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Abstract In this paper, we are interested in the nonlinear stability of Dirac-type steady solutions to an
integro-differential equation appearing in the study of populations which are structured with respect to
a quantitative (continuous) trait. We show that stability conditions of adaptive dynamics extend to this
model.

1 Introduction

Adaptive dynamics (see [10], [11], [7], [8]) is a branch of evolutionary ecology, that aims at describing
the Darwinian evolution of populations along a phenotypic trait, which characterises each individual.
This trait as well as the state of the resident population define the survival rate and reproduction rate
of the individual. In the asexual case that we consider here, an offspring has exactly the same trait as
its ancestor, except if a mutation occurs. Adaptive dynamics provides in particular some conditions for
a population of a given trait to be stable with respect to evolution. Those stable populations are then
called Evolutionary attractors.

We consider in this article a simple model to describe a population which is structured with respect
to a quantitative continuous trait. We represent the one-dimensional phenotypic trait as x € X C R, and
the population (at a given time ¢ > 0) by a measure g(¢,-) over the set of phenotypic traits X. Then, the
population evolution is described by the following integro-differential equation:

dg
a =599, (1)

where s, is the fitness, that is the birth rate minus the death rate. We neglect here the mutations, since
they do not play an important role when the initial condition is strictly positive, which we assume here
(see [4]). In this paperw we only consider logistic fitnesses of the following type:

s59(2) = afz) — /X b, ) dg(y), @)

where a : X — R represents the fitness without competition, and b : X x X — R, represents the part
part of fitness due to competition.

This model has been derived from stochastic models of finite populations (see [3]), taking the limit
of an infinite number of individuals with the correct time scale, with an additionnal mutation term. It
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has also been studied in [4], where numerical simulations show some speciation processes: from an initial
population where every traits are present, a finite number of traits are selected, while the others become
extinct.

In this article, we complete the study of [4] concerning the large time behaviour of (1). According to
Adaptive dynamics, the population should tend to an Evolutionary Attractor of the selection process s,
(see [5]). However, while Evolutionary Attractors are well defined for monomorphic populations (see [5]),
the case of several coexisting traits remains unclear. In the first part of this paper, we propose therefore
an extension of the consept of evolutionary Attractors to the non-monomorphic case. Then, we show that
with this definition, Evolutionary Attractors are locally stable for our model (1). In a last section, we
study numerically some examples.

In section 2, we give definitions which enable to extend to non-monomorphic populations some of the
concepts of adaptive dynamics. Then, section 3 is devoted to the presentation of results already obtained
for the model that we consider, and to the exposition of the main theorem. This theorem is proven in
section 4, and numerical simulations are presented in section 5.

2 Adaptive dynamics in the case of non-monomorphic populations.

Our results will be obtained under the following

Assumption 1: X is a compact interval of R, a € C?*(X), b € CY(X, X), Vy € X, b(-,y) € C*(X), and:

a,d,a’ € L*(X),
b, Ozb, 92,b € L(X, X).

Note that for a population consisting in a finite number of species g(t) = Y., pi(t)dz,, eq. (1)
becomes:

Definition 1 Let (%;)i=1,..n, € X". We assume that the system of ordinary differential equations (3)
admits a steady solution (p;)i=1,...n, (Pi #O0Vi=1,...,n), which is linearly stable, that is:

(0(Zs,Z5))i,j=1,....n is invertible, (4)
Re [Spec (DF(ﬁi)izl n)] - R*—’ (5)

=1,...,n

where F ((pi)i=1,..n) = ([a(fi) -3 pjb(i’i’i’j)} pi)i

Such a familly (Z;);
where

.on € X" is called a strategy. It means that the population g = Z?:l D0z, ,

(Pi)i=1,..n = (0(Ti, 7))y (@) )iz1,. s (6)

is stable as long as no over trait is present (that is it is ecologically stable).
We now define Evolutionary stable strategies (ESS), and Evolutionary Attractors (see [5], [8], [10],

[7]): They are steady solutions of eq. (1) which have a stronger stability than strategies.
For a discution on ESS and Evolutionary Attractors, and numerical examples, see Section 4.



Definition 2 We suppose that Assumption 1 holds. A strategy (%;)i=1,..n 1S called ESS (Evolutionary
Stable Strategy) if:

Vi = 1, e,y (aJSZyzl ﬁj55j) ('fl) = 0,

Vi=1,...,n, (55%825;1 ﬁjéij) (:fz) <0,

where p; is defined in (6), and Oys NI R 92,8 " pida, OT€ derivatives of x — s T (x) =
5= z; 5= : >25=1 Pida;
a(x) = > ? 1 pib(z, Z5).

Remark 3 If the first condition is true, the stategy is called singular (see [10]).

Definition 4 Let G be defined by:

G (xi)i=1,.n — (33682;:1,)]-513. (%‘)), ) (7)

i=1,...,n

where p; = (b(wi,5)); 11, p(a(@i))iz1, n-
A strategy (Z;)i=1,..n s an Evolutionary Attractor if it is an ESS, and if there exists v > 0 such that

1

_859352?:1 ﬁjéij (‘fl)

YVu € an tudiag ( > DG((:E"L)'L:LJL) u < *V”u”z (8)
=1 n

IRREE)

Remark 5 In adaptive dynamics, where we consider a monomorphic population g(t,r) = p(t)dq ), the
motion of z(-) is given by the so-called canonical equation (see [8], [2]):

%1’(15) =C (p(t)vevagmsp(t)éw(t) (m(t))) amsp(t)éw(t) (ZL’(t)), p(t) = b(O) y

where € describes the frequency of mutations. One then defines Convergent stable strategies (CSS) as
strategies T stable for this ordinary differential equation. Evolutionary Attractors are then strategies that
are both ESS and CSS. Our definition can be seen as an extension of this definition when several traits
coexist : ineq. (8) means that the L? norm is a Lyapounov function for the following ordinary differential
equation :

d 1
- 0. Sxm N
o R En ke SR
n_ 516,

3 Continuously structured populations

In this section, we shall present an extension of the model (3) to the case of a population g(t,-) € M*(X)
which may contain an infinite (continuous) number of traits.



