = O(1) in (90).

4.2 Asymptotic expansion of dust-molecule kinetic operator R:(fi, f2)

To approximate R1(f1, f2) with a Vlasov type operator, we perform an asymptotic expansion to the dimen-
sionless weak operator Ri(f1, f2) defined by (86) with respect to the ratio of mass between a gas molecule

and a dust particle:

Proposition 5 Let ¢ be a test function (¢

€ C2(R3) for example), let Ri(f1, f2) be the dimensionless

Boltzmann type operator (88). Then, we have formally

/ @(01) Ry (f1, f2)(L, 2, 01, 7)diy = %
RB

where Y (f2)(t,Z,7) is given by

To(fo) (F.2.7) = =

_ v T

Yol(fo)(t, @, 01,7) = =

T JRr3

in the case of second scaling (84) (i.e. § =1).

[ 007 Ve a oo +o(5) @2

RS

[ [wﬂ 4 } 5ot (93)
R3

fg(ﬂf,’lv)g) |:|’l)2 — ’U1| —+ \3/67?] (172 ’lA)l)d{)g (94)

22



We deduce from Proposition 5:

Proposition 6 Let Ry(f1, fa) be the dimensionless Boltzmann type operator (88). Then, we have formally

Ri(fr, fo) (£, 2,01, 7) = —VE Talfo)(,2,7) - Vo, [f1(E, 2, 1,7)] + 0 (VE) (95)
in the case of first scaling (81), and
Ry(fr, fo) (2,01, F) = —& Vs, - [Ty (f2) (£ T, 01, 7) fr(E, 2, 01,7)] + 0 (€) (96)
in the case of second scaling (84), Ta(f2) and Yo(f2) being respectively given by (93) and by (94).

Proof of Proposition 5. We easily deduce from the weak formulation (57) of R;(f1, f2) and from the

dimensionless formulation (88) of Ry(fi, f2) that the dimensionless weak formulation of R;( fl, fg) is given
by

/"RuﬁJa@fmhﬂammm
R3

:254< (;) ) /sz/RS/R?»/RS (01)] fi(t, &, 01,7) fa(t, T, T2)

x exp (—B°w?) (n - W) [n - (601 — ¥2)] Lin-w>0} Lin. (501 — o) >0} dndibdd dvs
where 9] given by (89) is the dimensionless formulation of (69). Since

1 € €
A S N ——3 B
0] — 01 = - (—57" U1+ =T "0y — =T w)
1 1+4er—3 0 )

=0(Ve) ifd=vEe,

=0() ifo=1,
we can make an asymptotic expansion of ¢(07) — (1) at the first order of %, that is to say
2(0]) = p(0n) = (8] —81) - Vip (01) + O ([0} — 1)
€

2
= gf—3 (Vg —w — 601) - Vo (01) + O (§2> (97)
Thus, we obtain at least formally
/ Rl(flaf2)(£ﬁf7ﬁlaf)@(ﬁl)dﬁl
_€. 234 - _ . . . L €
5 / / (t,z, 01,7 fg(t Z,02)V (01) - [L(D1,V2) — J(01,02)] dD1dO2 + 0 (7>
R3 JR3 0
where
I(1,702) = (V2 — 5171)/ [ (601 — U2)] L{n-(50, —02)>0} [/3 exp (—B%0%) (n - ) 1{n.wzo}dw] dn,
2 R

and
J(’ﬁl,{)g) = / [n (5171 - ’52)} l{n.((s@l,@)zo} |:/ exp (_BQUV)Q) (n . d}) ’uvjl{n,d,>0}d’uv):| dn.
S2 R3

Moreover, by using (47), we obtain
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We have also [11]

73/2

Vn e S%: ./’exp(—62@2)01~w)wlhpw>@dﬂ):Agffn (99)
R3 = 455

and
3 27
Vk e R : n(n - k)lpp>oydn = ?k (100)
S2

Then, thanks to (66), (98), (99) and (100), we obtain

2

Imﬁg:%Z%—%M@—wg
and
L /2 5
J(’Ul,’Ug) = @ (5111 — 1)2) .

Finally, we obtain for § = /¢
/Rl(fhfz)(ﬂfﬁlf)w(f/l)d@l
RS
T Ao x - oI N
= —e J1(t,Z,01,7) f2(8, 7, 02) Vi (81) - D2 ||U2] + ~= | dioddy + o(/e),
r R3 xR3 383
and for 6 =1

. Rl(fla fVQ)(t_v‘(Ea'ﬁla f)@(@l)dﬁl
R

= 25 // fl(fafa
r R3 xR3

which gives (92) , (93) and (94).$

>

N AT R . N o N ™ v 1
LV oE, 2, 52) Vi (81) - (52 — 1) [m i+ Q dindis + o(2),

4.3 The Vlasov-Boltzmann model

By using Proposition 6, we are able to approximate Boltzmann type system (37) with a Vlasov-Boltzmann
type system.

4.3.1 The dimensionless Vlasov-Boltzmann model

We deduce from Proposition 6 that dimensionless Boltzmann type model (86) is such that

ofy Vet 5 €0 o/ ov2ero AN o R €
67{1 + zo U1 V:ifl + gt HQ(T )2‘/2 vf)l ' [T(f2)(ta'r7vl7r)fl( ,.Z',’U]_,T)] = 0(5)7
(101)
av Vat© : o0, _0/( 0 op (f F 0,_0Y/0 A F. F
%jL zo by - Vafa = t°n5(r°)?Vs Ry(f1, f2) + t°nsVsr3 Q(f2, f2)

where Ra(f1, f2) and Q(f2, f2) are respectively given by (87) and (90), where § € {1, /z}, and where Y(f)
is given by (93) for the first scaling (81) (i.e. § = /&) and by (94) for the second scaling (84) (i.e. § =1).

