Spectral controllability for 2D and 3D linear Schrodinger
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Abstract

We consider a quantum particle in an infinite square potential well of R", n = 2,3,
subjected to a control which is a uniform (in space) electric field. Under the dipolar
moment approximation, the wave function solves a PDE of Schrodinger type. We study
the spectral controllability in finite time of the linearized system around the ground
state. We characterize one necessary condition for spectral controllability in finite time:
(Kal) if Q is the bottom of the well, then for every eigenvalue A of —Ag , the projections
of the dipolar moment onto every (normalized) eigenvector associated to A are linearly
independent in R".

In 3D, our main result states that spectral controllability in finite time never holds
for one-directional dipolar moment. The proof uses classical results from trigonometric
moment theory and properties about the set of zeros of entire functions.

In 2D, we first prove the existence of a minimal time 7}, (€2) > 0 for spectral control-
lability i.e., if T' > Tin(€2), one has spectral controllability in time 7 if condition (Kal)
holds true for () and, if T' < 7, (2) and the dipolar moment is one-directional, then
one does not have spectral controllability in time T. We next characterize a necessary
and sufficient condition on the dipolar moment insuring that spectral controllability in
time T > Tnin(2) holds generically with respect to the domain. The proof relies on
shape differentiation and a careful study of Dirichlet-to-Neumann operators associated
to certain Helmholtz equations. We also show that one can recover exact controllability
in abstract spaces from this 2D spectral controllability, by adapting a classical variational
argument from control theory.
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1 Introduction

Let us consider a quantum particle in an infinite square potential well of R", n € {1,2,3}
subjected to a uniform (in space) time dependent electric field u : ¢ — wu(t) € R™. Let Q) be
the domain of R™ corresponding to the bottom of the well. This physical system is modeled
by a wave function
v: Ry xQ — C
(t,q) — (t,q),

such that |1 (¢, q)|*dq represents the probability of the particle to be in the volume dgq sur-
rounding the point ¢ at time ¢. Thus, the wave function v lives on the L?*(Q, C)-sphere S
as it is well known that the L?(2,C)-norm of the wave function 1 is preserved over time .
Under the dipolar moment approximation, this wave function solves the following Schrédinger
equation
{ 150 (t,q) = —AP(t, q) — (u(t), u(@)v(t,q), (t,q) € Ry x )
¥(t,q) =0, (t,q) € Ry x 09,

where 1 € C%(Q,R") is the dipolar moment and (.,.) denotes the usual scalar product on R™.
The system (1) is a non linear control system in which

e the state is the wave function ¢ with ¢ (t) € S, for every ¢t > 0,
e the control is the electric field v : t € Ry — u(t) € R™.

Studying controllability properties of the control system (1) reveals interesting features.
For instance, Turinici proved in [43] that, the system (1) is not controllable in H*N H} (2, C)
with controls v in L] (R4, R"), r € (1,400). This result is a corollary of a more general re-
sult about the controllability of bilinear control systems, due to Ball, Marsden and Slemrod in
[7]. However, it has been proved in [8] that the system (1) in 1D, with Q = (—1/2,1/2)
and u(q) = ¢ is locally controllable around the ground state in H'((—1/2,1/2),C) with
H}((0,T),R) controls, when T is large enough. This system is even controllable between
eigenstates, as proved in [9]. Therefore the non controllability result emphasized in [43] is
essentially due to a choice of functional spaces that do not allow the controllability, but this
controllability holds in other satisfying functional spaces. At the moment, in 2D or 3D, no
positive exact controllability result is known for (1).

We can also consider a similar non linear system. The quantum particle is now placed
in a moving infinite square potential well of R", n € {1,2,3}. Let Q be the domain of R"
corresponding to the bottom of the well. It is proved by Rouchon in [36] that this physical
system is represented by the following Schrodinger equation

i%(t,q) = —Ap(t, q) — (u(®), n(@))¥(t,q), (t.q) € Ry x Q,
(t,q) =0, (t,q) € Ry x 09, %)
() = s(t (
§(t

);
) = u(t),

where 1 is the wave function of the particle in the moving frame, u := d is the acceleration
of the well, s is the speed of the well, d is the position of the well and u(q) = ¢ (but in this
article, we will study this system for more general functions p). The system (2) is a nonlinear
control system with state, the triple (¢, s, d) with ¥(t) € S, for every ¢ > 0, and control, the
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acceleration of the well u : t € R — R™. In 1D, with Q = (—1/2,1/2), the local controllability
around the eigenstates and the controllability between eigenstates of (2) is proved in [9].

A classical approach to prove the local controllability of non linear systems such as (1) and
(2) around a reference trajectory consists in proving first, the controllability of the linearized
system around the reference trajectory and second, the local controllability of the non linear
system around the reference trajectory, with the help of an inverse mapping theorem. If the
linearized system around the reference trajectory is not controllable, one may use the return
method advocated by Coron (cf. [14, 15] and references therein, and [8], [9] for applications
to 1D Schrodinger equations). This method relies on the study of another reference trajectory
of the non linear system admitting a controllable linearized system.

Therefore, it is natural to linearize (1) and (2) along “simple” trajectories, for instance
along the one corresponding to the zero control, v = 0 and to study the controllability of
the resulting linear system. For k € N*, the eigenstate Vi (t,q) := ¢p(q)e”?* defines such a
trajectory ((¢» = ¢y, u = 0) for (1) and (¢ = g, s = 0,d = 0,u = 0) for (2)), where (¢r)ren+ is
a complete orthonormal system of eigenfunctions for —AL the Laplacian operator on Q with
Dirichlet boundary condition, and (\g)gen+ are the corresponding non-decreasing sequence of
eigenvalues counted with their multiplicity. In the particular case k& = 1, 1 is called the
ground state and the following systems are the linearized systems respectively of (1) around
the ground state,

2%_\5(t7q) = _qu(t7Q) - <U(t)>M(Q)>wl(taQ)7 ( 4 ) € R-ﬁ- X Qa (3)
\Ij(taq> = 07 (ta ) S R+ X aQJ
and of (2) around the trajectory ((¢p =¢1,s =0,d=0),u = 0),

Z ot ( ) = _A\Ij<ta Q) - (U(t),ﬂ(q»%(tﬂ)? (th) € R-ﬁ- X Q7
U(t,q) =0, (t,q) € Ry x 09,

d(t) = s(t),
$(t) = (t).

In this paper, we only study controllability properties of systems (3) and (4).

T~

Let us recall classical results about the controllability of these two systems in 1D, results
being the starting point of the strategies developed in [8] and [9] for the nonlinear systems (1)
and (2). Their proof will be sketched in Section 2 in order to explain the difficulties arising
in their generalization to the 2D and 3D cases. For system (3), 2 = (0,1) and, if s is a non
negative real number, let H{j, ((0, 1), C) be equal to D(A*/?) where D(A) := H*NH}((0,1),C)
and Ap := —¢”. Then, up to a condition satisfied by the dipolar moment p (see Proposition 2.2
for a detailed statement), the system (3) is controllable in H (30)( (0,1), C) with control functions
in L2((0,7),R) for every T > 0. As regards controllability for system (4), we show that it is
not exact controllable in finite time for the 1D problem and we describe the reachable set. The
crucial technical reason for that lies in the fact that the eigenvalues of AL verify a uniform gap
condition, i.e. there exists p > 0 such that, for every positive integer, we have A1 — A\ > p.
However, in 2D, the existence of a regular domain Q of R? such that the eigenvalues of A
present a uniform gap is still an open problem and in 3D, no uniform gap is possible because of
the Weyl formula. Therefore, exact controllability of (3) and (4) in 2D and 3D is not a trivial
question and it is thus natural to study a weaker controllability property for this system. This
is why we investigate, in this article, the spectral controllability of systems (3) and (4). To
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define that concept of controllability, let us denote D, the linear span of the eigenvectors ¢y,
k € N*, and Tsyp, the tangent space to the sphere S at the point ¢ € S. We say that system (3)
is spectral controllable in time T if, for every Wy € DNTs1)1(0), ¥y € DNTs1p1(T), there exists
v € L*((0,T),R") such that the trajectory W(-) of (3) starting at ¥, satisfies ¥(T") = ;. For
system (4), that definition must be adapted as follows. Let {.,.)2 denote the L?(§2, C)-scalar
product. Then, system (4) is spectral controllable in time T if, for every Wy € D N Ts1)1(0),
U, € DN Ty (T) with (W, 91 (T)) = I(Vp,91(0)) and for every dy € R™, there exists
v € L*((0,T),R") such that the trajectory (¥,s,d)(-) of (4) starting at (¥y,0,dy) satisfies
(W, s,d)(T) = (¥y,0,0).

Our main results deal with the spectral controllability of (3) and (4). Before describing
them, let us make a general remark. Since we are dealing with controls only depending on time,
the control systems under consideration can be put into the general form & = Az + B(x)u
where the state belongs to some C-valued functional space X, the control u is R™-valued,
the drift A is an (unbounded) linear operator admitting a complete orthonormal system of
eigenfunctions and the controlled vector field B(-) has rank one. Using the classical moment
theory, it is easy to characterize two necessary conditions for spectral controllability in some
finite time 7" > 0.

The first one corresponds to the Kalman condition for controllability in finite dimension.
In our context, it means that

(Kal) for every eigenvalue A of A, the projections by, := (1(q)¢1, ¢x,;), 1 < j < m(X), of the
controlled vector field B(-) on each eigenvector associated to A are linearly independent
in R™.

The above condition implies that the multiplicity of every eigenvalue A of A is less than or
equal to n. Note also that if A has simple spectrum (this will be referred as condition (Simp)),
then condition (Kal) simply reads: the projections by, := (1u(q)p1, ¢x) of the controlled vector
field B(-) on each (normalized) eigenvector is non zero. We refer to the latter condition as
(NonZ).

The second condition is specific to the infinite dimension (for the state space) and it is
related to the minimality of the family (e =2,y in L2((0,T),C) (see Definition 3.1
below).

By applying a result of Haraux and Jaffard ([18]), we show that minimality never occurs
in 3D for system (4) and also for system (3) if, in addition, the dipolar moment has a constant
direction. In 2D, we show that minimality holds for both systems (3) and (4) if T is larger
than a minimal time T,,;,,(€2). In turn, if the dipolar moment has a constant direction, spectral
controllability in time 7" > 0 for system (4) enables one to define a Hilbert subspace H of
L*(Q, C) in which (4) is controllable, with L?((0,T), R)-controls, when T > T},,;,,(€2).

In order to get spectral controllability in time 7" > T,,;,(£2), it therefore amounts, for a
2D domain 2 and a dipolar moment function p, to check the validity of (Kal). Since the
latter is difficult to verify for a given 2D domain €2, we rather investigate conditions on the
dipolar moment p to insure that (Kal) holds true generically with respect to domains  with
C3 boundary. There is a trivial necessary condition on p for (Kal) to hold true generically
with respect to the domain: g must be nowhere locally constant (NLC) i.e. its level sets are
all of empty interior. (Indeed, simply consider a 2D domain where 4 is constant. Then (Kal)
does not hold, because of the L?(£2, C)-orthogonality of the eigenvectors ¢;.) One of our main
results says that condition (NLC') for a C' dipolar moment p is also sufficient to prove that
condition (Kal) holds true, generically with respect to domains € with C® boundary. To do
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so, we start from the well-known fact that the spectrum of the Laplacian operator on a domain
) C R? with Dirichlet boundary conditions is generically simple. Therefore, it amounts to
prove that condition (NLC') for a C'* dipolar moment y is also sufficient for condition (NonZ)
to hold true, generically with respect to domains € with C® boundary. In summary, we can
finally show that, in 2D, spectral controllability in finite time, for both systems (4) and (3)
holds true, generically with respect to domains with C® boundary, if and only if the C* dipolar
moment g is nowhere locally constant.

Before giving the plan of the paper, let us sketch the argument showing that (N LC') implies
(NonZ), generically with respect to the domain. First of all, we must consider a topology
for domains with C® boundary. Following [40], the latter is defined by taking as base of
neighborhoods the sets V (2, ¢) defined, for 2 any domain with C3 boundary and & > 0 small
enough, as the images of Q by Idy + u, u € WH*(Q,R?) and ||ul|ws~ < . We use D3 to
denote the Banach space of domains with C® boundary equipped with the topology defined
previously. A property is said to be generic in D3 if the subset of domains in D3 verifying that
property is everywhere dense in Dj.