3.1 The Model and existing results.

If we neglect mutations, a population g : t € Ry +— M*(X) submitted to a logistic competition will evolve
under the effect of fitness as follows:
90 € M 1(X );

( ;) =
{@9( ) fX x,y)g(t,y) dy] g(t, ). (9)

This model has been studied in [4]. We recall here the main result of that paper.

)

Theorem 6 (Theorems 2.1 and 3.1 in [4].)
Let X be a compact interval of R, go € L*(X), go < 0 be the initial population, and a,b € C1(X) such
that:

{2:0(z) > 0} # 0 and Y,y € supp(go), 0 < by < b(,y) < bar < 00,

(where supp(go) denotes the support of the function go). Then, there exists a unique solution g €
C([0, +o0[; LY (X)) of eq. (9). If a is bounded, g is bounded with respect to time:

Supy a
ot Moy < mese Lol ). (10)

Let us define fo(t,x) = g(g,x). For each sequence e, — 0, there exists a subsequence (still denoted
by (en)n) such that (f,) converges to a limit f which is a measure with respect to y:

for —— 1 1(wH0, T o (M'(X), Gy). (11)

Moreover, if we define

Re(t.a) = | t (a(w) - [ dentton dy) o,

Rit.0) = [ t (a(x) - [ i) dy) do, (12)

and

then:

— If a,b satisfy Assumption 1, R is differentiable with respect to t, and is C? with respect to x
— R. converges to R uniformly on each compact set of Ry x X,

— for anyt >0, R(t,x) <0 for allz € X s.t. go(x) > 0,

— supp(f(t,-)) C {z € X;R(t,) = 0}.

Remark 7 As a consequence, still under Assumption 1, provided that R(t,z) =0,

If x € int(supp(go)), then O, R(t,x) =0 and 82, R(t,z) <O0.
if x € O(supp(go)), then vOLR(t,x) <0, where v € {1,—1} is the outer vector of int(supp(go)) at point
z.



3.2 Statement of the result: local stability of evolutionary attractors.

In many numerical experiments, populations satisfying (9) seem to gather around a finite number of phe-
notypic traits which are Evolutionary Attractors. We also know that in general, Evolutionary Attractors
are not unique (see subsection 5.2), and therefore not globally stable. The main result of this work is that
the Evolutionary Attractors defined in the first section are nevertheless locally stable.

We define, for a given strategy (Z;)i=1,....n

I? = {z; |z — 7 < 0}
The following assumption defines the type of initial condition for which our local stability results hold:

Assumption 2: For some §, A > 0,

— supp go = Uizl,m’nlf, and more precisely go # 0 a.e. on U;=1,.. p If,
-Vi=1,...,n, ’fﬁgo(x)dx—ﬁi‘ <A

Remark 8 Note that those hypothesis on gy are much stronger than the simpler assumption that g is
close to > | p;i0z, in the sense of measures.

The assumption supp(go) = U?:IIZ?S can be relazed to supp gy = U?:lfi, where I; are small enough
intervals containing x;, that is, those intervals need not be symetric around ;.

Our main results writes:

Theorem 9 Let a, b satisfy Assumptions 1 and (%;)i=1,...n be an Evolutionary Attractor (in the sense
of def 4). There exist \g, §o > 0 (depending on a, b, (T;)i=1,..n), such that if X € (0,X0),d € (0,0d0),
go € LY (X) satisfies Assumption 2 and g is the solution of (9) given by Theorem 6.Then the asymptotic
population distribution f given by (11) is

Vta f(tv ) = Zpﬂ;ilv
1=1

where (p;)i=1,....n are defined by (6).

Remark 10 Notice that in Theorem 9, the limit distribution f of f. is unique, thus the whole sequence
fe converges toward [ (and not only subsequences as in Theorem 6).

The hypothesis Vi = 1,...,n, | [;s g — pi
(b(jiajj))i,jzl,...,n 18 made.
One can find parameters a and b such that several Evolutionary Attractors exist. Numerically, we do
observe, as expected, that each of them is locally stable (see subsection 5.2).

< X can be relaxed if a stronger assumption on the matriz

4 Proof of Theorem 9.

4.1 A control on (fps g(t, ) dx)

1=1,...,n

In the following proposition, we show that if Assumption 3 is satisfied for A, § small enough, then,

(fﬁ g(t,x) dx) remains close to (p;)i=1,... at all times in the evolution of eq. (9).
i i=1,...,n



Proposition 11 Let a, b satisfy Assumption 1, and (Z;)i=1,..n be a strategy. There exist Ao, oo > 0
(depending on a, b, (T;)i=1,....n), such that if X\ € (0,X0),d € (0,8), go € L'(X) satisfies Assumption 2,
g is the solution of (9) given by Theorem 6, and (p;)i=1,..n s defined in (6), then,

/ ot x) dz — p,
1

V>0, Vi=1,...,n <A (13)

Proof of Proposition 11.
— Estimates on 0, [;5 g(t, ) da: for each i € {1,..., N},