4.3.2 The Vlasov-Boltzmann model

We deduce from Proposition 6 that:

Corollary 1 Let Ry(f1, f2) be the Boltzmann type operator (68). Then, we have formally

Ri(f1, fo)(t,z,01,7) = =Yo(f2)(t, 2, 7) - Vo, [f1(t, z,01,7)] + 0 (\ﬁ) (102)
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in the case of first scaling (81), and
Rl(fla f2)(t7 x, V1, 7‘) = _vvl . [Tb(fQ)(tv x, V1, r)fl(tv z, V1, T)] +o (6) (103)
in the case of second scaling (84), Ta(f2) and Yy(f2) being given by

0\3
Yt ) =l [ o) |foal 4 57 vadin (a)
T R3 SB
(104)
r°)3 ™
To(fo)(t, @, v1,7) = 7T5( 7,) / fa(t,z,v2) [|U2 —vi|+ \3@} (v2 —v1)dva. (D)
RS
Operators (102) and (103) are Vlasov type operators.
As a consequence, the Vlasov-Boltzmann model
3]
£+U'fo1+Ta(f2)(t,x,r)-val(t,x,v,r)=O, (a‘)
0 1
%-FU'V@«JE=R2(f1,f2)+Q(f27f2)7 (b) (105)
(t,z,v,7) € RT X Q x R® X [Frmins Tmaz)

where Y, (f2) is given by (104)(a) equals Boltzmann type model (37) to error o(y/2). And, the Vlasov-
Boltzmann model

% +v- vzfl + vv : [Tb(fg)(t,$7’l),7°)f1(t,$,’U,’I’)] = 07 (a)
O v Vafs = Balfy, )+ QU ), (b) (108)
(t,$,7),7”‘) S R+ X €1 % Rg X [rminarmax]

where Y3 (f2) is given by (104)(b) equals Boltzmann type model (37) to error o (¢). System (106) is certainly
a best approximation of (37) than system (105). Nevertheless, it is more expensive to solve system (106)
than system (105) because Y(f2) is a function of vy which is not the case of Y, (f2). We will justify these
assertions in Section 6.

At last, let us underline that m1Y,(f2) and mqTy(f2) define two drag force models for the dust particles
which are also valid when the gas molecules are not at thermodynamical equilibrium in the sense that
they depend on fy through (104)(a) and (104)(b). Moreover, these drag forces do not depend on empirical
coefficients thanks to (104), which is not the case for other drag forces especially adapted in a rarefied
atmosphere as in [3].

5 Study of the Vlasov-Boltzmann model at different time and
length scales

To estimate the appropriate characteristic time scale ¢° and the appropriate characteristic length scale L°
in the case of the beginning of a LOVA in ITER, we propose in this section a brief qualitative analysis of
system (105) obtained, under Hypothesis 8, with first velocity scaling (81). The dimensionless formulation
of this Vlasov-Boltzmann system is given by (see (101) with § = /€)
O S o Vafi 4 VE RS < Ve > TulR)E27) - Vo fi =0,
(107)

Ofy < Va>t°, o o _
% %Ug'vifg =1 77,1(7“ )2 <Vy > Rz(f1,f2)+t ng < Vo > T%Q(f2af2)
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where Yo ( fg)(f, Z,7) is given by (93). Let us underline that we could also lead this qualitative analysis with
the second velocity scaling (84) which gives in particular, instead of T ( fg)(f, Z,T), the more precise Vlasov
operator Tp( fg)(ﬂ Z,01,7) defined by (94). Nevertheless, this would not give more qualitative informations
about t° and L°. To simplify the qualitative analysis, we suppose:

Hypothesis 9 We assume that the parameters a°, r° and ro are such that
2
1 re
—aa’ | — ) =1 108
4v/2 (7"2) (108)
Hypothesis 10 We assume that the parameters €, r° and ro are such that
o 2
Ve <T> ~ 1, (109)
44/2 \ o

that is to say

1 7r° 1/2
NG <’7> =1, (110)

where n is given by (7).

Relations (108) and (109) are verified for the orders of magnitude introduced in (17).

5.1 Definition of the characteristic time scale t°

Under Hypothesis 1-8 (see also section 2.2.1), we can introduce the following three characteristic time scales
~1
to = (4V2rr3ng <Vo>) , (a)

tlg = (’/T (7‘0)2 Tlg < V2 >)71, (b) (111)

tor = (7 (r°)*ny <Va >)_1 (c)

relative to the dust-molecule mixture. By using (19) and by noting that < Vo >=< Vys! > /1/2 and that
< Vo >< Vgl >=< V3¢l >, we obtain that these three characteristic time scales are approximately equal
to the mean collision times introduced in (18)(b,c,d) for the radius r = r°. We can notice that we have

t12 = Oéo t21 < tgl (112)
(see also (20)(c) and (25)(a)). Moreover, under Hypothesis 8 and 9, we get t31 =~ ta2, which implies that
t1g K g1 2 too (113)

by also using (112). This allows us to considere only two characteristic time scales in our qualitative analysis:
the characteristic time scale 95 relative to collisions between molecules, and the characteristic time scale t15
relative to collisions between dust particles and gas molecules (from the point of view of dust particles) which
is the smaller of these two time scales.

5.2 Definition of the characteristic length scale L°

We define the characteristic length scale L° from the time scale t° € {t12,t22} as the mean distance covered
by one of the two species during the time ¢°. Then, for each time scale t°, we can considere two different
length scales Ly and Ly, which correspond to the mean distance covered by dust particles and molecules
respectively :

L1 =tia< V] > — le/\127 (a)

when we choose t° =t : (114)

Lo:i=tia< Vo> — Ly=

AT (b)

26



and
Lii=tea< V1> — L= \/E )\22, (a)
when we choose t° = tog : (115)
Lo =ty < Vo> = Ly= Ao (b)

where \;; =< V; > t;; is the mean free path of the collision of a particle of type ¢ with a particle of type j
from the point of view of the particle of type i (see also section 2.2.2). We recall that under Hypothesis 8 and
9, we have (see (29))

A22 =~ Aop (116)

which allows us to only consider the two characteristic length scales A1 and Az2. Nevertheless, for the sake of
completness, we also study the two characteristic length scales A\12/4/€ and 1/ Ao since these length scales
are deduced from the choice of the velocity scale V° € {< V4 >,< Vo >} in (114)(b) and (115)(a). Moreover,
under Hypothesis 8-10, we deduce from (27)(b) that

)\12 o)
P

12/VE  4V2
);\22f Ve ( ) =1

As a consequence, the four characteristic length scales defined in (114) and (115) are such that

A2 K ~ \@ Ao K Aoo (117)
7
under Hypothesis 8-10.

5.3 The Vlasov-Boltzmann model when t° =t and L° = A\

We considere the time and space scales defined by (111)(b) and (114)(a). These scales are the smallest ones
that we can define in the dust-molecule mixture (see (113) and (117)). In that case, system (107) is given by

NCI .