We now fix a domain © with C? boundary and a C' dipolar moment p verifying (NLC).
Without loss of generality we assume that (Simp) is verified by Q and we first reduce the
argument to showing, for every positive integer k£ > 2, the existence of a sequence (£2,) of
domains with C® boundary converging to € such that (NonZ);, (i.e., b, # 0 along the sequence
(€2,,)) holds true along the sequence. We proceed with a contradiction argument and we thus
assume that there exists € > 0 such that, for every u € W*°(Q, R?) with ||ul/y~ < &, the
corresponding by, is equal to zero. We compute the shape derivative of the relation by = 0 at
u = 0 and we can express it as an integral along the boundary of €2, i.e.,

/a ula). @) M(q)do(a) =

where v denotes the outer unit normal vector field and M(-) is a R2-valued function defined
on JN2. As we will see below, in order to define M, one must introduce &; and &, solutions
of inhomogeneous Helmholtz equations (see (31) below). We at once deduce that M(-) =0
on 0f). Reaching a contradiction in our argument amounts to show that the functions &1, &
introduced above actually do not exist. Unfortunately, we are not able to do that. By pushing
further the contradiction argument, we compute the shape derivative of b, = 0 at every
u € WH*(Q,R?) with |lullys~ < e. That translates into the following relation: for ¢ > 0
small enough and for every u,v € W4 (Q, R?) with ||ul|s~ < € and ||v||e~ < &, one has

/3(111 N )Q<,U(q)’ V(U)((])>M(u)(q)d0—(q) _ O,

where v(u) denotes the outer unit normal vector field defined on 9(Idy + u)(2) and M (u)(-)
is an R%-valued function defined on 9(Idy + u)(€2). The expression of M (u)(-) requires to
define & (u), &k (u), solutions of inhomogeneous Helmholtz equations. Of course, M (0),&;(0)
and &(0) are equal to M, & and & defined previously and we have that M(u)(-) = 0 on
O(Idy + u)(Q) for ||ul|wie < e.

At this stage, we are again not able to derive a contradiction. So we again take the shape
derivative of M (u)(-) =0 on 092 and end up with the relation

M w)(g) = ~)(0) 5 (g). g e o9, 5)




for ||ullwa~ < . We now start a strategy first introduced in [11], which consists in defining
M’ (u) for functions u defined on 92 which are continuous except at some point g of 0f.
For instance, we will take u = u; as a Heaviside function H,(g) admitting a single jump of
discontinuity at an arbitrary point g € 9. The key remark is the following: if (u.r) belongs
to the Sobolev space H*(0N2) for some s > 0 then, by standard elliptic theory arguments,
M'(u) belongs to H571(09). In order to take advantage of the gap of regularity between the
two sides of equation (5), we embark in the computation of the singular part of M'(ug)(-) at
¢ (in the distributional sense) and eventually come up with the following expression,

M'(ug)(o) = My p.v. (%) + R(0),

where o denotes the arclength (with o = 0 corresponding to q) and R(-) belongs to H'/27¢(9)
for every e > 0. Plugging back the above expression into equation (5), one must necessarily
have My = 0. Recalling that ¢ € 02 is arbitrary, we end up with My(-) = 0 on 09Q. In [11],
the previous relation on M, was providing additional information with respect to the relation
M(u) = 0 on 09, which allowed to conclude the contradiction argument. However, in the
present situation, it turns out that My(+) is proportional to M (0)(-) and hence is trivially equal
to zero. One must therefore compute the first non trivial term in the ”singular” expansion
of M'(ug) + (ug.v) 81\{/;/50) at ¢, in the distributional sense. That procedure requires a detailed
study of Dirichlet-to-Neumann operators associated to several Helmholtz equations. Once the
non trivial term is characterized, we easily conclude.

The rest of the paper is organized as follows. In Section 2, we provide the main notations
and precise definitions of the control systems (3) and (4), complete 1D results with their proofs
and the statements of the main theorems of this article. Then, in Section 3, we give the proofs
for the spectral controllability results in 2D and 3D. As for Section 4, the construction of
some abstract spaces where we have 2D exact controllability is described. Section 5 contains
the proof of the sufficiency of condition (NLC') to get generic controllability in 2D for the
quantum box and Section 6 presents some conjectures. Finally, we gather in Appendix A the
main results on shape differentiation used in the paper and Appendix B contains material on
the Dirichlet-to-Neumann map for the Helmholtz equation with the proof of several technical
lemmas which are needed in Section 5.

Acknowledgments. The authors would like to thank Jean-Michel Coron and Enrique
Zuazua for helpful comments.

2 Definition of the control problem, notations and state-
ment of the results

2.1 Definition of the control problem

Let €2 be a domain of R™ (i.e. a bounded non empty open subset of R"), n € {1,2,3}, with a
C' boundary. We use —AL to denote the Laplacian operator on € with Dirichlet boundary
conditions, i.e.

The space L%(Q2,C) has a complete orthonormal system (¢y,)gen of eigenfunctions for —Af,

or € H* N Hy(Q,C), —Afdr, = Mo,
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where (Ag)gen+ is @ non-decreasing sequence of positive real numbers. With this notation, the
eigenvalues \; are counted as many times as their multiplicity. For ¢ € R and ¢ € €2, we define
the function v by

Un(t, q) == ¢1(q)e ™"
We recall that —iAL generates a CO-group of isometries of L2(€2, C) defined by
e Mo =) (o, dr)e Mo, Vo € L2(Q,C).

keN*

In this paper, we study controllability properties of the linear systems (3) and (4).

In order to consider them as control systems, we first need a concept of trajectories asso-
ciated to these systems. For that purpose, recall that the unit sphere S of L?(€2, C) is defined
as follows,

S = {90 S L2(97C); ||90HL2(Q) = 1}7
and, for ¢ € S, the tangent space to the sphere S at the point ¢ is given by

TS¢::{£€L2QC (/5 ):0}.

Definition 2.1. (Weak solutions) LetT > 0, p € C°(Q,R?), ¥y € Ts¢y andv € L'((0,T),R").
A weak solution to the Cauchy problem

iSE(t,q) = —AV(t,q) — (v(t), u(q)r(t,q), (t.q) € Ry x Q,
U(t,q) =0, (tq) € R, x O, (6)
V(0) = W,

is a function W € C°([0,T], L*(Q, C)) such that for every t € [0,T],

U(t) = ey + i /Ot e A=) (u(s), phabi(s)]ds in L*(, C). (7)

Then (V,v) is a trajectory of the control system (3) on [0,T].
Let sg,dy € R™. A weak solution to the Cauchy problem

7’8_\1]( ) _A‘I/(ta Q) - <U<t)7 M(Q)>¢1(t7 Q>7 (ta Q> < R—i— X 97

U(t,q) =0, (t,q) € Ry x 909,
U(0) = Wy, (8)
t ( )7 S( ) = 50,

s(t) =
d(t) = s(t), d(0) = do,
is a function (¥, s,d) with s € WH((0,T),R"), d € W*1((0,T),R") solutions of

s(t) =v(t) in L'((0,T),R™), s(0) = s,
d(t) = s(t) in L*((0,T),R"), d(0) = dj,

and U € C°([0,T], L*(Q2,C)) such that for every t € [0,T], (7) holds. Then ((V,s,d),v) is a
tragectory of the control system (4) on [0,T].

The following proposition recalls a classical existence and uniqueness result for the solutions
of (6), from which one can deduce the similar result for (8).
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Theorem 2.1. For every T > 0, Uy € Ts¢y, v € L'((0,T),R"), there exists a unique weak
solution to the Cauchy problem (6) and V(t) € Tsy(t) for every t > 0.

Then, the system (3) is a control system where
e the state is the function W, with V() € Ts1)1(t) for every t € R,

e the controlis v :t € Ry — v(t) € R™, I}

Le(Ry, R™) is the set of admissible controls

and the system (4) is a control system where
e the state is the triple (¥, s, d), with () € Tis1)1(t) for every t € R,

e the control is v : t € Ry + v(t) € R" and L}, (R, R") is the set of admissible controls.

loc

More precisely, in this paper, we investigate the following controllability property for (3).

Definition 2.2 (Spectral controllability for (3)). The system (3) is spectral controllable
in time T if, for every Wy € DN Ts1p1(0), Uy € DN Tsthy(T), there exists v € L*((0,T),R™)
such that the solution of (6) satisfies U(T') = U, where

D := Span{¢y; k € N*}.

For the system (4), this definition needs to be adapted because of the presence of s and
d in the state variable and because the directions (W (t),11(t)) and s(¢) are linked. Indeed,
any solution of (8) satisfies

S(U(E), 91 (t)) = I{Wo, ¥4 (0 Z Do, on)[sV(1) — sV (0)], v, (9)

where, for z € R", () denotes its components, = (z( ..., 2() and (.,.) denotes the
L?(2, C)-scalar product. Therefore, we study the following controllability property for (4).

Definition 2.3 (Spectral controllability for (4)). The system (4) is spectral controllable
in time T if for every Wy € DNTs1p1(0), Uy € DNTstp1(T) with S(Y ¢, 91 (1)) = I(Wo, 11(0)),
for every dy € R", there exists v € L*((0,T),R™) such that the solution of (8) with sy = 0
satisfies (U, s,d)(T) = (Vy,0,0).

The notations , n € {1,2,3}, ¢r, ¥1, (,.), S, Ts, D, x = (zV), ..., ™) € R™ introduced
in this section are used all along this article. We also denote (e;)1<;<, the canonical basis
of R™ and wy := Ay — Ay, for every k£ € N*. We use the same notation for the R"-scalar
product and the L?(Q)-scalar product but if a confusion is possible we precise the space in
subscript (.,.)r2(q) or (.,.)r». When some confusion is possible, we also precise the domain on
the eigenvalues and eigenfunctions of the Laplacian : \{, ¢5.

2.2 Previous 1D results, difficulties of the 2D and 3D generaliza-
tions

In this section, we recall classical results about the controllability of the systems (3) and (4)
in 1D, that are the starting point of the strategies developed in [8] and [9] for the nonlinear



systems (1) and (2). We also give their proof in order to explain the difficulties arising in their
generalization to the 2D and 3D cases.
We take Q2 = (0,1), so
dr(q) = V2sin(krq), \y = (kn)?

and we use the following notations

H(SO)((O, 1),C) := D(AS/2) where D(A) := H* N Hy((0,1),C), Ap := —¢".

2.2.1 1D controllability of (3)

For the control system (3), we have the following result.

Proposition 2.2. Let Q = (0,1) and p € W3*°((0,1),R).
(1) We assume that

&1

o < Huor an)| < 2 VkeN. (10)

dey, e >0, =g

Then, for every T > 0, the system (3) is controllable in H(?’O)((O, 1), C) with control functions in
L*((0,T),R): for every T >0, Uy, ¥; € H?O)((O, 1),C) with ¥y € Ts11(0) and Vs € Toyy (1),
there exists v € L*((0,T),R) such that the solution of (6) satisfies ¥(T) = U;.

(2) We assume that there exists m € N* such that (u¢y, o) = 0 and

& C
5 < uor o)l < 55,

Then, the system (8) is mot controllable: for every T > 0, ¥y € L?((0,1),C) and v €
LY((0,T),R) the solution of (6) satisfies

ey, e > 0, Vk € N* such that {jupq, pr) # 0. (11)

(U(T), p1) = (Vo, ppye T Wk € N* such that {up, ¢r) = 0.

But one can characterize the reachable set: for everyT >0, Uy, ¥y € H?O)((O, 1),C) with ¥, €

Ts1(0), Wy € Tstn(T), (Vg ) = (Vo, pp)e ™7 for every k € N* such that (ué1, ¢x) = 0,
there exists v € L*((0,T),R) such that the solution of (6) satisfies ¥(T) = U;.

Remark 2.1. Let us emphasize that the assumption (10) is generic with respect to p €
W32((0,1),R). Indeed, thanks to Baire’s Lemma, it is easy to prove that the property
“ugy, dr) # 0, Vk € N*”holds generically with respect to u € W3*((0,1),R). Moreover,
for such a function u, integrations by parts lead to

Lo HEDHR) = O] | (1
(wn.60) =2 [ ) sinrg)sin(kra)da — e +o( )

k?;

w, !