Veell, dgulte) = o) =3 [ sawgttndy | ot.o)
= <a(fi) +O0(x — 7;)

Z/I (b T3, 75) + O (| — & + |75 — yl)>g(t,y)dy> g(t, z).

j=1

Thus :

H|

ibxz,xj/ (t,2) do /Ifg(t,x)derO(é).

j=1

Oy / g(t, z) dx
I

We already know thanks to (10) that ||g|[z: is bounded. Then, we define p;(t) := [}s g(t, x) dz, so that
(pi)i=1,...n satisfies:

n

Vi=1,...,n, pit) a(z;) Zb (Z:,25)p;(t) | pilt) + O(0).
j=1
From the definition of (p;);j=1,....n, we know that a(z;) = 2?21 b(z;,Z;)pj, so that:
Vi=1,....n, pi(t)=—|Y_b@i,z)(p;(t) = p;) | ilt) + O), (14)
Vi=1,....n, (pi—p:) ()=~ D b(@:2;)(p;(t) = p;) | pi + O0) + O (llpi — pill2,) . (15)
j=1

— We can write eq. (15) as follow:

Vi = 17"'7”7 (ﬁl_ﬁl)l (t) = (DF(ﬁi)izl ..... n(ﬁ(t)_ﬁ))1+0(6)+0(||ﬁ_ﬁ||go)a

where DF5,)._, ., = —diag((pi)i=1,...n) (b(Zi,Z;)), ; (see def 1). The solution of this system of
ordinary differential equations is given by:

t
pt) — p = ePFevimin (5(0) - p) + / TIPF 01 (0(8) + O (|1p(s) — plI%)) ds

0



Thus:

etDF(ﬁi)i:I,“.,n

1p(t) = plloe <

||p — 7l / H (t=5)DF(p),y .,
o0

As (7;); is a strategy (see def 1), the eigenvalues of the matrix DF;,

i)i=1,...,n

(06)+0 (las) — plI%)) ds

have a negative real

part: Re [AS'pec(DF(ﬁi)h1 »»»»» n)] C] — 0o, —p[, & > 0. This provides the estimate e PFeNi=1, <
O(t")e~t and then:
60 = 7l < O 10) =l + [ Ot =5 = (0(5) +0 (1(s) - I)) s,

s€(0,t)

< C1f|p(0) = pllso + (O(é) + sup ||p(s) — pll% / O((t — s)")e~(t=)n ds)

s€[0,t)

< C1l[p(0) = pllco + O(6) + C ( sup |[|p(s) — plloo>

We assume that A < ﬁ, 15(0) = pllec < ﬁ < A, and ¢ > 0 is small enough (so that O(J) <

1) Let define T := sup {11 > 0; Vt < T1, [|p(t) — pllc <A} € [0,00]. As f(:) — p is continuous and
1(p: — Pi)(0)]loo < A, we see that T > 0. If T' < oo, then:

N _ 1
IA(T) — Pl < Cre 42 4 () A

Thus, T' = oo, which proves (13).

O

From now on, we define for f given in Theorem 6 (note that f can be a measure with respect to x):

pi(t) = ; f(t, dz). (16)

Thanks to Prop. 11, it is possible to show that (p;(t))i=1,...» is close to (5;)i=1,...n:

Corollary 12 Let a, b satisfy Assumption 1, and (Z;)i=1,....n a strategy. There exist Ao, do > 0 (depend-
ing on a, b, (T;)i=1,...n), such that if X € (0,X),d € (0 50) go € LY(X) satisfies Assumption 2, g is
the solution of (9) given by Theorem 6, and (p;)i=1,...n defined by (6), then the asymptotic population
distribution f given by (11) in Thm 6 has its support in Uizt n1?, and:

77

Vi=1,...,n, |pi(t)—pi]l <A\ fora.e. t €R,. (17)

Proof of Corollary 12. Let ¢ € C3(R), and 0 < T < T",

// X[TT/ldf“():n}ian// (@)Xt e, ()(@)
=,,}ignw// ) dz dt,



and since supp g(t,-) C U, I?,

/RJr/ z) X df (¢)( :mlE)nOOZ/ /15 . (z) dx dt.

Thus, if supp(p) C (Ui=1,.. oI?)¢, then [ [ pdf =0, that is supp(f(t,-)) C U1, nI?.

Let i € {1,...,n}. If ¢ is a cut-off C,(R) function such that ¢|;s =1 and §0|Uj#_1t§ =0, then,
i g

T/
/ / wdf = lim / / —,x)dzxdt.
T X m— 00 I(S m

Thanks to (13), for n large enough,

<A

t
/ o 2y de — p;
5 Em

T/
t dt
A (/ 9, - ) T

Since this is true for all 0 < T' < T”, the following inequality is true almost everywhere in time:

o -

Since supp(f) C Uizl,,,,,nlf, we get the result.

Thus:
< A

<A

4.2 f is a sum of Dirac masses.

In this subsection, we first prove that f is a sum of Dirac masses f(t,z) = > i, pi(t)ds,(1)-

Then, and that’s the difficult part of this subsection, we show that t — (x;(t));=1,...» is smooth. This
requires several steps: We first show the Hélder and Lipschitz regularity of (z;(:))i=1,...n, and then we
prove an equality which provides the Lipschitz regularity of (p;(:))i=1,....». Thanks to the information
about the smoothness of (z;(-))i=1,....n, we are then able to write down a differential equation satisfied

by (%())z:1n

Proposition 13 Let a, b satisfy Assumption 1, and (Z;)i=1,...n be an ESS. There exist A, 6o > 0 (de-
pending on a, b, (Z;)i=1....n), such that if X € (0,)0),0 € (0,6), go € L'(X) satisfies Assumption 2, g
is the solution of (9) given by Theorem 6, f is the asymptotic population distribution given by (11), and
(i)i=1,...m, (pi(*))i=1,...n are defined in (6), (16), then there exists C > 0 such that R (defined in (12)
in Thm 6) satisfies:

Veel®, vt>0, 02 R(t,z)<—Ct, (18)

and f can be written as:

Zp, 2 (1) (@), for a.e. t >0, (19)

where x;(t) € I9, Yi=1,...,n



Proof of Proposition 13.