W‘i’ 1 Vaz fl+7’r (fZ)(tvi.a'ﬁlaf)'VMJCl:Oa (a)
) (118)
8f2 1 o M af T2 2 _ .
ﬁ‘f'%“z'vifz Rao(fr. f2) + (ro) Q(f2, f2). (b)
Thanks to Hypothesis 2-4, we notice that system (118) is close to
8{;1 +”U1 Vz f1 = O (a)
(119)
ofa
8t + \EUQ V fz (b)

As a consequence, the choice (¢°, L°) = (t12, A12) is unsuitable for the study of the dust-molecule mixture.

5.4 The Vlasov-Boltzmann model when t° = t;5 and L° = \j3/+/¢
We considere the time and space scales defined by (111)(b) and (114)(b). In that case, system (107) is given

by
Oh s Voo Ve X 00) - Vi =0, ()
v (120)
% + ¥y - Vifo = — Ro(f1, fo) + % (%)2 Q(fa, ). (b)



Thanks to Hypothesis 2-4, we notice that system (120) is close to
o1
_— = O
Ly, (a)

0
afté‘i’vg VfQ—O (b)

Thus, the choice (¢°, L°) = (t12, A\12/1/) is also unsuitable for the study of the dust-molecule mixture.

(121)

5.5 The Vlasov-Boltzmann model when t° =ty and L° = /& Ay

We considere the time and space scales defined by (111)(a) and (115)(a). In that case, system (107) is given
by

oN 2
%"" U1 xfl"'\/g(;) Ta(fQ)(EafvﬁhF)'vﬁlfl:07 (a)

ot A7/2
(122)
o/, f() VE 55
2 4+ 99-V3z — R , + R . b
f@t by - Vifo = 47r\/§a . 2(f1, f2) 4W\/§Q(f2 f2). (b)
Moreover, we have
VE (’”)2 ~1
44/2 \ ro N
under Hypothesis 10 (¢f. (109)). Thus, we obtain that system (122) is close to
8f1 +U1 Vaz f1+ T (fg)([,,’f7@1,7j)'V@1f1:O, (a)
(123)
0> :
JE—F’UQ fog—() (b)

where ¢; is a constant of order one. Thus, the choice (¢°, L°) = (22, /€ A22) is also unsuitable for the study
of the dust-molecule mixture.

5.6 The Vlasov-Boltzmann model when t° =ty and L° = )y,

We considere the time and space scales defined by (111)(a) and (115)(b). In that case, system (107) is given
by

oN 2
aaf +VEDL - Vafi + 47\5 (7’ ) Ta(f2)(t.2,01,7) - Vo, i =0, ()
(124)
. o 2
% + 0y Vifa = 4771\f <T > 2(f1. f2) + 4771\f Q(f2 fo). (b)
Thus, by taking into account (108) and (109), we can rewrite (124) with
oh o o F
v + Ve Vafi + 2 T o(f2)(E,2,01,7) - Vo, L =0, (a)
) (125)
% +02-Vzfa = %Rz(flafz) 4ﬂfQ(f2,f2) (b)

where, under Hypothesis 9 and 10, ¢; and ¢z are two constants of order one (¢f. (108) and (109)). Thus,
the choice (t°, L°) = (ta2, A22) seems to be appropriate for the theoritical and numerical study of the dust-
molecule mixture. Moreover, the factor /¢ in front of the term 9 - Vzfi, related to the spatial variation
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of the transport of dust particles, suggests that the displacement of dust particles is weak compared to the
displacement of gas molecules. At last, we refer to [12] for a theorical study of the convergence of the solution

of the spatially homogeneous system (124) when ¢ — 0 for a fixed ratio 47‘7/55 (%

2
) , but with operators

R1(f1, f2) and Ro(f1, f2) for which collisions between dust particles and gas molecules are described by (40)
(and, thus, are elastic) rather than by Hypothesis 7.

Remark 1 The constant co can be linked to Aao and Aoy defined by (26)(b) and (26)(d) respectively and

under Hypothesis 8 :
A

=N
Thus, we recover the fact that Cy = O(1) under hypothesis 8-9 by using (116)

(126)

C2

6 Numerical results

We now present homogeneous and 3D inhomogeneous numerical simulations of Boltzmann-Boltzmann system
(37), of Vlasov-Boltzmann system (105) and of the more accurate Vlasov-Boltzmann system (106). These
numerical results validate and justify (from a computational cost point of view) the derivation of asymptotic
models (105) and (106). For the sake of simplicity, we considere in this section the situation of dust particles
with an unique radius:

Hypothesis 11 All particules have the same radius r1.
We still denote € the ratio of mass e(r1) given by (5)(b).

Let us note that in order to assess the efficiency of the numerical models from a computational cost point
of view, or in order to simplify the visualization of the numerical results, we do not always use exactly the
orders of magnitude of ng, ng and 7,,;, given by (17) (more precisely, there is sometimes a factor 10 between
the order of magnitudes used in section 2 and those used in this section). Nevertheless, Hypothesis 2-4 are
always satisfied.

6.1 The Boltzmann-Boltzmann model

We now describe the numerical method used to discretize Boltzmann-Boltzmann system (37), and we propose
a 3D numerical simulation of a LOVA scenario in a cubic box. Then, we underline the limitation of Boltzmann-
Bolzmann system (37) because of the computational cost of simulations.

Under Hypothesis 11, we can remove the dependency in 7 of f;. Then, weak formulations (57) and (59)
of respective operators R1(f1, f2) and Ra(f1, f2) are now given by

[ et mani= [ [ ][ e - ol fita) it

(127)
x¢(v1 — va, n)hy (w)dndwdvy dvs
and
[ ewrapieana= [ [ [ lp) - el e optaen) .
x¢(v1 — va, n)hy, (w)dndwdvy dvs
where
§(U, TL) = (Tl + T2)2 [n ’ U] 1{7L-1120}~ (129)

Several numerical methods are used for the simulation of the Boltzmann equation (we refer to [38] for a review
of these methods). One of these methods is the probabilistic Monte-Carlo method [39] whose advantage is
the lower cost of computation compared to the cost of computation of a deterministic method. In the sequel,
we adapt a classical Monte-Carlo method — namely, the Direct Simulation Monte-Carlo method i.e. DSMC
method which is also known as the Bird’s method — for the simulation of Boltzmann-Boltzmann system (37).
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6.1.1 Monte-Carlo method

The Monte-Carlo method that we will present is a particle method. Thus, this numerical method is based
on the principle which consists in approaching the distribution f;(¢,z,v) with