Thus, the asymptotic behavior in 1/k® of these coefficients is equivalent to the property “u’(1)=+
W' (0) # 07, that is also generic in W3>((0,1), R).

The key ingredient for the proof of Proposition 2.2 is the following theorem due to Kahane
[25, Theorem I11.6.1, p. 114].
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Theorem 2.3. Let (juy)ren C R such that pp =0 and
Myl — g > p > 0,Vk € N, (12)

Let T > 0 be such that

lim N(z) < z,
z—+oo I 2T
where, for x > 0, N(x) is the largest number of uy’s contained in an interval of length x.
Then, there exists C > 0 such that, for every ¢ = (cx)ren+ € I*(N*,C) with ¢; € R, there exists
w e L*((0,T),R) such that |wl| 201 r) < Cllcllizmec) and

T
/ w(t)e™ ' dt = ¢, Vk € N*.
0

Remark 2.2. The proof of Theorem 2.3 relies on an Ingham inequality for the family
{1, et 7"t ke N* k> 2},

which corresponds to the Riesz basis property of this family in L*((0,T),C). For the proof of
Theorem 2.3, see, for example Krabs [28, Section 1.2.2], Komornik and Loreti [27, Chapter 9],
or Avdonin and Ivanov [5, Chapter II Section 4]. For the proof of similar results, we also refer
to the prior works by Ingham [21], and to Beurling [10, p. 341-865], Harauz [17], Redheffer
[35], Russel [37, Section 3], Schwartz [38]. Improvements of Theorem 2.3 have been obtained
by Jaffard, Tucsnak and Zuazua [23], [24], Jaffard and Micu [22], Baiocchi, Komornik and
Loreti [6], Komornik and Loreti [26], [27, Theorem 9.4, p. 177].

Proof of Proposition 2.2 : We assume (10). Let "> 0 and ¥y € T (0). By definition,
the weak solution of (6) with some control v € L?((0,7T),R) is

U(t,q) = S au(t)on(a) where n(t) = (Yo, o) + ifuon,60) [ o(r)emdr)e ™, vk € N,
k=1 0

with convergence in L?((0,1),C) for every t € [0,T], where wy, := A\, — Ay, for every k € N*.
Since (g1, ¢r) # 0, for every k € N*, the equality U(T) = ¥, in L*((0,1),C) is equivalent to
the following trigonometric moment problem on the control v,

T
/ v(t)e™“ ' dt = dy, Vk € N¥, (13)
0

where o

<\ij7 ¢k>€z W — <\PO7 ¢k>
i<l’b¢17 ¢k>

Thanks to (10), the right-hand side (dj)ren+ belongs to (2(N*, C) if and only if ¥ —e~T¥, €

H3,((0,1),C), and in that case, (13) has a solution v € L*((0,T),R) for every T > 0, thanks

(0)
to Theorem 2.3. The proof of the statement (2) is similar.[]

dy, = Vk € N*. (14)
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Now, let us discuss the generalization of Proposition 2.2 to the 2D and 3D cases. In 2D
and 3D, the equality WU(T") = U for a solution of (6) is equivalent to

T . .
2’<<u¢1, ¢k>L2(Q),/O v(t)e“"ktdt>Rn = (U}, )T — (T, dy), Vk € N*. (15)

Thus, the property
(nor, dr) # 0,Vk € N

is still a necessary condition for the controllability of (3). Let us assume that this property
holds, then (15) is satisfied in particular when

T
twit _ . <:u¢1a¢k> Ak *
/0 v(t)e dt = —ZW<<‘I’J‘>¢I<:>€ M (W, ¢k>>,W€ € N*.

Thus, the controllability of (3) can be reduced to the solvability of n trigonometric moment
problems on the real valued functions v(M,... 0™,

In 2D, the existence of a regular domain 2 of R? such that the eigenvalues of AL present
a uniform gap (which corresponds to the assumption (12)) is an open problem. For general
2D regular domains, we only have Weyl’s Formula,

de=¢(Q) >0,3a=a(Q) € (0,1),8{k € N*; \; € [0,t]} = ct + O(t%) when t — +o0.

This formula is not sufficient to ensure the existence of a uniform gap between the frequencies
wg. Therefore the classical result given in Theorem 2.3 cannot be applied : the controllability
of (3) is a more difficult problem in 2D than in 1D.

In 3D, with Weyl’s formula,

Je=¢(Q) > 0,3 = a(Q) € (0,3/2), #{k € N*; \,, € [0,1]} = ct¥? + O(t*) when t — +o0,

no uniform gap is possible. Thus, the non controllability of (3) is expected.

The exact controllability of (3) in 2D and 3D being a difficult problem, it is natural to
study a weaker controllability property for this system. This is why we investigate its spectral
controllability in this article. Notice that the spectral controllability in time 7" of (3) is
equivalent to the existence of a solution v € L?((0,T),R") of (15) for any right hand side with
finite support. This remark will be used in the study of the spectral controllability of (3) (see
Section 3.2).

2.2.2 1D controllability of (4)
For the control system (4), we have the following result.

Proposition 2.4. Let Q = (0,1) and p € W3*°((0,1),R).

(1) The system (1) is not controllable: for every Wy € Ts1(0), so,do € R, v € L}, (R, R),
the solution of (8) satisfies (9).

(2) If (11) holds, then, one can characterize the reachable set for (4): for every T > 0,
Wo, Uy € Hp ((0,1),C), so, 57, do, df € R with (U, 1(T)) = (W, ¥1(0)) + i(uer, 1) (s — so)
and

(U(T), ¢r) = (Wo, ¢r)e™ T Wk > 2 such that {ud, di) = 0, (16)
there exists v € L2((0,T),R) such that the solution of (8) satisfies (¥, s,d)(T) = (¥, sy, dy).
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The proof of this proposition is similar to the one of Proposition 2.2.

Notice that, in 2D and 3D, the equality (¥, s,d)(T") = (¥, 0,0) for the solution of (8) with
so =0, Wy € Ts1p1(0), Wy € Ty (T') such that I(Wy,11(0)) = (W, ¢4 (T)) is equivalent to

’i<<,u¢17 i) r2(0) foTU(t>€Mtdt>Rn = (U, gpye T — (U, ), VE > 2,
S v(®)dt =0, (17)
I to(t)dt = d.

Thus, the spectral controllability in time 7" of (4) is equivalent to the existence of a solution

v € L*((0,T),R") of (17), for any right hand side with finite support. This remark will be

used in the study of the spectral controllability of (4) (see Section 3.3).

2.3 Statement of the main results

In order to state our results, we first give several definitions relative to the domain and the
dipolar moment.

Definition 2.4 (Kalman condition, (Kal)). Let Q be a domain of R™, n = 2,3 with C*
boundary. Then  verifies Property (Kal) if

(Kal) any eigenvalue \ of —ALE has a multiplicity m < n and the vectors (g, dr, ), -, {11, O1,, )
are linearly independant in R™, where ky < ... < ky, and ¢, ..., ¢, are the eigenvectors asso-
ctated to .

Definition 2.5 (Simplicity of the spectrum, (Simp)). Let Q2 be a domain of R", n = 2,3
with C' boundary. Then Q wverifies Property (Simp) if

(Simp)  the eigenvalues of — A are simple.

Definition 2.6 (Non zero projection, (NonZ)). Consider un € C°(Q,R"), n = 2,3 and
(¢r)ren= the complete orthonormal system of eigenvectors of —AE. Then ug, has a non zero
projection on (¢r)ren+ if, for every integer k > 2, we have

(NonZ)y,  {(ué1, ér) # 0.

In that case, we say that p verifies Property (NonZ).

Remark that if a domain € satisfies (Simp), then condition (Kal) reduces to condition
(NonZ). The next theorem gathers our result regarding the spectral controllability properties
for system (3).

Theorem 2.5. (1) Let Q be a domain of R? with C* boundary and p € C°(Q, R?) verifying
(Kal). Then, there exists Tpin = Timin(2) > 0 such that

(1.a) for every T > Tyin, system (3) is spectral controllable in time T';

13



(1.b) for every T' < Tin, system (3) is not spectral controllable in time T, under the addi-

tional assumption B
w(z) = fi(x)e; where fi € CO(Q,R). (18)

(2) Let Q2 be a domain of R", n = 2,3, with C' boundary and u € C°(Q,R") such that
(Kal) is not verified. Then, system (3) is not spectral controllable.
(8) Let Q be a domain of R® with C* boundary and u € C°(Q,R3) of the form (18). Then,

system (3) is not spectral controllable.

Remark 2.3. Let us emphasize that (Kal) holds true generically with respect to the pair (2, p)
because conditions (Simp) and (NonZ) hold true simultaneously generically with respect to
the pair (Q, 1), where 0 is a domain of R? with C* boundary and p € C°(Q, R?). Indeed, the
genericity of (Simp) with respect to the domain Q is a classical result (see for instance [20]).
Moreover, for a domain Q of R? with C* boundary verifying (Simp), the set

is dense in C°(QQ,R?) (it can be proved thanks to Baire’s Lemma,).
As for system (4), we prove the following result.

Theorem 2.6. (1) Let 2 be a domain of R? with C* boundary and p € C°(Q,R?) verifying
(Kal). Let Trnin = Timin(Q2) be as in Theorem 2.5. Then, system (4) is spectral controllable in
time T > Thin.

(2) Let Q be a domain of R", n = 2,3, with C' boundary and u € C°(Q,R™) such that
(Kal) is not verified. Then, system (4) is not spectral controllable.

(3) Let Q be a domain of R® with C* boundary and u € C°(Q,R?). Then system (4) is not
spectral controllable : for every T > 0 and m € N*, there exists dy € R?® such that (i¢,,,0, dy)
15 not zero controllable in time T.

Remark 2.4. Notice that in Item (83) of Theorem 2.6, the dipolar moment i is not necessarily
one dimensional. Thus, we prove a stronger non controllability result for this 3D system, than
the one given in Theorem 2.5 (8). This improvement is due to the presence of s and d in the
state variable.

The proofs of Theorems 2.5 and 2.6 are given in Section 3.

In Section 4, we prove that, one can recover the exact controllability, in some abstract
spaces, for the system (3) in 2D with p of the form (18) thanks to the previous spectral con-
trollability result. Such abstract spaces may be used for the study of the nonlinear system.
This is an open problem.

According to Theorem 2.6, one knows that, in 2D, property (Kal) is a necessary and
sufficient condition for the spectral controllability of (3) and (4) in time T° > T, (2). We
next use that characterization to prove that spectral controllability of (3) and (4) in large time
holds true generically with respect to the 2D domain 2. For that purpose, let us first precise
the topology on domains we are using, then define genericity and finally state the condition
on the dipolar moment ;o that ensures the genericity.

For [ > 1, the set D; of domains Q of R? with C' boundary. Following [40], we define next a
topology on ;. Consider the Banach space Wh>°(Q, R?) equipped with its standard norm.
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For Q € Dy, u € WHh2(Q R?), let Q + u := (Id + u)(€) be the subset of points y € R? such
that y = x + u(z) for some z € Q and I + v := (Id + u)(99) its boundary. For ¢ > 0, let
V (€2, €) be the set of all Q + u with u € WHL°(Q,R?) and ||u||yir1.0 < e. The topology of
Dy is defined by taking the sets V' (€2, e) with € small enough as a base of neighborhoods of €.
Then, ID; is a Banach space.

Definition 2.7. We say that a property (P) is generic in Dy if the set of domains of D
on which this property holds true is dense in ; : for every Q € 1, there exists p > 0
such that the set {u € E,(2); Q4+ u satisfies (P)} is dense in E,(2), where E,(Q) = {u €
WL (Q,R?); [[ullwisre < p}

Definition 2.8 (Non locally constant, (NLC)). A map p € C°(R?,R?) is said to be
nowhere locally constant if, for every po € R?, the level set {q € R* pu(q) = o} has an empty
mterior.

Note that if p is (NLC') and continuously differentiable, then the subset of R", n = 2,3,
where the differential of p is not zero, must be open and dense.
We now state one of the main results of the paper.

Theorem 2.7. Let u € CY(R?,R?). The spectral controllability in large time for system (4)
1s generic in D3 iof and only iof 1 is nowhere locally constant.

According to Item (2) of Theorem 2.6, the proof of the previous theorem reduces to
establishing the next proposition, since (Simp) and (NonZ) both verified imply that (Kal)
holds true.