Thanks to Corollary 12, we know that for all i = 1,...,n, supp(f(t,-)) NI # (. Thus, thanks to
Proposition 6, for each i = 1,...,n, there exists z;(t) € I? such that R(t,z;(t)) = 0. We also know from
Proposition 6 that for all x € I, R(t,z) < 0. In order to prove the uniqueness of z;(t), it is sufficient
to show that 02, R(t,-);s < 0.

Leti€ {1,...,n}, and z € I?.

2R = [ [ - [ ot sio.n ] ao

- / [a"<xi>+<a"< Z b(wis75)) s

_ Z (/zf 92,b(z,y)d (f(0)) (y) - /I;s 8gwb($,y)|[1)§|dy

_/Ié (O2bta) = Dbl ) (75 6|dy> do

t
S/ [3§z$zg;lﬁi6i.(fi)+05(1)+n|\5§zb||ook} do,
0 J

thanks to Corollary 12. Since (Z;)i=1,...n is an ESS, one has Vj = 1,...,n, 07,55 piss, (Tj) < 0. Thus,
if A is small enough,
92, R(t,) ;5 < Ct < 0.

Finally, f can be written under the form f(¢,z) = Y7, r;(t)8,, 1), where Vi = 1,...,n, z;(t) € I?,
and thus Vi =1,...,n, r;(t) = f[}? f=pit).

O

Remark 14 Thanks to Remark 7, if x;(t) ¢ OI?, then 0, R(t,z;(t)) = 0. If x;(t) = z;
T +0), then O, R(t,z;(t)) <0 (resp. 0. R(t,x;(t)) > 0). As a consequence, if x;(t) € OI?
Vo € I9, sgn (O.R(t,xi(t))) = sgn(xi(t) — %;) = sgn(xi(t) — x).

-4 (T@Sp xi(t) =

Proposition 15 Let a, b satisfy Assumption 1, and (Z;)i=1,...n be an ESS. There exist Ao, 6o > 0 (de-
pending on a, b, (Z;)i=1....n), such that if X € (0,X0),0 € (0,6), go € L'(X) satisfies Assumption 2, g
is the solution of (9) given by Theorem 6, f is the asymptotic population distribution given by (11), and
(Pi)i=1,....ns (Pi(-))i=1,...ns (@i(-))i=1,....n are defined in (6), (16), (19), then,

1. Vi=1,...,n, x;(-) is Holder % on [T,0) a.e., for all T > 0, that is
T 1
aC >0, for a.e. t > T, for a.e.|h| < 3 |z;(t) —zi(t+ h)| < C|h|?
2.Vi=1,...,n, x;(-) is Lipschitz continuous a.e. on [T,00) N {t;x;(t) € Int(I?)} for all T >0, that is

3C > 0, for a.e. t,t' €C [T,00) N {t;x;(t) € Int(I?)}, |xi(t) —zi(t')| < Clt — 1.

10



8. For a.e. t € Ry N {t;z4(t) € Int(I%)}, x; and p; satisfy the equation
0= a(z;(t)) — Z b(z;(t), zi(t))p; (t).
j=1

4. Yi=1,...,n, pi(-) is Lipschitz continuous a.e. on [T,00) N {t;z;(t) € Int(I?)} for all T > 0, that is
3C > 0, for a.e. t,t' €C [T,00) N {t;z;(t) € Int(I?)Ya.e., |pi(t) — ps(t)| < Clt —t'|.
Proof of Proposition 15.

1. We use here the parabola-like shape of x — R(t,xz). Let 7 € {1,...,n}, then

t+h n
R(t+ h,z;(t)) = R(t,z;(t)) + ha(z;(t)) — /t Z b(z(t),z;(0))pj(o) do

> haf,(1)) — kbl sup |0, ) s
> —Ch.
R(t+ B i()) = R(t+ hyai(t 4+ 1)) + (@4(8) — @i(t + )0, R(E + hoai(t + 1)

+ 1(QL“Z(t) —2;(t 4+ h))?02, R(t + h,0) for some 0 € [x;(t), z;(t + h)]

2
C(t—|h
g——igLﬁmmw—m@+h»%
because if z;(t + h) € Int(I?), then O, R(t + h,z;(t + h)) = 0, and if x;(t + h) € OI?, then
sgn (OxR(t + h,x;(t + h))) = —sgn (x;(t) — xi(t +h)) thanks to Remark 14. We get the regularity

result:
|z;(t) — z;(t + h)| < C'(”tl) i + O(|h]).

Notice that thank to this estimate, for each i = 1,...,n, {t > 0;2;(t) € Int(I?)} is an open set of R .