N;
filt,,0) = wld(w — 2§ (1)5(v — v (1) (130)
k=1

for i € {1,2}. From an heuristic point of view, (130) means that distribution f; (respectively f2) in dust
particles (respectively gas molecules) is approached by a number Nj (respectively N3) of macro-dust (re-
spectively macro-molecule) characterized by positions (z§)yeq1,.. Ny}, velocities (vf)keq1,.. n,} and weight
factors (w:’f)ke{lw,Nl} (respectively (x’g)ke{leQ}, (vé)ke{l’w]\;z} and (wlg)ke{l’wNz}). We take the same
weight factor w; (i € {1,2}) for every macro-dust (¢ = 1) and for every macro-molecule (i = 2), that is to
say wF = w; for every (i,k) € {1,2} x {1...N;}. We solve (37) with a splitting technique adapted to a
Boltzmann type equation [22, 23]. This technique consists, firstly, in solving the transport equation

0
% +v-Vaf1=0, (a)
(131)
0
%"‘U'VI,ICQ:O’ (b)
secondly, in solving the spacially homogeneous equation
of2
—— = 132
2= QUL ) (132)
and, thirdly, in solving the spacially homogeneous equations
ofr
5 Ri(f1, f2), (a)
(133)
of2
e Ra(f1, f2)- (b)

Equations (131) are solved like in deterministic particle methods, that is to say particles are transported
along characteristic lines and positions z¥ are modified. Equations (132) and (133) are solved locally in each
spacial mesh since collision operators have an effect only on velocities of particles and not on their positions.
In each mesh c¢ of volume V., f; and f are approched by

fi(t,v) ~ S(v — vk (1)) (134)

where Np. (respectively Naj.) is the number of macro-dust (respectively macro-molecule) in the mesh c.
Moreover, we can define the local density of each specie in the mesh ¢ of volum V, by
_ Nicw;

Ve

Nic (135)
for i € {1,2}. The resolution of equations (132) and (133) during a time step At consists in determining the
new velocities (v (£ + At))geqr,... ,n,} and (V5 (t4+At))keqr,... N5}- The numerical resolution of equation (132)
is made with the Bird’s method with no time-counter [5, 4] ((132) is a classical homogeneous Boltzmann
equation). Nevertheless, we cannot use the Bird’s method to solve equations (133) because a® :=nj/n$ < 1
(see Hypothesis 4). Indeed, if we considere a macro-dust of velocity v; and a macro-molecule of velocity va,
the probability that the first one collides the second one during the time At is given by

w
p12(vi,v2) = 72 At(r +T2)2|U1 — vg|
C
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whereas the probability that the second one collides the first one during the time At is given by
w1
pgl(vl,vg) = V Atﬂ'(’l‘l + T2)2|’U1 — Uz‘.
c

Then, the use of the Bird’s method — which is characterized by the fact that pia(vi,v2) = po1(v1,v2) (the
Bird’s method is a symetrical method [34]) — imposes to take the same weight factor w; and we which implies

that
Nie _ e

NZC Nn2c

by using (135). As a consequence, the estimate «® < 1 implies that N1, < Na. and then we can either choose
a reasonable number N, of macro-molecules with respect to the CPU time which implies a low number of
macro-dust Ny, and then a poor accuracy, or choose a reasonable number of macro-dust Ny, with respect to
accuracy and end up to a large number of macro-molecules No. which implies a huge CPU time.

Thus, if we want to have O(Ny.) = O(Na.), we have to use a non-symetrical method. Here, we adapt the
Nanbu’s method for which equations (133)(a) and (133)(b) are solved separatly.

The Nanbu'’s algorithm for the simulation of R;(f1, f2) consists in two steps:

e First step: Selection of pairs of collision. Instead of computing the probability of collision
p12(v1, v2) for every Ni.Na. possible pairs composed of a macro-dust of velocity v; and of a macro-
molecule of velocity ve, we use the fictive particle method. It consists in selecting

NlCNQC% Atﬂ-("’l +T2>2 |'UT€l|maa: (136)
c
pairs composed of a macro-dust and of a macro-molecule with a uniform law on {1,..., Nj.} X
{1,...,No.}. In (136), |v"|;maz is an upper bound of the modulus of the relative velocity between
macro-dusts and macro-molecules. For each selected pair, we determine if the collision occurs with the
probability

vr — g

where v, and vy are respectively the velocity of the macro-dust and of the macro-molecule. We select
for that a real p € [0, 1] with a uniform law ; if p < p/ then the velocity v; of the macro-dust is modified
but the velocity vs of the macro-molecule remains the same ; if p > p/ the velocities v; and vy remain
the same.

e Second step: Determination of the post-collisional velocity. The post-collisional velocity v}
of macro-dust is determined following the diffuse reflexion mechanism described in section 3.1: see
Hypothesis 7. More precisely, for each collision between a macro-dust of velocity v; and a macro-
molecule of velocity vs, firstly, we have to compute n randomly in the half sphere delimited by n - (v —
vg) > 0. Secondly, a vector w is selected with the law h,, given by (45). Finally, the post-collisional
velocity v} is given by
1

1+e

v = (v1 + evy — ew). (137)

We refere to [11] for further details.

The algorithm for the simulation of the operator Ra(f1, f2) is identical (we just have to permut the subscripts 1
and 2, and to replace € with 1 /¢ in (137)). The rigourous justification of this Nanbu’s method for the resolution
of system (133) with operators (127) and (128) should be possible like in [40]; this could be the subject of
a forthcoming work. Moreover, the validity of this method has been studied in [10] for function ¢(v,n) in
operators (127) and (128) given by ¢(v,n) = C (where C' is a positive constant) instead of (129), knowing that
in this particular case, it is possible to establish explicit formulae for the evolution of macroscopic velocities.
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6.1.2 A 3D simulation in a cubic box

We present in this subsection an example of simulation of system (37) in a cubic geometry in a situation of a
LOVA during a time 7. Initially, dust particles are lying on a thin layer of width a in the bottom of the box
with the uniform density n; and there are no gas molecules inside the box. Then, a flow of molecules enters
into the box through a square hole following a maxwellian distribution with a density ns, a temperature
T° and a macroscopic velocity V,, in the normal direction of the hole. The boundary conditions are diffuse
reflexion except on the hole (for which the boundary condition is an emissive condition) and on the upper
side of the box (where the boundary condition is an absorption condition).

Remark 2 This last boundary condition enables to model a larger vacuum vessel than the box itself but to
focus on the specific part of it where occurs a breach in the wall.