Proposition 2.8. Let p € C'(R?* R?). If Q € Dy, we say that Q has property (A) if (Simp)
and (NonZ) hold true for Q). Then, property (A) is generic in D3 if and only if p is nowhere
locally constant.

Section 5 is devoted to the proof of the above proposition.

3 Spectral controllability in 2D and 3D

The goal of this Section is the proof of Theorems 2.5 and 2.6. This section is organized as
follows.

In Subsection 3.1, we state a sufficient condition for the minimality in L?*((0,T),C) of
a family of complex exponentials. This condition, due to Haraux and Jaffard [18], involves
Weyl’s formula.

In Subsection 3.2, we prove Theorem 2.5, thanks to Haraux and Jaffard ’s result.

In Subsection 3.3, we prove Theorem 2.6. The proofs of the two first statements also rely
on Haraux and Jaffard’s result. The proof of the third statement involves different ideas,
about the set of zeros of holomorphic functions.

3.1 Haraux and Jaffard ’s result

First, let us recall the definition of the minimality of a family of vectors.
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Definition 3.1. Let X be a Banach space over K =R or C. A family (zx)rez of vectors of
X is minimal i X if, for every m € Z, z,, does not belong to the closure in X of the vector
space generated by {z; k € Z —{m}},

zm ¢ Clx (Span{zk; kelZ— {m}}),Vm € Z.

When X is an Hilbert space, we have the following classical equivalent definitions.

Proposition 3.1. Let (X, (.,.)x) be a Hilbert space and (zy)kez be a family of vectors of X.
The following statements are equivalent.

(1) (z1)kez is minimal in X .

(2) For every m € 7, there exists C,, > 0 such that, for every f € X of the form
[ = rek fezw where K C Z is finite,

Conl finl < [ fllx-
(8) There exists a family (Zy)kez of vectors of X bi-orthogonal to (zx)kez, i-€.

<Zm, Zk)X = 6m7k,Vk, m € 7.

(4) For every (dy)rez C K with finite support, there exists v € X solution of the moment
problem
<U, Zk:>X = dk,Vk € 7. (19)

Proof of Proposition 3.1 : For (1) = (2), the largest value for the constant C,, is
Cy, = dist <zm, Span{z,; k € Z — {m}})
The implications (2) = (1), no (1) = no (3) and (3) < (4) are easy. For (1) = (3), one

can take p
T 1= P2 )
[2ml%

where P, is the orthogonal projection from X to V., the orthogonal supplementary of V,, :=
Clx(Span{zx; k € Z — {m}}) in X, which is a closed vector subspace of X. [J

Remark 3.1. The statement (4) is particularly important in this article. Indeed, as seen
in Section 2.2, the spectral controllability in time T of (3) is equivalent to the solvability
of a moment problem of the form (19) with X = L*((0,T),R"), z := (ud1, ¢1), 21 =
(o1, dry1) cos(wriat), 2k = (o1, dr1) sin(wyat), Vk € N*. Thus, the spectral control-
lability in time T of (3) is equivalent to the minimality of the familly (zx)rez in L*((0,T),R™).

The following theorem is the key point of Section 3. It has been proved by Haraux and
Jaffard in [18, Corollary 2.3.5], as a consequence of the Beurling Malliavin Theorem, thanks to
the computation of the Beurling-Malliavin density of a sequence that satisfies Weyl’s formula.

Theorem 3.2. Let (uy)rez be a sequence of real numbers such that
H{k € Z;0 <y <t} =dt + O(t), #{k € Z;—t < py <0} = dt +O(1),

for some d >0 and o € (0,1). Then,
(1) for every T > 27d, the family {e**';k € Z} is minimal in L*((0,T),C),
(2) for every T < 2xd, the family {e**';k € Z} is not minimal in L*((0,T),C).

Remark 3.2. Notice that, when pg = 0 and pp = —p_p > 0, for every k € N*, then the
minimality of the family {e"*; k € Z} in L*((0,T),C) is equivalent to the minimality of the
family {1, cos(ugt), sin(ugt); k > 0} in L2((0,T),R).
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3.2 Proof of Theorem 2.5
The goal of this section is the proof of Theorem 2.5. thanks to Theorem 3.2.

Proof Theorem 2.5 : (1) Let Q be a domain of R? with C! boundary and pu € C°(Q, R?)
be such that (Kal) holds. Thanks to Weyl’s formula, there exists d = d(2) € (0, +00) and
a=a(2) € (0,1) such that

t{k € N;wi, € [0,t]} = dt + O(t*) when t — +o0. (20)

(1.a) Let T > Topin, Vo € DN Tstp1(0), ¥y € DN Tsypy(T) and let us prove that there
exists v € L?((0,T),R?) solution of (15). We introduce

Ay = {k € N*; )\ is a simple eigenvalue of AL}, Ay :={k € N*; \p = A\py1 }-

For every k € Ay, the vectors (u@q, ér) and (udy, ¢ri1) are linearly independent in R?, thus
there exists a unique 7, € C? such that

<<N¢17¢k>L2(Q)7 Zk>R2 = —idy, <<N¢17¢k+1>L2(Q)7 Zk>R2 = —idp41,

where d; := (U, ¢;)eNT — (Ug, ¢;), for every j € N*. For a function v € L*((0,T), R?), (15)
is satisfied in particular when

T W
Jo v(t)estdt = —de‘ ;flf’“lg,Vk € A,

T jwort (2]‘>
Jo v(@t)ertdt = Zy, Yk € Ay,

i.e. when v and v® solve a trigonometric moment problem with a finite supported right
hand side. The solvability of (21) is equivalent to the minimality of the family
{1, cos(wgt), sin(wyt); k > 2}

in L?((0,T),R) (see Proposition 3.1), which holds true thanks to Theorem 3.2.

For the proof of (1.b) and (3), let us first emphasize that, when (18) and (Kal) hold,
then the spectral controllability in time 7" of (3) is equivalent to (and not only implied by) the
minimality of the family {1, cos(wyt),sin(wyt); k& > 2} in L2((0,T),R).

(1.b) Let T" < T, and let us assume (18). Theorem 3.2 ensures that the family
{1, cos(wgt), sin(wgt); & > 2} is not minimal in L?((0,7),R), thus (4) is not spectral con-
trollable in time 7.

(2) Let Q be a domain of R® with C! boundary, n = 2,3, and p € C°(Q, R"). We assume
that (Kal) does not hold. There exists k& € N* such that A, has multiplicity m and there
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exists (aq, ..., ) € R™ —{0} such that a; (o1, ¢k, ) + ... + am{pd1, ¢r,,) = 0, where kq, ..., ky,
are all the integers such that Ay = A\, = ... = A,,. Let ¥y € DN Tsth1(T) of the form
Vo = B1¢k, + ... + B, where By, ..., B € C and oy By + ... + @B # 0. Any solution of (6)
satisfies, for j € {1,...,m},

T

(D), 01,) = (0,00 + i (pon o). [ o(e=ar)

oM T
Rn )

We then have

Oé1<\If(T)7 Qbkl) + ..+ Oém<\I’(T),¢km> = (alﬁl + ...+ amﬁm)€_i>\kT 7£ 0,

implying that Wy is not zero controllable in time 7.

(3) Let Q be a domain of R? with C* boundary and u € C°(Q,R?) of the form (18) be
such that (Kal) holds true (otherwise, we already know that (3) is not spectral controllable
thanks to (2)). Let 7" > 0. Thanks to Weyl’s formula, we have

t{wp € 0,1]} = dt*? + O(t*), when t — 400,

where d € (0,+00) and a € (0,3/2). Thus, there exists a subsequence (wo())ren+ Of (Wi)ren-
such that
#{k € N wo) € [0,4]} = d't + O(t*") when t — 400,

for some d’ > T'/27 and some o € (0,1). Theorem 3.2 ensures that the family
{eiwg(k)t, e_iwa(k)t; k c N*}

is not minimal in L?((0,7),C). Thus, the family {1,e™* e~®*t: k > 2} is not minimal in
L*((0,T),C). Therefore, (3) is not spectral controllable. [J

Remark 3.3. When a domain Q of R? with C* boundary and p € C°(Q,R?) are such that
(Kal) holds but (18) does not hold, then Ty, (82) := 2wd(S2) may not be the minimal time for
the spectral controllability of (3). Indeed, let us consider u = (p™V, u®) such that

(WP, o) # 0 if and only if k € N* is odd and (1P ¢y, ¢1) # 0 if and only if k € N* is even.

Then, the minimal time for the spectral controllability of (3) is Trmin(S2, 1) = wd(2).

Remark 3.4. In order to remove the assumption (18), one could try to adapt Harauzx and
Jaffard’s result to families of vector exponentials of the form

{bpe™ s &k € 7}

where b, € R™ —{0}. Indeed, the spectral controllability of (3) is equivalent to the minimality
in L?((0,T),C") of this family with by = {u¢y, ¢r). This generalization is an open problem.

3.3 Proof of Theorem 2.6

The goal of this section is the proof of Theorem 2.6. The proof of the statement (1) can be
deduced from the following lemma in the same way as the proof of Theorem 2.5 (1.a) was
deduced from Theorem 3.2 (1).
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Lemma 3.3. Let (u)rez be a sequence of real numbers such that pg =0 and

t{k € Z;0 < py < t} = dt + O(t%),
t{k € Z; —t < e < 0} = dt + O(t*),

for somed > 0 and « € (0,1). Then, for every T > 27d, the family {t,e*'; k € Z} is minimal
in L*((0,T),C).

Proof of Lemma 3.3 : Let T > 27d and let us assume that the family {¢, e k € Z} is
not minimal in L?((0,7),C). Thanks to Theorem 3.2, the family {e***; k € Z} is minimal in
L*((0,T),C) thus, necessarily,

€ Clizoyc) (Span{e™; k € Z} ). (22)

With successive integrations, we see that
t* € Cloogom,c) (Span{t, ek € Z}), vk € Nk > 2.

The Stone Weirstrass theorem ensures that Span{1,t*; k € N, k > 2} is dense in C°([0,T], C),
thus it is also dense in L?((0,T'), C). From (22), we deduce that the vector space Span{e*!: k €
Z} is dense in L*((0,T),C). This is a contradiction, because, thanks to Theorem 3.2, for every
a € R — {ug; k € Z}, the family {e' e+t k € Z} is minimal in L*((0,7),C) i.e.

e ¢ Clr2o,m)0) (Span{ei“kt; ke Z}) d

Item (2) of Theorem 2.6 is a direct consequence of Theorem 2.5 (2). The proof of the
statement (3) of Theorem 2.6 involves different ideas. A useful preliminary result is stated in
the next Lemma, (see [31, Lecture 2, section 2.3, p.10-11]) that has already been used in [11,
Lemma 16] for similar purposes.

Lemma 3.4. Let f: C — C be a holomorphic function such that
3Cy > 0, such that Vs € C,|f(s)| < Coell.
Assume that f # 0. Let n: [0,+00) — N be defined by
n(R) :=8{s € C; f(s) =0 and |s| < R}.
Then,

R
t
¢ > 0,VR € (1, +OO),/ #dt < CiR.
1

Proof of Item (8) of Theorem 2.6 : Let Q2 be a regular domain of R? such that (Kal) holds
(otherwise, the system (4) is already known to be non spectral controllable thanks to (2)).
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Let T > 0 and m € N*. We assume (i¢,,, 0, ¢;) is zero controllable in time 7" for [ = 1,2, 3 :
there exists v; € L?((0,T),R3) such that

<<“¢1=¢k i) Jy e dt) = =G Vh > 2
fO ’Ul dt = O (23)
fO tvl dt = €y,

for I = 1,2,3. In particular, for every k € N* — {1,m}, the vector (1, dr)r2(0) € R* — {0}
belongs to the kernel of the matrix C(iwy), where

fOT v%l) (t)eMdt fOT v§2) (t)eMdt fOT UF’) (t)eMdt
C(\) = fOT vél) (t)eMdt fOT vf) (t)eMdt fOT 1153) (t)eMdt
fOT vél) (t)eMdt fOT véz) (t)eMdt fOT vég) (t)eMdt

Thus G()\) := det[C()\)] satisfies G(iwy) = 0, for every k € N* — {1, m}. It is easy to see that
G is a holomorphic function verifying the growth condition of Lemma 3.4. Then using Weyl’s
formula and Lemma 3.4, we deduce that G = 0. However, thanks to the last two equalities in
(23), we have
A+o(N) o)) o(N)
C\) = o)  A+o(A) o\ when A — 0,
o(A) o(A)  A+4o(N)

so G(A) = A% + 0(A\3) # 0 when A\ — 0, which is a contradiction. [J

4 2D exact controllability in abstract spaces

The goal of this section is the proof of the following result.