2. Leti € {1,...,n},and t € {t > 0;2;(t) € Int(I?)}. This set is open in Ry and z;(-) is continuous, thus,
if h is small enough, x;(t+h) € Int(I?). Thanks to Remark 14, 0 = 0, R(t+h, z;(t+h)) = O, R(t, z;(t)).
Then:

0=0,R(t+ h,z;(t+ h)) — 0, R(t,x;(t))

t+h 2 do
—h a/(m(wh))f/t Zamb(aji(tJrh),xj(O'))pj(U)7 (20)

+ O R(t, zi(t+ h)) — O R(t, z:(t)).
We can estimate the two terms of this equality:
[ (@Gt 1)) = " Sy 0abaa(t + ), 25(0))s(0) %2 )| < (1l + 10ubl 712 20)) 12,
OpR(t,zi(t + h)) — 0xR(t,z;(t)) = (zi(t + h) — x;(t)) 02, R(t, xi(t)) + O (t (x;(t+h) — xl(t))Q) :
(21)

Thus, identity (20) provides the following equality:

0= O(h) + (ilt + h) = 2i(t) ) 92, R(t, wi(8)) + O (tlwi(t + B) = @:(1))?) (22)

11



Thanks to part 1 of this proposition, (z;(t + h) — z;(t))*> = O(|h|), thus:

(wi(t +h) - xi(t))aizR(t, :(t)) = O(|h]).

Thanks to Proposition 13, 92, R(t,z;(t)) < —C't < 0, thus z;(-) is Lipschitz continuous on [T, 00) for
all T > 0:

|zi(t+ h) —a;(t)] <

Lo,

. Let i € {1,...,n}, then
0=R(t+h,z;i(t+h)) — R(t, x:(t))

t+h m -
:h( (zi(t + h)) / belt—kh) zj(o ))pj(o)i)

+R(t,xi(t +h)) — R(t, xz(t)) (23)

But p; € L*(Ry), thus almost every t is a Lebesgue point (see [13]). As a consequence, for a.e. t > 0,
as h — 0,

t+h n o t+h ™ o
/ bezt—i-h) z(o ))pj(a)% =/t Zb(xi(t)amj(‘f))pj(a)%

+0¢ 10,5). ()

— Z i(t), x;(t))p; (t). (24)

We can also estimate the other terms of the above equation:

alwi(t + 1) = alwi®) + O (wilt +h) = 2:(1)),

R(t,z;i(t+h)) — R(t,z;(t)) = (x;i(t + h) — 24(t)) 0. R(t, 24(t))
+o( (zi(t+h) — z; t))2>
:O(( J(t+R) — 2t 2) (25)

=0 (tn),
when t € {t > 0;2;(t) € Int(I?)} (since 0 = 0, R(t,x;(t)), thanks to Remark 14).

Let t € {t > 0;x;(t) € Int(I?)} such that (24) holds (this is true a.e.). We shall show the result for
this particular ¢. Identity (23) provides the following equality (here, O and o may depend on t):

0=nh (a(:vi(t))—f-O( (t+h)—xi(t ) Zb (@i (t p;(t )+0h(1)) +0 (|h). (26)
But z;(t + h) — z;(t) = O(|h|2), thus, if we divide (26) by h, we get:
- Zb(ﬂfi(t),xj(t))m(t) = O(|h]) + on(1) —=h—0 0,

that is a(x;(t)) — 227, b(w(t),z;(t))p;(t) = 0. Since this is true for a.e. t € {t > 0;2;(t) € Int(I?)},
we get the result.

12



4. Thanks to Assumption 2, the matrix (b(Z;,%;))i j=1,...n is invertible, and so is also
(b(x;(t), z;(t)))sj=1,...n if § is small enough. The result follows from the cofactor formula.

O

Thanks to the regularity of (x;(-))i=1,...n, (0i(*))i=1,... n, we can define those functions for all ¢ > 0

(and not only for a.e. t > 0).

,,,,

Proposition 16 Let a, b satisfy Assumption 1, and (Z;)i=1,...n be an ESS. There exist A, 6o > 0 (de-
pending on a, b, (Z;)i=1....n), such that if X € (0,X),0 € (0,6), go € L'(X) satisfies Assumption 3, g
is the solution of (9) given by Theorem 6, f is the asymptotic population distribution given by (11), and
(Pi)i=1,...n> (Pi(:))i=1,... m» (i (+))i=1,...n are defined in (6), (16), (19), then, for each i =1,...,n, x;(-)
is C* on [T,00) N {t;2;(t) € Int(I?)} for all T > 0, and:

) — (9182;1:1 Pj(t)ézj(t)(xi(t))
% = 5 Rt 0:0))

Proof of Proposition 16. We proceed as in the proof of part 2 of Proposition 15. Formula (21) still
holds, and thanks to the regularity of (z;())i=1,...n, (pi(*))i=1,...n (see parts 2 and 4 of Proposition 15),

t+h M do

it m) = [ DD 0+ 1)y () T = sy s @0

Using this estimate, identity (20) becomes:

0= haxSEjnzl pj(t)‘sa;j(t) (:L'l(t)) + O(h)
(it + ) = 2i(0)) 02, R( 2:(8) + O ((walt + ) = (1))

We know from part 2 of Proposition 15, that (x;(¢))i=1,... » is Lipschitz-continuous, thus

,,,,,

0= hDassoy, py (0,0 (2:(8)) + (wilt + 1) = 2:(8) ) 02, R(t, 2i(8)) + ().

From Proposition 13, we know that 92, R(t,x;(t)) < —C't < 0, wich provides the result.

We now prove the following technical lemma:
Lemma 17 If I is an interval of R, J an open set of I, K >0, c € R, and h : I — R is such that:

h is continuous on I,

h is K-Lipschitz continuous on each connected component of J :
Viz,y] € J, [|h(z) — h(y)| < K ||z — ],

h=conlI\J,

then h is K-Lipschitz continuous on 1.
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Proof of Lemma 17. Let x,y € I, x < y. We want to prove that:
[h(z) = h(y)| < K|z —yl. (27)
If (x,y) C J, this follows from the K-lipschitz continuity of h on J. Otherwise, we define:

z=inf{Z >z ¢ J},
y=sup{g <y; § & J}.