We refere to [42] for the management of the boundary conditions. Dust particles are tungsten and the gas
is composed of nitrogen molecules. The width of the box is noted L and the one of the hole is noted I.
Geometrical parameters are given by

L = 1072 m,
I = 5-107%m, (138)
¢ = 5-107%m.

Remark 3 These rather small dimensions compared to the real ITER dimensions or to some representative
work-up have been willfully chosen as so in order to test the initial Boltzmann-Boltzmann model which is
much more expensive than the approrimate Viasov-Boltzmann model.

Physical parameters are given by

r1 = 5-107%m,
o = 1079 m,
ny = 10 m—3,
N = 102 m=3, (139)
T° = 300 K,
Toury = 300K,
Vin = 300m-s?
and computation parameters are given by
number of meshes = 8000,
number of processors = 64, (140)
final time of simulation = 45-1073s.

The final time 7T of the simulation has been obtained after a CPU time of simulation of 24 x 3600 s. One
can observe on figure 2 that macro-dusts (represented by green spheres) are moved by the air ingress (some
of the macro-molecules are represented by red spheres).

6.1.3 Limitation of the Boltzmann-Boltzmann model

The time of computation of Boltzmann-Boltzmann system (37) depends mainly on the number of collisions
computed for the simulation of collision operators Ry (f1, f2), Ra(f1, f2) and Q(f2, f2) at each time step. The
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t=1 ms t=24 ms

t=27 ms t=36 ms

t=45 ms

Figure 2: LOVA type scenario in an open cubic box modeled with Boltzmann-Boltzmann system (37)
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average number of collisions computed for the simulation of Ry (f1, f2), Ra(f1, f2) and Q(f2, f2) during a time
T in a mesh c is given by

NRl (T) = NicNac % '/TT”% < V{;l > T, (a)

N w1 2 rel

Ny (1) = NieNoe -y < Vai© > 7, (b) (141)
NN 1 2 W2 2 rel

NQ(T) = §N20 V 47TT2 < ‘/22 > T. (C)

Since we have w; = n;V./Nj. (see (135)), < Vo >=< Vg5l > /v/2 and < Vo >< Vil >=< VJe > (see
section 5.1), we get
Ni}ﬁ@’) - Nic ) re
Ng, (1) Noc nic

and

Na,(r) 1 Ni <r1>2

No(r) — 2v/2 Nae \r2/)

If we choose N1, and Ny, such that Ny, ~ Ny, thanks to Hypothesis 2 and 4, we obtain
NR] (T) > NR2 (T)

and L

Ng, (1) > Ng(7).

This brings into light that the simulation of the operator R;(f1, f2) is much costly than the other ones. Let
us consider for example the simulation of equations (132) and (133) in an unique cell ¢ with the following
physical parameters

r1 = 107%m,

ry = 2-10719%m,

ne = 10" m™3, (142)
Noe = 102'm~3,

T° = 300K.

Under these conditions and if we choose Ny, ~ Ny, ~ 103, the average numbers of collision during, for
example, the time 7 = 1073 s are
Ng, (1) ~ 3-10'2,

NRz(T) 23-105,

No(r) =~ 4- 10°,

We estimate that the time of computation of this example on a single-chip computer is of about 4, 5-10° s that
is to say 52 days. We conclude that the CPU time of the simulation of operator Ry (f1, f2) could be extremely
costly when the radius r; of dust particles becomes too large, even with massively parallel computation.

The limitation of Boltzmann-Boltzmann system (37) can also be seen from the point of view of the time
step At. Indeed, it is possible to establish (see [11] for further details) that the Nanbu’s method requires the
condition on the time step

At < min (t92, t12,t21) (143)
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where ta2, t12 and tg; are defined by (111). Morever, the resolution of transport equations (131) requires the
accuracy condition on the time step

(144)

AtSmin( Ar Ar >

<Vi>" < Vo>

where Az is the length of meshes and where < V; > and < V5 > are defined by (81). Finally, the condition
on the time step is given by

. Az Az
At < min ( to2, t12, 21, :

145
<Vi>" <Vy> (145)

Under physical conditions (142), we get
tyge ~ 2-107%s,

6-10713 s,

@

S

no
1

tor ~ 6- 1076 s.

And, with the choice Az = 1072 m which is, for physical parameters (142), the order of magnitude of the
mean free path Ags given by (26)(b) (since Hypothesis 9 is satisfied with the choice (142), Ao is an appropriate
characteristic length scale: see section 5.6), we get

Ax
30 s,
<V > i
Az
2.107% s.
< Vo> i
Then, conditions (143) and (144) imply that
At < tq9 where tia~6-10"2 s (146)

which is clearly too restrictive.

6.2 The Vlasov-Boltzmann model

We are now interested in the numerical method used to discretize the Vlasov-Boltzmann model (105) and
the more accurate Vlasov-Boltzmann model (106) which, under Hypothesis 11, are respectively given by

%-ﬁ-v-vwfl-l—'ra(]%).vv(fl)207 (a)
(147)
o v =
o TV Vaf2=Ra(fi, f2) + Q(f2, f2) - (b)
with
Yo (fo)(t,x) =mer; /R3 Ja(t, z,v2) {|v2| + g/g} Vodvs (148)
and by
% +0-Vafi+ Vo [To(f2) 1] =0,  (a)
(149)
% +v-Vafo = Ra(fi1, f2) + Q(f2, f2) (b)
with
Yy(fo)(t,z,v1) = Ters /]R?’ fa(t, z,v9) {|U2 — |+ \3/;] (2 — v1 )dvs (150)
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(we recall that 8 := 7 See (46), Tsuryr being the surface temperature of dust particles supposed to be

constant for the sake of simplicity). We propose in section 6.2.2 spatially homogeneous simulations to validate
Vlasov-Boltzmann models (147) and (149). And, we describe in section 6.2.3 a 3D numerical simulation
obtained with Vlasov-Boltzmann system (149). This 3D simulation describes a LOVA type accident in a
torus domain whose atmosphere is initially rarefied. We underline that this 3D test-case would be very
expensive from a computational cost point of view if it was studied with the Boltzmann-Boltzmann system

(37) instead of Vlasov-Boltzmann system (147) or (149).