Theorem 4.1. Let Q be a domain of R? with C* boundary and u € C°(Q,R?) be of the form
(18) such that condition (Kal) holds true. Let d € (0,400) and o € (0,1) be such that (20)
holds, T > 2wd and (Zm)men+ C RY be such that Y~ xp, = 1.

For every m € N*| there exists C’ > 0 such that, for every o7 € Ts1 (T, the solution of

i%22 = —Ap, (t,q) € Ry x Q,

o(lg) =0, (Lq) €R x 0, (24)
@(T) = @7,
satisfies ,
Conl (o b ? < / (it (1), (1)) [2dt, ¥m € N (25)

We introduce the Hilbert spaces

H*:={p:Q — C;R(p, 91 (T)) =0 and Y37 Cratml{p, o) > < +00},
H:={p: Q= C;R(p,0a(T)) =0 and 7 &=, ¢m) > < +00}.

Then, for every W, € H, there exists © € L*((0,T),R) such that the solution of (6) with
Uy =0 and v(t) = 0(t)ey satisfies ¥(T') = V.
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Remark 4.1. Notice that Tsyy(T) C H* and H C Tsy1(T) because Cyxp, — 0 when m —
+00. The space H is a reqular space, its reqularity depends on the asymptotic behavior of the
sequence (CmTm)men -

Remark 4.2. The spaces H and H* are defined in order to have an observability inequality in
H*. Indeed, considering the product of the inequality (25) with x,, and summing over m € N*,
we get

T
. < / ISt (1), p(8) [Pt , Ypr € H*. (26)

lor|

Remark 4.3. Trying to apply the classical approach in order to get the controllability thanks
to (26), we introduce the functional

J: H* — R
T )~
pr =g o (S (t), o(t)[Pdt + Rpr, ).
In the classical situation, J is continuous, convex and coercive on H*, thus inf{J(yor);¢r €
H*} is achieved at some point pp. Writing dJ(pr) = 0, we get a control 0(t) := (w1 (t), p(t))
that steers (3) from W(0) =0 to ¥(T') = Uy.
In our situation, this classical approach does not work because the functional J may not be
well defined on H*. Thus, an adaptation of this approach is needed.

Proof of Theorem 4.1 : First, let us prove (25). For o7 € Tg1)1(T), the solution of (24) is

[e.e]

o(t) = Z<90T> e~ gy,

k=1

SO

Sy (t), p(t)) = Z M (mem(t—ﬂ — (o7, ¢k>€—iAk(t—T)>'

21
k=2

Applying Theorem 3.2 and Proposition 3.1, there exists a constant C,, > 0 such that, for
every pr € Tsihi(T),

Conl it Sud Plor S 2 < / it (8), (1)) .

We get (25) with C,, := C|{jicp1, dm)|?.

Now, let us prove the controllability result. Let W; € H. For e > 0 we introduce the
functional J. : Ts1p1(T) — R,

1

T
Ier) =5 | 90, oO) Pt + RV 01) + el

where ¢ is the solution of (24). The functional J is convex, continuous and coercive because

Je(pr) = ellorlze = 19yl 2llerll .
Thus, there exists ¢S € Tsy (T) such that

Je(p7) = min{Jc(or); or € Ts1(T)}.
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Then, ¢4 solves the Euler equation associated to this optimization problem,

/0 0e() (g (2), E(8))dt + RV y, &) + 2eR(p, £r) = 0, YEr € T (T), (27)

where
Ue(t) = S{r(t), (1)),
©° (resp. &) is the solution of (24) with w7 = ¢ (resp. or = &r).
For 0 < €; < €3, we have J., < J,, thus the sequence (J.(p5))c~o decreases when € decreases

to zero. Thus,
Je(¢7) < My == Ji(r), Ve € (0,1).

There exists My > 0 such that,
HSOE“HH* < M2ave € (07 1)'
Indeed, thanks to (26), we have,

1
My > J(¢7) = 5 lle7|

i — gl

H*-

The sequence (Uc)ee(o1) is bounded in L?((0,7),R). Indeed, we have

€ L. €
My > J(¢7) > §||Ue||%2 — [[9llmll7]

H*,

thus
10| 720,y < 2(My + Mo || W ).

Therefore, there exists © € L*((0,T),R) such that 9, — @ weakly in L*((0,T),R). Passing to
the limit € — 0 in (27) with & € H, we get

| s, )+ Ry €)= 0.v6r € 1

because
12eR(0T, Er)| < 26|07l a-l[érllm < 2eMa||Er|a-
Since H is dense in Tg11(T'), we have
T
| o0 (0). )t + R ) = 0,6 € Tavn(T), (28)
0

Let W be the solution of (6) with ¥, = 0. Using the fact that £ solves (24) and ¥ solves (6)
with Uy = 0, we deduce from (28) that

R(OU(T), ér) = R(Vy,&r) , Vér € Tspr (T).
Thus ¥(T) = ¥;. O

Remark 4.4. A uniform gap condition for the eigenvalues of —AL, cf. (12), would imply
that the constants C,,, m € N* admit a uniform positive lower bound and, in that case, H
can be taken as the subset of Tsiy(T) made of the functions ¢ with H'*¢ finite norm. As we
mentioned before, the existence of a planar domain verifying (12) is not even known. One
could maybe define weaker gaps conditions in order to relate H to some Sobolev spaces.
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5 Generic spectral controllability for the quantum box

The goal of this Section is the proof of Proposition 2.8.

Consider p € C1(R? R?). If y is not nowhere constant, then there exists an open ball B
where 1 is constant. Taking an open neighborhood of domains of D3 included in B, condition
(NonZ) will never be satisfied for those domains, thus Property (A) is not generic in Dj.

For the rest of the section, we fix y € C1(R? R?) which is nowhere constant.

In Subsection 5.1, we reduce the proof of the genericity of Property (A) (Proposition 2.8)
to the proof of the genericity of a weaker property (By). In Subsection 5.2, we present the
strategy for the proof of the genericity of Property (By) : it is sufficient to prove a weaker
result, stated in Proposition 5.4. In subsection 5.3, we present the strategy for the proof
of Proposition 5.4. In Subsection 5.4, we perform some preliminary results for the proof of
Proposition 5.4, which is achieved in Subsection 5.5.

5.1 Reduction of the problem

The goal of this section is to reduce the proof of the genericity of the property (A), (Proposition
2.8) to the proof of the genericity of a weaker property (By). For that purpose, we introduce
the properties (Ay) and (By).

For the rest of the paper, the notations )\?0 and ¢?° are used to denote respectively the
jth eigenvalue and one corresponding normalized eigenvector associated to —AZL ,- If, in the
course of a definition or an argument, one domain under consideration is denoted €2, then we
simply use A; and ¢; instead of )\? and (;5?.

Definition 5.1. Let k € N*, k > 2 and Q2 € D3. We say that Q) satisfies Property (Ag) if

[ @é@onada o
Q
Definition 5.2. Let k € N*, k > 2 and Q2 € D3. We say that Q) satisfies Property (By) if
either
[ wa@onads £o,
Q
or
/ 1(q)01(q)ok(q)dqg = 0 and M(-) is not identically equal to zero, (29)
Q
where M : 09 — R? is given by
0y, O 0dy , 0&
M(q) = E(Q)E(Q) + E(Q)E(QL (30)

v is the unit outward normal to 9 and &1, & are the solutions of the following systems,

_(A + >\1)£k = M¢k7 in Q7 _(A + Ak)gl = /’L¢17 in Q7
& =0, on 082, & =0, on 09, (31)
fQ €k¢1 =0, fQ €1¢k = 0.
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A first reduction is given in the next proposition. Its proof is standard and relies on Baire
Lemma, we write it for sake of completeness.

Proposition 5.1. If (Ay) is generic in D3 for every k > 2, then (A) is generic in Ds.
Proof of Proposition 5.1 : Let 2 € D3. We want to prove that the set
G :={u € W**(Q,R?); Q + u satisfies (A)}

is dense in W4*°(Q,R?). For k € N*, we introduce the set G, of functions u € W*>(Q, R?)
such that

AT < LT SN < and [ (@)t (@)df T () dg # 0,V € {2, .. k).

Then, G = W4*(Q,R?), G, is an open subset of G for every k € N* (thanks to the

continuity of u — A" and u— ¢ for j = 2,...,k+1) and G = Ngen=Gy. Thanks to Baire

Lemma, it is sufficient to prove that, for every k € N*, i1 is a dense in G.
Let k € N*, ug € G — Gi.11 and € > 0. We have

A < SN SN < fo, 1(@)97° ()05 (a)dg # 0,V € {2, kY,
and A =\, or
| oo @etada =o.
0

where €y := ) + ug. Thanks to the generic simplicity of the eigenvalues of the Laplacian and
the continuity of u +— ¢?0+“ for 2 < j < k (see [20]), there exists u; € W(Qy, R?) with
||uz|lwae < € such that

A <L <A <A < and [, (@)t ()¢5 (q)dg # 0,55 € {2, .., kY,

where Q := Qg + uy. Thanks to the genericity of (A1) and the continuity of u — )\?ﬁ“ for
2<j<k+1,ur ¢ for 2 < j < k there exists uy € WH(Qq,R?) with [Jug|lyace < €,
such that

AP <L <A< AR < and [, i(@)98?(0)¢5 (q)dg # 0,V € {2, .. k + 1},

Then, u := (I + ug) o (I +uy) o (I +uy) — I is arbitrarily close to ug in W**(Q, R?) and
u € gk_;,_l. O

A second reduction is given in the next proposition. Its proof is also standard. The
argument goes by contradiction and relies on shape differentiation with respect to the domain
2. It has been introduced by Albert [3] and recently used in [11]. We gathered in Appendix
A well-known facts about shape differentiation which will be used in the proof.

Proposition 5.2. Let k > 2. If (By,) is generic in D3, then (Ay) is generic in Ds.
Proof of Proposition 5.2 : Let Qg € D3, k € N*, k > 2. We want to prove that the set

G = {u € WH*(Qy,R?); Q + u satisfies (Ag)}
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is dense in W*>(Qy, R?). We argue by contradiction. Let us assume the existence of uy €
W4 (Qy, R?) and py > 0 such that, for every u € W (Qy, R?) with ||ug — ul[ya= < po, we
have u ¢ G. Thanks to the genericity of (By), we can assume that € := Qg + g satisfies (By).
Then, there exists p > 0 such that, for every u € E,(Q) := {v € W*>(Q,R?); |[v|lws~ < p},
we have

/Q et @) a)dg = 0% € E(@). (32)

Thus, the directional derivative of the integral appearing in (32) in the direction u is equal to
zero, for every u € E,(Q). By classical results on shape differentiation (cf. [40] or Appendix
A below), we get

/Q (46 + 6164(u) )dg = 0,¥u € B,(€), (33)
where ¢} (u) et ¢} (u) are solutions of
LA M@ = X wd, 9, ([ —(A+AdLw) = N, in O,
¢ (u) = —(u, Vo), on 0, ¢ (u) = —(u, Vo), on 09, (34)
Jo d161(u) =0, Jo oedl(u) =

In order to transform (33) in a linear form in u, we introduce the dual systems (31). Note
that these systems have unique solutions, thanks to (32). Using Green’s second formula and
systems (34), we have

- [ n(hwen + orchw) do

= / &1 (w) (A + Ap)&dg + / O (w) (A + A )§1dg
Q Q

[+ asade s [ (6w - a5 do)

+ /Qm + A0S (w)érdg +/ (o0 5~ 625 oty

= [ (GG + G )dota)

Then, (33) is equivalent to

On 06 On 0
/8 () ( aﬁl ;V"f + %%) do(q) = 0,Yu € E,(Q). (35)

This implies that M = 0 which is a contradiction because €2 satisfies (By). O

5.2 Proof strategy for the genericity of (By)

According to Propositions 5.1 and 5.2, it remains to show that the Property (Bj) is generic
in D3 for every £ > 2. To proceed in that direction, fix £ > 2 and 2 € D3. Without loss of
generality, we assume from now that

1. the spectrum of —Ap is simple on €2
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2. there exists ¢ € 0f) such that
du(q) - 73 # 0, (36)
where 7; is the unit tangent vector on 02 at the point g.