Since h is continuous, h(Z) = h(g) = c¢. If  # T (resp. y # ), then h is K-Lipschitz continuous on (z, Z)
(resp. (7,y)), and thus:

|h(z) — h(Z)| < K|z —z[, (resp. |h(y) —h(y)] < K|y —yl).
Then,
[h(x) = h(y)] < |h(x) = h(Z)| + |(Z) = h(@)| + |h(G) — h(Y)],

< Klz—z|+0+ K|y — 9,
< Klz—yl.

We get thus inequality (27). Since this is true for all z,y € I, we get the K-Lipschitz continuity of h.
O

Proposition 18 Let a, b satisfy Assumptions 1, and (Z;)i=1,..n be an ESS. There exist Ao, 6o > 0
(depending on a, b, (Z;)i=1,....n), such that if X € (0,X0),d € (0,8), go € L'(X) satisfies Assumption 2,
g is the solution of (9) given by Theorem 6, f is the asymptotic population distribution given by (11),
and (pi)i=1,....ns (Pi(-))i=1,....n, (@i(+))i=1,...n are defined in (6), (16), (19), then

VR > 0,3K >0, Vt,t' > R, |x;(t) — z; ()| < K |t — t'],
2. VYVt >0,

0= a(@i(t) = > bla;(t),z:(t))ps (D). (28)
j=1
Proof of Proposition 18.
1. Let i € {1,...,n}. We know from Prop.16 that :

aws T pi(t)0s (¢ (xz(t))
Ve {t> 0iai(t) € Int(ID)}, (1) = 2_52”];2 o

From Proposition 13, we know that |82, R(t,z;(t))| > Ct, thus,

d Il -+ 105l e
@) <
)| < 2 ,

(29)
and z;(-) is C-Lipschitz continuous on [R,4o00) N {t;z;(t) € Int(I?)}, with R > 0. Moreover, we
know that z;(-) is continuous on R* and is locally constant equal to Z; — ¢ or z; +d on {t;x;(t) €
Int(I9)}¢ = {t;z;(t) € OI?}.

The interval [R, +00) is connected, thus it is enough to prove that z;(-) is locally C-Lipschitz contin-
uous. Let ¢ € [R, +00).

14



If z;(t) € int(I?), this is true on a neighbourhood of ¢, and z;(-) is C-Lipschitz continuous on this
neighbourhood by (29).
If z;(t) = &; — 0, ; is continuous, and on a neighbourhood of ¢, z;(-) < Z;,. Lemma 17 applies to
this neighbourhood.
If 2;(t) = Z; + J, Lemma 17 also applies.
Finally, z;(-) is C-Lipschitz on [R,+00).
2. Thank to the Lipschitz regularity obtained in part 1 of this corollary, the proof of part 3 of Proposition
15 can be extended to all time ¢t € RY, except the estimate (25), which must be modified in the
following way :

If 2;(t) € Int(I?), then 0, R(t,z;(t)) = 0, and estimate (25) is valid.
If 2;(t + h) € Int(I?), then :

R(t,zi(t + h)) — R(t,z:(t)) = (2i(t + ) — 2:(t)) Do R(t, 25(t + h)) + O (t (zi(t+h) — xi(t))Z) :

= O (it +h) = 2:(1))*) |

where O (t (x;(t+h)— J;Z(t))2> depends on a and b but not on z;(t + h).

Finally, if 2;(t), z;(t + h) ¢ Int(I?), provided that h is small enough, either z;(t) = z;(t +h) = 7; — 6,
or z;(t) = x;(t + h) = &; + ¢ (thanks to the regularity of z;(-)).

O

4.3 Convergence to the Evolutionary Attractor (Z;)i=1,...n-

Proposition 19 Let a, b satisfy Assumption 1, and (Z;)i=1,....n be an evolutionary attractor. There exist
Ao, 80 > 0 (depending on a, b, (%;)i=1....n), such that if X € (0,X0),8 € (0,00), go € L'(X) satisfies
Assumption 2, g is the solution of (9) given by Theorem 6, f is the asymptotic population distribution
given by (11), and (p;)i=1,....n, (Pi(:))i=1,...n, (@i(*))i=1,....n are defined in (6), (16), (19). Then

Vi>0,Vi=1,...,n, x;(t) =Z;, and p;(t) = p;.

Proof of Proposition 19.

— We derive an evolution equation :
We know from Prop 18 that (z;(-))i=1,...» is Lipschitz continuous on [R,+00) for every R > 0, thus
(z(+))i=1,...n is differentiable almost everywhere. If z;(t) € Int(I?), then %xi(t) is given by Prop 16.
If 2;(t) € OI7, the only possibility is %xi(t) =0, as 2;(-) cannot get out of I? thank to Prop 13. Then,
for a.e. t > 0,

d

: 2 =2 () ~ 25 (0 ).