6.2.1 PIC method coupled to Monte-Carlo method

Vlasov-Boltzmann system (147) (or (149)) is solved thanks to the coupling of a Particle-In-Cell (PIC) method
for (147)(a) (or (149)(a)) and the Monte-Carlo method presented in section 6.1.1 for (147)(b) (or (149)(b)).
Thus, the distribution in dust particles fi is still approached with

Ny
filt,z,v) 2wy 6z — 2§ (t)6(v — vf(¢)).

k=1

Here, position z¥ and velocity v¥ of the macro-dusts are solutions of

daz®
o= )
(151)
d k
% = T(f2)(t7xlfvv]f) (b)

where Y(f2) is given by (148) or (150). The term m;Y(f2) models a drag force applied to a dust particle
induced by collisions with gas molecules. This drag force — which is not deduced from experimental laws
but from the asymptotic expansion proposed in section 4 — is also valid when the gas molecules are not at
thermodynamical equilibrium. The term Y(f2)(t, 2%, vF) is approched at each time ¢" thanks to the local

approximation of the density fy in each mesh ¢

Na.

Raltv) = 2 380 = v3(0) 1 ey, (152)

J=1

Then, system (151) is solved at each time step thanks to the following numerical scheme:

For all k € {1,..., Ni.}:
X{c,n—&-l _ X{f,n

_ Vk,n’
At !

(153)
Vlk,n+1 o Vlk,n
At

where T (V™) is a local approximation of T(f2)(t", z%, v¥) given by

= TC’n(v1k’n)

w Nac
cn 2 W2 YR
Ton = merd <2 “VQ
c .
Jj=1

+ 35| v (154)

when Y(f2) is defined with (148), and by

] ) a5

Nac
c,n k,n w2 j,n k.n
T,V ):7767%‘/6;{“/2] -V 35

when Y(f2) is defined with (150). Let us remark that in the case of T = T}, the numerical resolution of
(149)(a) requires the computation of the acceleration term Tz’”(Vlk’") given by (155) for each macro-dust at
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each time step, whereas in the case of T = T, the acceleration term Y™ given by (154) is the same for all
macro-dust in a given mesh c¢. Then, in each mesh ¢, the computational cost is in O(Na.) in the case of (154)
and in O(N;.Na.) in the case of (155).

The validity of this PIC method has been studied in [10] for the Vlasov-Boltzmann model obtained with
the function ¢(v,n) = C instead of (129) in operators (127) and (128).

Since we do not have to simulate the operator Ry (f1, f2) any more, the condition on the time step is here
given by

(156)

Az Az
At S/ min (tgg, t21, >

<Vi> < Vo>

which is much more easier to achieve than condition (146). Let us note that under Hypothesis 8 and 9, we
have tag =~ t91 and gz ~ Agp (see (113) and (116)), and we can choose Ax = O(Aa2) (see section 5.6). As a

consequence, we obtain O ( Az ) = too/+/e and O (ﬁ) = t9o (by also using the fact that A\;; =< V; > t;;

<Vi> <Va>
and that < V; > / < V4 >~ /e). Thus, in our context, (156) is equivalent to

At < tos. (157)

6.2.2 Comparison with the Boltzmann-Boltzmann model in an homogeneous context

We compare numerical simulations of Boltzmann-Boltzmann system (37) and of Vlasov-Boltzmann system
(147) or (149) through the time evolution of macroscopic velocities and kinetic temperatures. We also compare
Vlasov-Boltzmann systems obtained with T = Y, (see (148)) and with T = Y, (see (150)). At last, CPU
times are compared. Let us note that these numerical simulations are obtained in an homogeneous context
in order to get rid of the influence of boundary conditions.

Macroscopic velocities:

Figure 3 presents the evolution of macroscopic velocities defined by (16) obtained, firstly, with the nu-
merical resolution of the spatially homogeneous system

of

E:Rl(fhfé)v (a)
(158)
0fe _ p b
ot 2(f1, f2) + Q(f2, f2) (b)
and, secondly, with the numerical resolution of the spatially homogeneous system
0
v, nl =0 @
(159)
OF _ g b
5 = e(fi, f2) +Q(f2, f2) (D)
where Y(f2) = T(f2) is given by (150), the initial distributions being given by
3
B 2rkpTh in\ 2 my(ry) v — 111,m|2
frn) = m ( my(r1) ) P < 2kpT1 in ’
(160)
Fom(v) = 2rkpToim\ 2 my v — ug |
2,in \V = N2 s €xp 2]€BT2,in
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where

u i, = (0,0,0) m-s
uz;, = (300,300,300) m - s71,
(161)
Tl,in = 100 I{7
Ts:m = 400K
and
1 = 5- 10_9 m,
ny = 10" m73, (162)
ny = 1020 m—3.

Moreover, we take Tg,rr = 300 K for the surface temperature of dust particles. Physical parameters (162)
are chosen in order to allow to take a reasonable time step At for the resolution of system (158) with the
numerical method presented in section 6.1.1: indeed, condition (143) gives At < 21077 s. Moreover,
condition (157) gives At < 2-107° s for the resolution of system (159) with the numerical method presented
in section 6.2.1. Then, we chose respectively At = 107 s for the resolution of system (158) and At = 1072 s
for the resolution of system (159). Moreover, we chose (N1, N3) = (5-10%,5 - 10®) for the resolution of both
systems (Nj is the number of macro-particles which approaches fi through (134)).

300

I W u>1< obtained from Boltzmann-Boltzmann system
3\ _ ué obtained from Boltzmann-Boltzmann system

- u>1< obtained from Vlasov-Boltzmann system with =Y,
—— ué obtained from Vlasov-Boltzmann system with =Y,

IN)

=3

S
T

et P o]

Macroscopic Velocities (m- 5'1)

-50 ! !
0
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0.01 0.02 0.03 0.04 0.05 0.06
Time (s)

Figure 3: Ewvolution of the component on Ox of macroscopic velocities obtained from the numerical resolution
of systems (158) and (159) with T =T}

One can observe on figure 3 a similar evolution of components on Ox of macroscopic velocities — noted u{ and
u% — for the two systems. Moreover, it is quite obvious that these velocities converge to the value 94,5 m-s~!
which corresponds to

xT T
e MUY, T EN2UY
u” =

ni + eng

This behaviour of macroscopic velocities corresponds to what could be expected for Boltzmann-Boltzmann
system (37). Indeed, the following conservation of global momentum

niuy (t) + neeug(t) = niuy iy + nogug in
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can be obtained formally from equations (42) by using weak formulations (127) and (128) [11].