Indeed, the second condition is generic and open. Therefore, for a given domain ) € D3, one
can choose an arbitrarily close domain €)' € D3 verifying condition 2. The latter holding in an
open neighborhood of €2, one can pick a domain €2” € D3 arbitrarily close to € veryfing both
conditions 1 and 2.

Arguing by contradiction, we assume there exists p > 0 such that

| aot @ @)in = 0.vu € B,(0), (37)
and
M(u) =0 on 002 + u,Vu € E,(Q), (38)
where F,(Q) := {v € WH*(Q,R?); ||lv||wa~ < p} and M (u) : 9(Q + u) — R? is defined by
Mu)(g) = 22U ) 1) ) | OOnlu) ) D6itu) ) (39)

where ¢;(u), and ¢y (u) are normalized eigenvectors of Af.,, associated to Ai(u) and Ay(u)
respectively and & (u) and & (u) are the solutions of (31) associated to Q + u. (Such systems
have solutions since (37) holds true.) In the sequel, we (sometimes) drop the variable (u) when
it corresponds to u = 0.

The next step consists in shape differentiating the condition M(u) = 0 for u € E,(9).
Applying the classical shape differentiation formula regarding Dirichlet boundary condition
(see Theorem A.2), we get

DM (0)

M'(u) = —(u,v) on 0. (40)

Remark 5.1. For technical details on reqular extension of outward mormal vector, we refer
to [40, Théoréme 4.1, Chapitre IV, page 69].

After computations, we get

(906 () 251 4 0 (Y 4 (00 () ok 001 (kY

ov v v \ v ov v~ Ov \ Qv
L (2 (00 95 00 0 (06
’ v \ov ) ov  Ovdv \dv
T (a—) v oo (5 on 082, (41)
The relation between the first shape derivative of a normal derivative (g—y)’ (u) and the normal

derivative of a first shape derivative %—‘g is given in [19, Théoréme 5.5.2, formula (5.74) of page
205] and reads as follows.

Lemma 5.3. With the notations above, We have
0¢ /_ o¢’ 0 (0¢ 0?¢
(5) =5, " (u,v) (% (5) o2 ) (Vo,Vr({u,v))) on 08, (42)

where Vr is the tangential gradient and % 15 understood as the image of the second derivative
of ¢ (a bilinear form) applied to (v,v).
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Using the above lemma and the fact that the involved functions vanish on 02, (41) is
rewritten as follows

064(u) 06 064 061(w) | 04(u) 06 _ 061 08}
dv  Ov dv  Ov ov  Ov ov  Ov
— ) (D, B Pt 202
’ ov: v Ov Ov?  Ov?: Ov  Ov Ov?

n o9, (43)

where ¢} (u) and ¢} (u) are defined in (34) and &{(u) and &} (u) are solutions of

—(A+ M)& () = M (W&, + pdf(u), in Q
0 &(u) = —(u, )5k, on 99,

| o (018000) + 1 ()6 ) da = 0,
and
—(A + A&l (u) = N, (w)& + pdi(u), in Q,
& (u) = —(u, v) &L, on 9, (a4)
| o (i) + ) )dg = o

As a consequence of the previous computations, the genericity of (By) in D3 results from
the next proposition.

Proposition 5.4. Let k > 2 and Q € D3. Assume that (37) and (38) hold true. Then,
there does not exist p' > 0 such that (34) and (44) admit solutions satisfying (43) for every
u € Ep/(Q)

Remark 5.2. Let J(2) be a smooth functional depending on the domain 2 and u a variation
belonging to WH>(Q,R?). As pointed out in [{0], we have

J"(Q)(u,u) = (J)(Q)(u,u) — J'(Q)(u- Vu). (45)

This equation says that J" (X)), the second derivative with respect to the domain at the point €,
applied to the function u is not in general equal to the first derivative of the function J'(£2)(u)
at the point Q applied to uw. The difference between them is equal to the first shape derivative
of the function J() applied to u - Vu. However, in our case, they are equal because the first
shape derivative is equal to zero by assumption. Thus, (43) exactly corresponds to the second
shape derivative of (37).

5.3 Proof strategy for Proposition 5.4

To prove Proposition 5.4, our strategy is similar to that developed in [11] and, in order to
describe it, we first need information on the regularity of the solutions of (34) and (44). For
that purpose, we consider the following standard definitions of Sobolev spaces and distributions
on § (cf. [33]). If m is a positive integer, we use H™(£2) to denote the Sobolev space of order
m on ) defined by
H™(Q) = {¥ [D*T € L*(Q), |o] <m},
where D* = %, and |a| = ay + ao. Here the differential operators D® are defined in
Ty 0%y
the distributional sense on 2, with D’(Q2) the space of distributions on € being dual to D(Q),
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the set of smooth functions with compact support in Q (cf. [33]). Let p : @ — RT be a

function of class C2(f2) equal to the distance function to 92 (p(z) = d(x,09)) for d(z, Q)

small enough. Such a function exists as noted in [33, Chap.1, paragraph 11.2, page 62].
According to [33], for s € N, we set

=Z5(Q) = {T | pID*V € L2(Q), |a| < s},
equipped with the norm

1/2

g

2@ = | 3 10D

la|<s

Then =%(Q) is a Hilbert space so that H*(Q2) C Z5(Q) C =Z°(Q) = L?(Q2) with a continuous
embedding. Let Z7%(Q) := (2°(2))’ be the dual space of Z%(Q) for the L?*(2) scalar-product.
Then, =7°(Q2) is a distribution space as proved in [33].

Remark 5.3. By interpolations techniques, we can also define the spaces =°(§2) for all real
positive number s. Then, we have H*(Q) C Z°(Q) € Z¥(Q) € L*(Q) if 0 < s’ < s (see [33, p.
184] for more details).

We can now apply the general theorems stated in [33] to the present situation. Let A :=
A + X\ and By be the Dirichlet trace operator. We set

D5(Q) = {¥ | € H*(Q), AV € Z72™(Q)}, 0< s < 2m,

with the norm defined by ||| = (/W[5 + AV
We write system (34) with new notations,

2. »m)Y2. Then, D%(Q) is a Hilbert space.

AV =f in Q and BygWV =g on 09, (46)

where

f=-XN(u)¢; and g = —(u,v) %gi, with j =1, k. (47)

We apply [33, Theorem 7.4 p. 202| for m = 1 (one boundary condition) and my = 0 (there
is not derivation in the trace operator). As ¢; is an eigenfunction, f is in every distribution
space, in particular it is an element of every Z¥(Q) for s’ < 0. Then, if 0 < s < 2, we have
fEZTYQ). If g € HV2(Q), by [33, Theorem 7.4 p. 202], ¥ € D% (Q). We now apply [33,
Theorem 7.3 p.201] with B; = 2 and m; = 1. Then, we have $¥ € H*~%?(Q2). We summarize
these results in the following lemma

Lemma 5.5. Let s € (0,2) and j € {1, k}. With the notations above, if the Dirichlet boundary
condition g = (u, 1/>% € H*71/2(09), then we have ¢(u) € H*(Q) and (% (u) € H*732(09).

As already mentioned in the introduction, the starting remark for the argument of Propo-
sition 5.4 goes as follows. By taking into account Lemma 5.5, the right-hand side of (43) is in
H*71/2(0Q) and, at the same time, the left-hand side in H*=3/2(9Q), for s € (0,2). To take
advantage of that gap of regularity between the two sides of (43), we first consider variations
exhibiting just one jump of discontinuity on €2, let say at some point g, € 0f2, so that, for all
the quantities involved in (43), an irregular part only occurs at the point ¢.. If we are able
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to compute exactly this irregular part, we would infer that it has to be equal to zero by using
(43). It would provide some extra information at the point ¢, of the type F(¢.) = 0 where
F is an R?-valued map defined on 9. Since the point ¢, is arbitrary, we would end with the
relation F' = 0 on 0f2, similar to (38). Using this new information together with M (0) = 0,
one hopes to derive a contradiction.

Let us provide more details. Fix ¢, € 0€) and a parametrization o of C;, the connected
component of J§2 containing ¢., so that o € [—L, L) and g, corresponds to 0 = 0. Fix an open
neighborhood V,, of ¢, in C parameterized by (—a, a) with o < L. We consider an admissible
variation u,, (see Definition 5.3 below) defined as follows: on (—«,0), (u,,,v) =0, on (0, a),
(uq,,v) = 1 and (u,,,v) is smooth in C} except at o = 0. According to Remark 5.4 below,
we can extend the definition of M’(u) to functions u which are not regular enough to perform
shape differentiation (such as u,,). We then show that M’(u,, ) admits, in the distributional
sense, the following Taylor expansion valid in (—a, a),

M/ (4, )(0) = Myp.v. <1) + My In(|o]) + Mso In(o]) + R(o), (48)

o
and we also have, according to (40),
M'(ug,)(0) = MyHy(o) + R(0).

In the above equations, the coefficients M;, 0 < i < 3, are R%-valued, R denotes a (generic)
C' function over (—a, a) and Hy belongs to HY/27¢(99) for every € > 0.

We will then prove that M;, 0 < i < 2, are always equal to zero and, from the relation
M = 0 on 092, we will therefore be left with the relation

MszoIn(|o|) + R(e) =0 on (—a, ). (49)
It would immediately yield M3 = 0. Moreover, we will compute M3 as a function of the values
of ¢1, ¢k, &1, & and their normal derivatives at ¢ = 0 (i.e., at ¢.). Therefore, M3 can be seen
as a function defined on 02 and, since g, is arbitrary, we will get from (49) that M3(-) =0
on 0N). It will provide us with a new non trivial relationship between ¢, ¢, &1, & and their
normal derivatives and we will reach shortly after a contradiction, hence concluding the proof
of Proposition 5.4.

In order now to access to (48) and get a hold on the M;’s, we split M’(ug, ) as follows,

M,(uq*) = Mé(uq*) + Mé(uq*)v (50)
where
/ o9y, (Uq*) % Opx, ag{,b(uq*) 09} (Uq*) % % agllg,b(uq*)
M(uq.) ov  Ov * ov ov + ov  Ov * ov o (51)
, Oy 081 4(uq,) Oy 9, 4(ug,)
Milug.) = 8Vk 1ng =+ 81/1 kgy : ’ (52)

where M;(u,,) and M/}(u,,) are the contributions of respectively the boundary 02 and the
domain € to M’(u,,). In (51) and (52), we choose the variation u,, (see Definition 5.3) such
that ¢ (u,,) and ¢ (u,, ) are solutions of

(A A () = Nl )dr, i Q[ (At A)G(ug) = Nl )bk, i ©,

¢,1(UQ*) = _<uq*ay>%7 on 897 ¢;g(uq*) = —<uq*’y>%’ on aQ?

fQ ¢l¢/1(uq*) = 07 fQ ¢k¢;{:(UQ*) = 07 ( )
53
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and the &) ,(ug.), &§1.a(uq.), & p(ug,) and & ; are defined as the solutions of the following
Helmholtz equations,

—(A+ )& p(ug,) =0, in Q —(A+ )& y(ug,) =0, in Q,
é-llﬁl,b(u‘h) = _<uq>w V)%? on 897 fi,b(UQ*) = _<U’Q*? V)%? on aQ? (54>
fQ 9251512,1;(“(1*) =0, fQ ¢k£1,b(uq*) =0,

—(A+ M)&alug.) = M (W) + ndi(ug,), in Q,

raltg,) =0, on 0, (55)

fQ Cblfl/c,d(uq*) =0,

—(A+ )€1 a(ug,) = A (w)é + poy(ug.),  in
&1.a(ug,) =0, on 91, (56)

fQ gbk&,d(uq*) =0.

By linearity, &} (u,,) = gi,b(uq*) + fi,d(uq*) + c1¢y and & (ug,) = gl/c,b(uq*) + fllc,d(uq*) + 291,
where ¢; = — [, #,(u)éidg and c; = — [, ¢\ (u)érdg. We simply intend here to compute
§i(ug.), j = 1,k, as the sum of two terms, one coming from the boundary condition and the
second from the inhomogeneous part of the PDE. Each of these terms requires the study of
a Dirichlet-to-Neumann operator associated to a Helmholtz equation. In the next section, we
develop in details these computations.