@H(xi(t) — Zi)i=1,..n

8182;:1 ZIGLAe (2171 (t))
=2 Z (x;(t) — T;) R ;(()t)) 7 (30)
i€Z(t) TT s L

where Z(t) := {i € {1,...,n};2;(t) € Int(I?)}.
Moreover, since 0, R(t, z;(t)) = 0 if 2;(t) € Int(I?), we have :

15



zn: g ((@i(t) = 2)0:R(t, (1)) _ 3 ai ((2i(t) — 7)) R(t, (1))

i=1 _82 (t xl(t)) i€T(t)e _8%$R(t7xl(t))
N ) o OB E(0)
_iezz(t)c( l(t) Z) 78:%mR(t7xl(t)) 7

where we used the fact that if z;(t) € 9(I7), then 4x,(¢) = 0. Notice now that the derivative in time
of 0, R(t,z;(t)) is given by :

d da [*
G ORE) = G [ 0wy s, @) do

= Oesy2n | ()8, ) (Ti(1))-

Thus,
"L ((wa(t) — B0 R(L (1) o 2 w0 (@)
— _32 R(t, (1)) = iezz(t)c( i(t) i —2R(L, (1) . (31)
If we sum those eq. (30) and (31), we get :
L ((24(t) — )0 R(t, (1)) _Owsyr 08, (Ti(1))
0= +Z e 2 - 208 =G R o)
(32)
— We first estimate 02, R(t, z;(t)) :
() = [ a"(th))—Zaiwb<xi<t>,xj<a>>pj<a>] o
:/0 Za b(z:,7 ] do +tO ([|zi(t) — @)
+t0< sup |[(z;(0) = T;)j=1,... n||> +t0< sup ||(p; (o) = pj)j=1.... n|>v
o€[0,t) o€l0,t)
and since we know from (28) that:
pr(0) = i = [Oail0) 23 (@) @iy
— 0@ 2))i ), (@@ ]
= O (ll(zj(0) = 7;)j=1,....n[])
we get the estimate:
OppR(t 2i(t)) = t07, 550 5,6, (T3) +10 ( sup 1(zj(0) = Z5)=1.... n||> - (33)
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— Next, we estimate (3132;:1 Pj(t)ézj(t)(xi(t)))
If we take G as in Definition 4,

i=1,...,n

(81523;1 pj(t)éu:j(t) (xl (t))) .
+0 (|(z;(t) = Z)j=1,...al1%) -

Since (Z;)i=1,....n is a singular strategy, GISZ?ﬂ 5,05 (Z;) = 0, and thus :
_1 Pjda,

(89082?:1 Pi (1320 (wi(t)))izl = DGy, (@ () = Z)j=1n + O ([(5(8) = 25) =1, 7) -
(34)
— We use estimates (33), (34) and equality (32) to show a simplified inequality.
_ (4 (t)—F4) 0 Rt o :
we define F(t) := 34 ||(z;(t) — Zi)i=1,..nll® + Diey ar (@ Eta)gﬁzzt,zi%)w ) 45 simplify notations. We

see that

1
i, (#) O (51D | (@5(0) = 2521,

Since (i'i)izl

,,,,,

1

_6%:1382;:1 ﬁjéij ('i‘l)

Vu € R", ‘udiag <

.....

Then, provided that é > 0 is small enough,

Vu € R", ‘udiag (—653052?11 iy @ +0 (5)>i_1’...’n DG((Z;)i=1,..n)u < —%Hu”?
Then
P) < 1)~ i, + 20 (s (1) ~ Byl
thus, if § > 0 is small enough,
F(t) < S M(@i(t) = 2)imr,.cnl® (35)



— We conclude from this inequality that V¢ > 0, (z;(t))i=1,...n = (Ti)i=1,...,n in the following way:
Integrating inequality (35),

1 _ ) - ((zi(0) = 2:)0. R(0, 2:(0)))
§||(1'i(t)_zi)i=1,.“,n” +/T Zd 9% R0, 2:(0)) do

<1 R 2 "= Ji=t,.ll®
< Sl@i(r) = @ )icr.nl® - -
< 752 / (i(o) = 2)iz 1’“7”” do. (36)

Our aim is to get an estimate on ||(x;(t) — Z;)i=1,...»||* from ineq. (36) thanks to Gronwall’s Lemma.
(

6)
To do so, we need to find a bound from below for the term f Dy 4z (i S))z m’()sz((:);“(g))) do (if it

goes to —oo, (36) won’t provide much information on |[(z;(t) — Z;)i=1,... n|* ') We use an integration
by part:

' ((0) ~ 2)0R0,3(0))
D

[ 0) — ;)0 R(o, zi(0 ))]t

- ~02,R(0,2(0))
_ / ’ (wi(U)—fi)awR(vai(U))% (—821%(1m(o))> “

3 “"Zggjﬁi.iifé’;i*“”]t

n
— T

n

T

821‘52?:1 pj(o)émj(a)(xi(a))
/ Z xi(o )0z R(0, 2;(0)) (0. R(o, (o)) do. (37)

We notice here that the last term is positive, since thanks to Remark 14, (z;(0)—Z;)0, R(o, x;(0)) > 0,
and since (Z;); being an ESS, provided that § > 0 is small enough, 833652?:1pj((,)(;x;(a)(xi(a)) =
(’939652};1 pidz, (Z;) + O(0) < 0. Then, thanks to ineq.(18) in Prop 13, (37) becomes :

C e 2 ((@i(0) — )0, R(0,2:(0))
/ iz 2 Ro.ai(o)

o N~ [(@i(0) — 2)0:R(o,2:(0)) |
n i—1 _a%:vR(UV $1(0)) T
8 (lla'lloc + 1" loo Il zoearr)) t 8 (llalloo + 16'lloc [Lf | oe (aa1y) 7
= Ct Cr
2 _Cv

where the constant C' > 0 only depends on a, b, §. This bound from below provides an estimate on
(@i(t) — Zi)iz1,... n|* thank to ineq. (36). We get :

_ 7). 2
zi(0) xz)zzl,..-,nH do.