We now compare the evolution between macroscopic velocities obtained from the numerical resolution of
system (159) with T = Y, on one side and with T = Y}, on the other side, with initial conditions (160)(161)
but with the physical parameters

rr = 5-107%m,
ny = 10 m™3,
ny = 10> m™3

instead of (162). We choose again Ts,,¢ = 300 K. Moreover, the numerical parameters are given by

At = 1075,
N, = 5-107,
Ny, = 5-103.

One can observe on figure 4 that the evolutions of these macroscopic velocities remain similar during a short

300

250 B

il u>1< obtained from Vlasov-Boltzmann system with Y=Y
—_— ué obtained from Vlasov-Boltzmann system with Y=Y
““““ u>1< obtained from Vlasov-Boltzmann system with Y=Y,
—_— ué obtained from Vlasov-Boltzmann system with Y=Y,
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a
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b
b

o
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o
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Macroscopic Velocities (m- 5'1)

o
S
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Figure 4: Evolution of the component on Ox of macroscopic velocities obtained from the numerical resolution
of system (159) with T = T}, and with T =T,

time of about 5 ms but are different for long times. This can be interpreted in the following way: Whereas
the global momentum nju; 4 necuy is conserved for Boltzmann-Boltzmann system (37) and approximately
conserved for Vlasov-Boltzmann system (159) with T = T}, given by (150), it is not the case for system (159)
with T = T, given by (148). Since the expression of Y,(f2) is obtained according to the hypothesis that the
velocities of dust particles are of the order of magnitude of V;° and that the velocities of gas molecules are of
the order of magnitude of Vi with V?/Vy = (/e (see (81) and (82)), we can consequently deduce that this
velocity scaling hypothesis is only true during a short time (more precisely during a time of some ms in the
present case).

Kinetic temperatures:
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We present the comparison between the kinetic temperatures defined by (15) obtained from the numerical
resolution of systems (158) and (159) (with T = Y;) with inital conditions (160)(161)(162). We choose again

Kinetic Temperature (K)

-.=. T, obtained from Boltzmann-Boltzmann model
—— T, obtained from Boltzmann-Boltzmann model
““““ T, obtained from Vlasov-Boltzmann model

--- T, obtained from Vlasov-Boltzmann mode! B

o
S
T

1
2
1
2

6
Time (s) x10°

Figure 5: Evolution of the kinetic temperatures obtained from numerical resolution of systems (158) and (159)
with T = Tb

Tsury = 300 K. One can observe on figure 5 that the kinetic temperatures Ty, and T, obtained from the
numerical resolution of Boltzmann-Boltzmann system (158) converge to the surface temperature T, ¢ of dust
particles. Moreover, the kinetic temperature T, obtained from the numerical resolution of Vlasov-Boltzmann
system (159) with T = T} has the same behaviour as the one of the kinetic temperature T, obtained from
the numerical resolution of Boltzmann-Boltzmann system (158). However, one can observe that Ty, obtained
from the numerical resolution of Vlasov-Boltzmann system (159) with T = T} converges to 0 and, thus, is
wrong (we can make the same observation with T = Y,). We discuss this important point in section 6.2.5.

CPU times:

We now consider the initial distributions f ;,, and fa p, given by (160)(161) but with the physical param-
eters

ri = 2-107% m,
ng = 5-101% m™3, (163)
ny = 102 m3

instead of (162). We choose again Ty, = 300 K and we take (N7, N2) = (10%,10%). Because of conditions
(143) and (157), the time step At is taken equal to At = 107% s in the case of Boltzmann-Boltzmann
system (158) and equal to At = 2-107° s in the case of Vlasov-Boltzmann system (159). During the time
7 = 107! s (which corresponds to the characteristic time of relaxation of velocities), the average numbers
(141) of collisions simulated for the resolution of the kinetic operators are of the order of

Ng, (1) =1,4-10°
Ng,(t) =7-10%,
No(r) =4,2-10".
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We see on Table 1 that the CPU time on a single-chip computer of the simulation of Boltzmann-Boltzmann
system (158) during the time 7 is of about 10* s, the one of system (159) with T = Y} during the time 7 is
of about 500 s and the one of Vlasov-Boltzmann system (159) with T = T, during the time 7 is of about
50 s.

’ Model | CPU time |
Boltzmann-Boltzmann model (158) 11410
Vlasov-Boltzmann model (159) with T =T 589
Vlasov-Boltzmann model (159) with T =71, 45

Table 1: CPU time of simulations of systems (158) and (159) with parameters (163)

6.2.3 A 3D simulation in a cubic box

We present on figure 6 the LOVA type scenario already studied in section 6.1.2 with Boltzmann-Boltzmann
system (37) (see figure 2) but, now, obtained with Vlasov-Boltzmann system (149) (T = T} is given by (150)).
The final time of the simulation is equal to 247 ms. On figure 6, the macro-molecules are not represented
and the number of macro-dusts represented is more important than on figure 2. Let us underline that we
are able to simulate this LOVA type scenario with a final time greater than the one of 45 ms simulated in
section 6.1.2 with Boltzmann-Boltzmann system (37) because Vlasov-Boltzmann system (149) needs far less
CPU time.

6.2.4 A 3D simulation in a torus domain

We present on figure 7 a LOVA type scenario for which the domain is a cylindrical torus whose geometry
is similar to the one used in [43]. There is no absorption condition on any side which means that dust
particles and gas molecules (which are not represented in this visualization) cannot leave the domain. As a
consequence, the density of gas molecules inside the torus increases very quickly. The cylindrical torus has
the dimensions

height = 107! m,
interior radius = 2,5-1072 m,
(164)
outer radius = 5.107% m,
volume = 5,89-107% m3.
Numerical parameters are given by
number of meshes = 14400,
number of processors = 480, (165)
length of simulation = 1,1 ms

and physical parameters are given by (139). Because of the dimensions of the cylinder and the increasing
density in gas molecules, the cost of computation is higher in this example, and the length of simulation is
lower than in the example of paragraph 6.2.3 for the same CPU time (24 x 3600 s).