5.4 Evaluations of the singular parts of M;(u,,) and M)(u,,)

In what follows, p and ¢ denote points of R? and x, y denotes respectively the first and second
coordinates of a point in R2.

For the rest of the paper, we fix a point ¢, € 02 and, with no loss of generality, we assume
that 0€2 has only one connected component.

We next choose a parametrization of J€) by arc-length o € [—L, L) so that ¢, corresponds
to (x(0),y(0)). The initial control problem (4) is clearly invariant by rotation and thus we
can assume that the tangent vector at o = 0 is equal to (—1,0)7. We finally proceed to a
translation of vector ¢, which implies that (z(0),y(0)) = (0,0). That transformation only
modifies the PDEs governing &j, &, and &}, j = 1, k, replacing q by ¢ + g. in (32), (31), (54)
and (55).

Since €2 is of class C3, there exists a neighborhood N, of 0 € R such that for every o € N,
we have

(o) = —o+0(c?), (57)
ylo) = @02+O(03), (58)

where £ is the curvature function of 9. Let N, be the subset of 9 made of points ¢(c) =
(z(0),y(c)) with 0 € Nj and v(-) be the unit outward normal along 92, which is of class C?,
and has direction (y'(), —2'(-)).

We now consider a variation u,, which exhibits a unique jump of discontinuity at ¢, i.e.

g, is only defined through its normal part (u,,,v) given next
0, o€ [—a,0),
(ug,, v)(o) =<¢ 1, o€ [0,q), (59)

n(o), o€l|-L,—a)Ula,L),
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where 0 < « is small enough so that [—a, o] C Ny and 7 is smooth so that (u,,,v) is 2L-
periodic and smooth except at o = 0. We sometimes refer to (u,,, ) as the Heaviside function
on Jf) and use H, to denote it.

Remark 5.4. Strictly speaking, u,, cannot be considered as a variation of domain since it is
not in W4 (Q,R?). However, it is rather easy to see that solutions of the differential systems
obtained after shape differentiation can be defined by standard density arguments for function
spaces containing W4 (Q,R?). For instance, M'(u) is first defined by shape differentiation
foru € E,(Q), and that requires to consider the functions ¢’ (u) and &(u), j = 1,k verifying
(34) and (44). On the other hand, these functions only need (u,v), the normal component of
the variation, to be defined. Thus, for (u,v) € H*(0R2), s < 1, one still can define by density
(unique) solutions of (34) and (44) associated to u and thus traces on 02 of these elements.
Finally, using Lemma 5.5, the function defined in the left-hand side of (43) is well defined and,
by an obvious abuse of notation, we use M'(u) to denote it. We now have defined M'(u,,)
and we refer to it as the shape differential of M for the variation ug, .

Remark 5.5. For presentation ease, we use the arc-length o for parameterizing all points q
in a neighborhood of the fized point q, € OS).

Definition 5.3. Let Q be a domain of D3 not verifying condition (By). A variation u (defined
with (u,v) € H*(0R), s € (0,2)) is said to be admissible if

| wnGrkise) = o (60

By applying Green’s second formula and using (33) and (38), one sees that condition (60)
is necessary (and sufficient) for the existence of solutions of the PDEs given in (53), (54) and
then (55) after an appropriate choice of ¢; and ¢o. Moreover, remark that if % = 0 on 092
(and thus % = 0), then every variation is admissible.

Lemma 5.6. For every q, € 052, one can choose the smooth function 1 and the parameter a
introduced in (59) such that u,, is an admissible variation.

Proof of Lemma 5.6. We may assume that %Lj (and thus %) is not identically equal to 0 on
0. Assume first that aa%(q*) # 0. Equation (60) can clearly be stated as an affine relation
L(n) = I, where L is a linear form and [ € R. Notice that L is not null. Indeed, agk( ) is
not equal to zero in an open neighborhood of ¢,. Then, by choosing o small enough, %gj (q(o)
is not equal to zero for some o in (—L, —a) U («, L). It is therefore always possible to select
7n so that u,, is an admissible variation. It is immediate to extend the above construction to
the case where 85’“ % (q.) = 0 and there exists a sequence of points ¢ € 02 converging to g, such
that %E(q) # 0.

It remains to treat the case where aﬂ = 0 on an open neighborhood N of ¢, € 9. It is
then possible to choose o > 0 small enough so that ¢(o) € N for o € (—2a,2a) and n =0 on
(2a, L) U (=L, —«). Then, the corresponding u,, is admissible. O

Definition 5.4. We say that a function g defined on 0S) is 2-reqular if there exists two smooth
(i.e., C*) functions h, h defined on OQ such that g(o) = o*In(|o|)h(c)+ k(o) for o in an open
neighborhood of zero. We will use sometimes the symbol Ry to denote an arbitrary 2-reqular
function. In addition, we use the symbol Ry to denote an arbitrary C' function in an open
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neighborhood of zero. Note that a 2-reqular function is necessarily of class C'. Finally, we
use the notation O(c) to denote an arbitrary C' function equal to zero at ¢ = 0 and with
uniformly bounded derivative over some open neighborhood of zero.

. . ’ ’ ¢!
In the next paragraph, we will prove that the irregular parts of %(uq*), %(uq*), %(uq*),

a?y“i( ) %(uq*) and ag’fj'd (ug,) involved in M'(u,, ) = Mj(u,,) + M}(u,, ) only occur at the

point ¢, and we intend to calculate them exactly.

5.4.1 Expression of Mj(u,,)

The main result of this section is the following theorem.

Theorem 5.7. There exists an open neighborhood of zero N1 C Ny such that, if o € Ny, one

has
/ 1 9¢:1(0) 9(0) 9¢x(0) 96 (0)
M (ug, ) (o) = - {)\1 5 By + g R olnlo| +R4. (61)
For the rest of the paper, we set
1 1
ay - — —%, [ 8_7'(' (62)

Note that the constant 1/7 appearing in the right-hand side of (61) is equal to —4(a;+2as).
The proof of this theorem is based on the following proposition.
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Proposition 5.8. We have
991 (ug,)

(0)Li(o
(0)Ly(o

) + (a1 + 2@2)>\k

o6,
ov

Iy,
a2k

ov

9% (04
* {a_ (5

96

0% [0
* {? (a—y

St OL) g (G

il = 2 {aowe (5) rag

) + (CLl + 2&2)>\1

SOL0) -ay (5

Rl ) = —2{“1%“’”” (1)+ 15’7(

) + (al + 2&2))\1

V) (0)In o]
. }(o>o—1n\a|}
7) (0)L3(0) + R,
) O]
A
7) (O)L2(0) + s
) Ol
} (0)oIn |a|}
) 0)Lafo) + R
L) 0)mlo
£ )onlol}

“) (0)La(o) + R,

)_

) + (a1 +200)

)_

(63)

(64)

(65)

(66)

where Ly (o) := To(p.v. (1)), La(0) := To(In|o|), with Ty the linear operator defined in (111).

Recall that R, is used to denote an arbitrary C' function of OX).

Proof of Proposition 5.8. Explicit computation is only provided for (63) since expressions for

99f, (ug,) 0815 (uax) d 98}, 1 (uax)

S g, an 5 are derived in a similar way. From (107), we first easily get that

the contribution of A} (ug, )¢1 to —(q*) is a term of class C? and thus of type Ro. We next

apply Proposition B.8 with g = %Vl It yields

B (Ho%) (0) = a%}fo)alp.v <1)

9% (O
* {a— (E
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According to Theorem B.4, we get

0! 0¢1(0 1 g (0
%(0’> = -2 {%ﬁam.v. <E) + E (%) (O)Cll ln\a|

P2 (0 9
+ {alw (%) (a1 + zaz)M%} (0)o—1n\a|}

—a%ly(o)alLl(a) - % (%) (0)arLa(o)
_ (alaa—; (%) + (a1 + zag)xl%) (0)Ls(0) + R,

where L3(c) := Ty(cIn|o|). Recalling that In |o| belongs to HY/275(9%2) for every ¢ > 0 and
the regularizing effect of the operator Ty, one immediately gets that o In |o| € H?/27¢(99) and
Li(0) € H??75(9Q) for every € > 0. It implies that Lz(-) is a C'* function of O52. O

Remark 5.6. For the rest of the paper, we will need information about the reqularity of L;(o),
j=1,2. As done in the above argument, we have that p.v. (%) € H™Y272(0Q) for everye >0
and, thanks to the regularizing effect of the operator Ty, we get that Li(-) € HY*75(08) for
every € > 0. Similarly, we get that Ly(-) € H3?75(0) and To(H??75(082)) C Ry for every

e > 0.
We are now able to prove Theorem 5.7.

Proof of Theorem 5.7. Let o € Ny and we eventually reduce the size of the neighborhood
later on. Our first goal consists in computing explicitly the coefficient associated to p.v.(%) in
M;{(ug.). Using Proposition 5.8 and Remark 5.6, we have

olof 0 ) o¢! )
Mo o) = Pl B0) + Sk e
O (ug,) , Ok 01, O y(uq.)

t—0,  (0)5 (o) + 5 o) —5 —(0)

= 2 (L apv. (1) +70)) (L0 +00)

9 (%(Oﬁqp.v G) +7>0(o—)) (%(m + 0(0—))

9 (%(O)alpv G) +7>0(a>) (%(m 0(0—))

9 (%@alp v G) + Po(o) %(0) +0(0)
N (%:f(o)%(m + %(0)8—%(0)) pv. G) + Po(o).

where Py(c) denotes any function belonging to H'/?7¢(9Q) for every € > 0 in some open
neighborhood of zero. Then, we have

M;(ug.)(0) = —4a; M (0)p.v (1) + Po(0). (68)

g
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Since M = 0 on 0f2, we have in particular M(0) = 0. In consequence, there is not any term
in p.v(2) in Mj(ug,).

The next step consists in identifying the least regular term of P,. We begin by writing
that

My (ug.)(0)
— ( aﬁ (%i) (0)In|o| + 2 {alaTZ <%) + (a1 +2a2)>\k%} (0)oIn|o|
)

(0)Ly(0) + Ry (0)) (%(0) + % %) (0)o + 0(02))
- (zal(,% (%) (0)In|o| + 2 alaa—; <%) + (a1 + mm%)} (0)oIn|o]|
)

{
~ag (52) 060 +Ri0) (GE0+ 5 (G ) 01+ 0"
(

14
2
9 (9 +(a1+2a2)>\1% 0)oIn |of
v 8V

{
—ala% (a&i;) (0)La(o )+R1(U)) (%(m +or (%i’“) (0)0—1—0(02))
_ (zala% (‘Ziy) (0)In]o] +2{ 8‘9; (%) + (@ +2a2))\1%} (0)oIn|o]
) e (‘zfy’“) (0)Ls(0) +R1(0)) (%(m v <%) (0)a+0(o—2)) .

Rearranging the terms and using Remark 5.6, we get

M, )(0) = —ar (2L O)2In]o] + 0Li(0) + La(o)) + M(0)La(o) + 2@;\24 (O)cln o)

or
—(4ay + 8as) { a%ly( ) 05;150) + A 8@55]50) 85815)) } oln|o| + Ri(0).

Since M(0) = 0 on 9, we have 22(0) = 0 and %2% (0) = 0 on 0. As a consequence, the

above equation reduces equation (61). O

5.4.2 Contribution of M/(u,,)

We prove in this section the following theorem regarding the Taylor expansion of M) (u,,) in
an open neighborhood of zero.

Theorem 5.9. There exists an open neighborhood of zero No C Ny such that, if o € Ny, one

has
0py, .0
M;(0.)(7) = 2 (02) 22 (0) 22 (0)o I o] + R, (69)

The proof of this theorem is based on the following proposition.

Proposition 5.10. We keep the notations above, then we have

o¢!
%(0) = —(2a; + 4a2)u(q*)%¢; (0)oln|o| 4+ R, (70)
o¢!
%(0) = —(2a; + 4a2)u(q*)%¢2k (0)oln|o| 4+ R;. (71)
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Proof of Theorem 5.9. We note that 2a; + 4as = —%. Assuming Proposition 5.10. We have

, Oy 081 4(ug.) Oy O 4(uy.)
Mi(ug.)0) = auk lguq + ;Vl kqu

- (3204 00) (geuta) 5200 lol + R4 )

+(520+000)) (gonle) Gt O o]+ 1

(0 2 OV 52 0 o] + R

1
m

Recall now the system verified by &} ;.