t
[(i(t) = Zi)iz1,..nll” < Cst(a,,6) — V/ = o
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That is we have an inequality of the following type:

o(t) < K — v / (00 (0) do,

where ¢(t) = ||(zi(t) — Z;)i=1,...n||?, and ¥(c) = 1. Thanks to Gronwall’s Lemma, we get :

t
o(t) < Kexp (—u/ Y(o) do) .
That is, for a.e. t > 0 :

|2 < Cst(a,b,8)e™” I dTo,

< Cst(a, b, ) (%)V

(xi(t) = Zi)i=1,..n

This estimate is true for a.e. t, 7 > 0. Then, for a.e. £ > 0, we can let 7 — 0 and get :
[(@i(t) = Zi)iz1,...nll* — 0 as 7 — 0,

which provides the result : for a.e. t > 0, z;(t) = Z;.

5 Examples and numerical simulations.

In this section, we study numerically some explicit cases. The numerical results are obtained thanks to
the numerical scheme described in [4].

5.1 Examples of monomorphic ESS and Evolutionary Attractors.
Let consider the monomorphic strategies when a, b are defined by

a(z) =1+ Az, b(x,y)=1+B(x—y)?, A#0. (38)

Let (Z1) be a monomorphic strategy, and g = dz, the associated population (see (6)). This strategy
(Z1) is singular (see Rem. 3) if
893857(.%‘1) =2A7, =0,

that is the only singular monomorphic strategy for a, b defined by (38) is £; = 0. We now investigate
under which conditions this singular strategy is an ESS or an Evolutionary Attractor:

— (Z1 =0) is an ESS if :
02,55(71) =2(A - B) <0,

that is if and only if A < B.
— (Z1 = 0) is an Evolutionary Attractor if it is an ESS and for every u € R,

1 24 )

I — i <
u_agzsg(o) G(0)u u—2(A—B)_ VU

9

for some v > 0. That is, (1) is a evolutionary attractor if and only if A < B and A < 0.

We now illustrate numerically the notions of ESS and Evolutionary Attractor :
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S 08 06 04 02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 08 08 1

Fig. 1 Simulations for a, b defined by (38), A= 1, B=1, and go(z) = 5.5~ 10 =? | at times t = 0, 500, 1500.

S 08 06 04 02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 06 08 1 S 08 06 04 02 0 02 04 08 08 1

Fig. 2 Simulations for a, b defined by (38), A= 1, B =1, and go(z) = 5.5¢—100 (#=0-05)% 4t times ¢ = 0, 500, 1000.

N[

27 08 06 04 02 0 02 04 08 08 1 1 08 06 04 02 0 02 04 06 08 1 S1 08 -06 -04 -02 0 02 04 06 08 1

Fig. 3 Simulations for a, b defined by (38), A= —1, B = —%, and go(z) = 5.5e~100 (”‘_0‘7)2, at times t = 0, 150, 2500.

— In fig. 1 and fig. 2, we consider the case of an ESS wich is not an evolutionary attractor, that is
0 < A < B. In fig. 1, the initial condition gg is symmetric and then the population g gathers in = 0.
In fig. 2, the initial condition gq is not symmetric and then the population g gets away from x = 0.
This behaviour is typical of an ESS wich is not an evolutionary attractor.

— In fig. 3, we consider an evolutionary Attractor, that is A < B, A < 0. The population g evolves
towards z; = 0, and then gathers around that trait.

— In fig. 4 and fig. 5, we consider the case where B < A < 0. In this situation, Z; = 0 is not an ESS,
but is known in the field of adaptive dynamics as a Convergent stable strategy (CSS), (see Remark
5). This kind of unstable strategy is thought to be responsible for speciation (sympatric speciation).
In fig. 4, we consider an initial condition wich is not centered in x = 0, then, the population evolves
toward z = 0, as long as it is not too close to z = 0. In fig. 5, we consider an initial condition wich is
centered in x = 0, then, the population splits into two different species.
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S 08 06 04 02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 08 08 1

Fig. 4 Simulations for a, b defined by (38), A= —1, B = —1.1, and go(z) = 5.5 100 (#=0.D "at times ¢ = 0, 100, 500.

1 08 06 04 02 0 02 04 06 08 1 % 08 06 -04 -02 0 02 04 08 08 1 4 08 06 -04 -02 0 02 04 08 08 1

Fig. 5 Simulations for a, b defined by (38), A= —1, B = —1.1, and go(z) = 5.5¢~10° 12, at times t = 0, 850, 1100.

5.2 A case where several Evolutionary Attractors exist.

In this subsection, we construct coefficients a and b : (x,y) — B(xz — y) such that several Evolutionary
Attractors exist. If ¢ and B symmetric are such that:

S

a(l)=1,a(2)=—, B(0) =1, B(1) = -, B(2) = — (39)

then both g3 = &g and g = %(5_1 + 01) are strategies for eq.
spline that interpolates values (39), and a as:

2 1
a(x) := min(B(x), 3 (B(x+1)+ B(x—1)) — 5x2(x —1)*(x+1)%
Then, g1 = §p and go = % (0_1 + 01) are both Evolutionary Attractors for eq. (1), and even more:
sg () <0if z #0,

sg,(z) < 0if z ¢ {—1,1}.

Numerically, we observe a local stability of each of the two Evolutionary Attractors g; (see fig. 7) and
g2 (see fig. 8).
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nitial
Actual

2 2
Fig. 8 Simulations for a, b constructed in subsection 5.2 and go(z) = %6_2(95-"1) + %6_2(3”_1) , at times t =

0, 10, 20, 30, 100.
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