6.2.5 Justification of the Vlasov-Boltzmann model

The previous studies lead to the following conclusions:

e The CPU cost of the numerical resolution of Vlasov-Boltzmann system (147) or (149) is, in the context
we consider, lower than the one of Boltzmann-Boltzmann system (37). For example, on a spatially
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t=1 ms t=27 ms

t=45 ms t=100 ms

t=150 ms t=247 ms

Figure 6: LOVA type scenario in an open cubic box modeled with Vlasov-Boltzmann system (149) (Y =7Y)
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t=0,2 ms

t= 0,6 ms

t= 0,8 ms t=1,1 ms

Figure 7: LOVA type scenario in a torus modeled with Vlasov-Boltzmann system (149) (T = T4)
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homogeneous context, the examples presented on Table 1 show that the numerical resolution of Vlasov-
Boltzmann system with T = T, and T = T}, are respectively about 200 and 20 time less costly (with the
numerical methods presented in sections 6.1.1 and 6.2.1). This comes from the fact that the resolution
of the Vlasov equations (105)(a) or (106)(a) is in this situation lower than the resolution of the equation
(37)(a). Moreover, the cost of the resolution of systems (105) and (106) does not depend very much of
the radius of particles, whereas the cost the resolution of equation (37)(a) increases quadratically with
the radius of particles.

e The numerical resolution of Vlasov-Boltzmann system (147) is about 10 time less costly than the one
of Vlasov-Boltzmann system (149) (at least for the homogeneous test-case studied in section 6.2.2: see
Table 1).

e The macroscopic velocities u; and us obtained with spatially homogeneous Vlasov-Boltzmann system
(159) with T = Y} given by (150) are close to those obtained with spatially homogeneous Boltzmann-
Boltzmann system (158) and, thus, are correct. Nevertheless, these macroscopic velocities obtained
with spatially homogeneous Vlasov-Boltzmann system (159) with ¥ = T, given by (148) instead of
T = T, are correct only for short times. Moreover, the kinetic temperature T, obtained with spatially
homogeneous Vlasov-Boltzmann system (159) with T = Y, or T = T is not equal to the one obtained
with spatially homogeneous Boltzmann-Boltzmann system (158) and, thus, is not correct. This may be
explained by the fact that the asymptotic expansion made in the section 4 is only at the first order in
€. Thus, we may think that Vlasov-Boltzmann system (147) (T = T,) or (149) (T = Y}) is not a good
approximation of Boltzmann-Boltzmann system (37), and that a asymptotic expansion of Ry (f1, f2) at
the second order in € could be necessary. Nevertheless, since we are only interested in the mobilization of
dust particles at the beginning of a LOVA type scenario and since this mobilization is a direct function
of the macroscopic velocity u; of dust particles, it is legitimate to think that Vlasov-Boltzmann system
(149) (T = T}) and even Vlasov-Boltzmann system (149) (T = T,) are enough accurate (at least for
a first study) to evaluate if dust particles are or are not mobilized for a given LOVA type scenario.

All these remarks justify the derivation of the Vlasov-Boltzmann system to model the beginning of a
LOVA type scenario.

7 Conclusion

A discussion about characteristic time and length scales shows that the interaction between dust particles and
gas molecules at the beginning of a Loss Of Vacuum Accident (LOVA) in the thermonuclear reactor ITER has
to be modeled with a kinetic model. Thus, we have proposed a new Boltzmann type model to describe the
evolution of macroscopic particles, as dust particles, in a rarefied atmosphere. This Boltzmann type model
consists in a coupling of a Boltzmann type operator Ry (f1, fo) — which describes the dust-molecule collisions
from the point of view of dust particles — with another Boltzmann type operator Ra(f1, f2) — which describes
the dust-molecule collisions from the point of view of gas molecules —. This Boltzmann-Boltzmann model
takes into account the macroscopic character of dust particles compared to gas molecules through a diffuse
reflexion mechanism on the surface of dust particles in the kinematic relations of dust-molecule collisions. As
a consequence, the Boltzmann type operators Ry (f1, f2) and Ra(f1, f2) are not classical Boltzmann operators.

However, the numerical simulation with a Monte-Carlo method of the operator R;(f1, f2) is too expensive
from a computational cost point of view in the context of a LOVA when the typical size of dust particles
is too large. Thus, we have proposed to replace Ry (f1, f2) with a Vlasov operator obtained from R;(f1, f2)
through a formal asymptotic expansion according to the ratio of mass between a gas molecule and a dust
particle. As a consequence, the Boltzmann-Boltzmann model is replaced by a Vlasov-Boltzmann model.
Let us underline that the Vlasov operator allows to define a drag force model applied to dust particles and
induced by collisions with gas molecules. This drag force model — which is not deduced from experimental
laws — is also valid when the gas molecules are not at thermodynamical equilibrium.

Numerical methods are proposed for the resolution of the Boltzmann-Boltzmann and Vlasov-Boltzmann
models, and are applied for 3D numerical simulations of LOVA type scenarii for which the domain is a cubic
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box or a cylindrical torus: these 3D numerical simulations show the mobilization of dust particles induced by
the gas molecules ingress. Moreover, spatially homogeneous numerical results are compared from the point
of view of macroscopic velocities, kinetic temperatures and CPU time. These numerical studies validate
and justify (from a computational cost point of view) the use of the Vlasov-Boltzmann model instead of the
Boltzmann-Boltzmann model.

A validation of the Boltzmann-Boltzmann and Vlasov-Boltzmann models for a LOVA type scenario could
be obtained from an experimental point of view thanks to experimental visualizations which should be lead.
However, even if a fluid-fluid or a fluid-kinetic modelling like in [43] seems to be inadapted at the beginning
of a LOVA, it should be necessary to use this type of modelling after some times (depending of the size of
the vessel). Indeed, the density of the gas increases rapidly in a closed geometry. Then, the computational
cost of the simulation of the Vlasov-Boltzmann model becomes too important because of the large amount
of collisions between gas molecules. Thus, an interesting prospect could be to couple the Vlasov-Boltzmann
model with its fluid limit by using an approach similar to those proposed, for example, in [20] or [15].
Moreover, another interesting prospect is to model the interaction between the dust particles and the wall of
the vessel. We propose in [11] a model of mobilization of dust particles which takes into account a dust-wall
interaction. This model could be investigated from a numerical point of view in a forthcoming work.

At last, we underline that the Boltzmann-Boltzmann and Vlasov-Boltzmann models proposed in this
work could also be used to model, as in [45], the interaction between dust particles coming from an intensive
volcanic plume and a rarefied atmosphere as in the case of volcanoes on Jupiter’s moon Io. The Boltzmann-
Boltzmann and Vlasov-Boltzmann models could be more accurate since, in [45], the macroscopic character of
dust particles is not taken into account in the kinematic relations of the kinetic model and since the feedback
of dust particles on the gas molecules is not taken into account.
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