—(A + /\k)gi,d(uq*) = )\Z(Uq*)& + (g + q.) 9] (uq*) in
1alug,) =0 on 09, (72)

fQ ¢k§1,d(uq*) =0.

The function & , verifies a similar system by exchanging the indices 1 and k£ and we will omit
the corresponding argument.

Remark 5.7. By classical elliptic reqularity theory presented in [33], we know that ¢} €

H'™(Q), and then &, € H*“(Q). By taking the trace, we have % € HY*<(0Q). A
straightforward computation shows that the last term oln|o| in our expansion of Mj(ug) is
51d

in H327<(08)). Hence, it is necessary to compute exactly the first singular term of -

Remark 5.8. The term M)(u,) cannot be treated by a direct functional analysis argument:
if there were a family of functional spaces X* with a well established theory of elliptic equa-
tions such as that for Sobolev spaces and if there would exist s; # sg such that Hy € X**

and In|o| € X*, then 82/"1 and oln|o| would not be in the same X*. However, we cannot
distinguish these two functions even in the family of Besov spaces. We can also note that Hg
is a bounded variation function and In|o| is not, but elliptic theory in the space of bounded
variation functions is not easy. For these reasons, it seems that an exact computation of the

Let us first prove the following technical lemma, which expresses integrals over €2 by means
of boundary integrals over 0f2.

Lemma 5.11. Let k,m be two distinct positive integers. Assume that a function h verifies
(A+ Xg)h =0 in Q. Then we have

%/ﬁh(Q)Gm(p, q)dq = ﬁ <(Em — By)(hlo) + (K} — K7,) (gi)) o (713)

where G, (-, ) is the fundamental solution of the Helmhotz equation corresponding to \,, and
verifying the Sommerfeld condition and the operators Ey, E,,, K}, K}, are defined in Subsec-
tion B.1.
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Proof of Lemma 5.11. Green’s second formula says that

/Q(QIA(92) — 92A(q1)) = /m (91% - gz%) do(q),

where ¢1, go are arbitrary functions such that the above integrals exist. Choose g, = h and
g2 = ¢}, where c is a real number to be determined later. We have

C/Q M)A + M) Gn(p, q)ldg = 0/aQ (h(Q)%(p, q) — Gu(p, Q)S—Z) do(q). (74)

Since (A + A\,)Gin(p, @) = 0,, we then get

ch(p) + ¢ — A) /

Q

h(q)Gm(p, q)dq = C/89 <h(Q) aa?/;” (p,q) — Gm(p, Q)S—Z) do(q). (75)

Setting ¢ := +Aw we then get, for p € €,

Am

[ bGntr s = 5 (<D + 5. (5 ) @ +00)) . (7o)

where S,,, D,, are respectively the single-layer and double-layer potentials associated to G,,
(cf. Subsection B.1).

By applying the normal derivative operator to the two side terms of equation (76) and
then taking into account the jump relations (103) and (31 + K}) Zh = Ej(h), we get that

%/ﬂh(Q)Gm(p, q)dq = " 1_ Aka% (—Dm(h)(p) + S, (% (p) + h(p))

1 —1 . oh oh
= N — A —En(hlaq) + <7 + K, (5) + 5) (p)

1 C/on\  1on
o (B + 52 (51) + 55 ) @
1 . [ Oh  Oh
= N — B (hloa) + K, ) T [Ek(h\aa) Ky D (p)

= 1_ " ((Ek — Ey) (hla) + (KX, — K3) (%)) (p)-

We are now able to provide an argument for Proposition 5.10.

Proof of Pmposz’tion 5.10. According to (107), we first easily get that the contribution of
Ay (g, )& to 2 81/ 4(q,) is a term of class C? and that

1 &, 0
<§I+K;§) ;;d (p) = a—%/ﬂu(quq*)%(Q)Gk(p, q)dg +Ry. (77)

We need the Taylor expansion of the right-hand side of (77) when a boundary point p belongs
to an open neighborhood (in 092) of ¢, (i.e. (0,0)). For that purpose, we perform the following
decomposition.

o Jo il + ¢)9 (@)CGr(p, @)da = [o (e + ¢.)91(0) 5ok (p, 9)dg
—u(p+q*)11( )+ Ia(p),
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where

oG 0
p)z/ﬂcb’l(Q)a—%f(p,q)dqz 8—%/9(?/1((.1)611@(297(])6[(]7

I / (g +¢) — ulp+ q*nqsa(q)%—f:(p, 2)da.

We first treat I;(p). Since ¢ verifies (A + A\)¢} = 0, we can apply Lemma 5.11 and we
get

and

>\k_—1>\1 ((Ek — E1) (¢ o) + (KT — K5) (%(by/l)) . (78)

Using the arc-length o, recall that p = O(c). Thus, we have p + ¢. = ¢. + O(0) and we
write I;(o) for I1(p(0)). According to (116), we first deduce that

Li(p) =

B B0 = 0+ 20) O - M) S0

A — A\
(0)oIn|o| + Ra. (79)

( )O'IH‘O'|—|—R2

0
= (a1 + 2ay) agi

As K} and K7 have the same principal part, by Lemma B.5, we know that (K} — K*)ai;1 is
a 2-regular term. Then,

11(0') ((11 +2a2)a¢

() |o] + Ro. (80)

We now treat I5(p). Taking into account the Taylor expansion of u at p + ¢*, we can
rewrite Io(p) = du(p + q.)J2(p) + R(p) where

J2(p) = /Q(q—p)%—if(p, q)91(q)dq,

oG
- / O(la = p|?
Q

) ayk (p, 9)#(q)dq.

and

Since R(-) is a more regular term than Jy(+), it is enough to prove that Jy is of class C*.
Note that J, = [, H '(¢)dq with H(-,-) the convolution kernel given by H(p,q) :=

(¢ —p)Fx 9Gy, (p, q),p#q. The kernel H is no longer singular (it is actually uniformly bounded

on its dornaln of definition) and straightforward computations yield that H defines a pseu-
dodifferential operator of class —3/2. Recall that H, € HY?7¢(9Q) for every ¢ > 0, we
deduce that ¢, € H'™5(2) for every ¢ > 0, then I, € H*?7¢(9Q) for every ¢ > 0. Then
o — Ja(p(o)) admits a continuous derivative in an open neighborhood of zero. We conclude

that the contribution of Js af;j’d (o) yields an R, term.
By Theorem B.4, we finally get

3 0
P () = (201 + dar)la)

(0)oln|o| + R;. (81)
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5.5 Proof of Proposition 5.4

Collecting the results of Theorems 5.7 and 5.9 in (43), we get that, for ¢ in some open
neighborhood of zero, one has

Mu)o) = {2080 SHOBLD () 20D 2O 1o 1.,
= ), (52)

The left-hand side of (82) is continuous at o = 0, which implies that 22(0) = 0. Then the
left-hand side of (82) must be of class C! at o = 0, implying that the coefficient of o ln|o]
must also be equal to zero. We finally get that

0¢1(0) 0€1,(0) 9¢1,(0) 9&(0) 0¢1(0) 091 (0)
A dv  Ov A dv  Ov + i) % o 0 (83)
and, since ¢, is an arbitrary point of 0€), we get
0 9) 0 0 0 0
M2 % )+ 0 2) B ) 4 ) P ) gy =0 o (s4)

Consider now equations (38) and (84) as a linear system with %(q) and %ij(q) as un-
knowns. After an elementary algebraic manipulation, we have, for every ¢q € 0f2,

T { Gh0 - 5l ) =0 (55)
{5 - 5@ ) =0 (50

As ¢ and ¢y, are eigenfunctions of —AL | by Holmgren uniqueness theorem (see [41, Proposition
4.3, page 433]), their normal derivatives cannot be equal to zero on a subset of 92 with non
null measure. Then, by a simple density argument, we get

96, 1 Oy

5, (@)~ N )\kﬂ(Q) 5, (=0 ond (87)
T 0) ) @) =0 on 09 9

What we have proved so far is that, if Property (By), k > 1, is not generic then a certain
property (Cy) is not as well, where the latter property is defined exactly as in Definition 5.2
except that the function M defined in (30) is replaced by the function S : 99 — R? defined
by

0 1 0
5(@) = GH0) ~ T (@) 5 (0) for g € 00 (%9)

As in Proposition 5.4, it now amounts to prove that the function S defined in (89) cannot
be identically equal to zero on any E,(2) with p > 0. We can follow the same strategy
developed in Subsection 5.2 and use the computations made in Section 5.4.
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Reasoning by contradiction, we assume that S = 0 on 0. Taking the shape differentiation
of that equation and using a variation u,, for an arbitrary ¢. € 092, we get

) ) - 2 ) - 2 (S - @) @

Using Propositions 5.8 and 5.10, we have at ¢ =0

2 (520 - 125 G Onte) ) a7

v 2(5 (?f) 05255 (52) Onta) ) artalo] + O(o1nlo)
= g {5 - S f o

By (87), we simplify the previous equation and get

aél 1 8 8(251
2 (4 ; (52) 0= 5255 (5) 0uta) st + Ot
_ 96 1 O¢
B HO@I/ { o A — N\, O ,u(q(a))}
Since the right-hand side remains bounded in in neighborhood of o = 0, it is necessary that
0 (0& 1 0 (0¢; _
7 () 0= 5255 () Outa) =0 (o1)

On the other hand, by taking the tangent derivative of (87) at ¢ = g, we have

s =3 (52) 0525 (5 () Onte) + G2 Oduta) - m ) =0, 02)

where 7y is the unit tangent vector on 92 at the point g,. From (91) and (92), we end up with

%ﬁl( 0)du(qs) - 70 = 0. (93)

As the previous reasoning is valid almost everywhere on 02, we have

991

5 (q)dp(q) -7y =0, for ¢ € 00. (94)

By condition (36) and by continuity of the map ¢ — du(q) - 7, for g € 052, we get that %
is equal to zero on an open neighborhood of ¢ on 9€2 (defined in (36)). This is not possible by
Holmgren uniqueness theorem. We finally derived a contradiction and Proposition 5.4 is now
proved.
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6 Conclusion, conjectures, perspectives

We recapitulate all the controllability results known for (3) in the following array.

Spectral controllability in time 7" of (3)

Exact controllability in time 7" of (3)

Q=(0,1)

1D yes under (H1)
VT >0

no under no(H1)

yes under (H2)
(i.e. generically with respect to )
in H{, ((0,1), C) with L*((0, T), R)-controls
vT >0

no under no(H1)

2D yes under (H3)
(i.e. generically with respect to (€2, u))
with 7' > Thun(Q)

no under (H3) and (H4)
with T < Tpin ()

no under no (H3)

yes under (H3) and (H4)
in abstract spaces
with T > T, (2)

no under no (H3)

3D no under (H4)

no under (H4)

In this array, we have used the notation
Tonin(S2) := 27d(2)
where d(€2) > 0 is such that
t{k € N; \p — A\ € [0,t]} ~ d(Q)t, when t — +o0.

and the assumptions

(H]') : </“L9017 Sok>L2(Q) 7é 07 for every ke N*u
(H2) : there exists ¢, ca > 0 such that,
G C2 %
(H3) : any eigenvalue A of —AL has multiplicity m < n (n = 2,3 is the space dimen-

sion : 2 C R™) and the vectors (ud1, Ok, ),---, (o1, dr,,) are linearly independant in R™, where
ky < ... <kp and ¢y, ..., Pr,, are the eigenvectors associated to A.

(H4) : there exists i € C°(Q, R) such that u(q) = fi(q)e:.

The assumption (H4) is not necessary for the non spectral controllability of (3) in small
time in 2D (see Remark 3.3). We conjecture that, in 2D, the system (3) is not spectral
controllable in small time under (H3). This is an open problem.

Similarly, the assumption (H4) is not necessary for the non spectral controllability of (3)
in any time 7" > 0 in 3D. We conjecture that, in 3D, and with any time 7" > 0, the system (3)
is not spectral controllable in time 7" under (H3). This is an open problem.
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A strategy to prove these conjectures could be the adaptation of Haraux and Jaffard’s
result (Theorem 3.2) to vector exponential families.

A Shape differentiation

The material presented here is borrowed from [40] and [45].

A.1 Main definitions

Let © be a domain in D3. For a positive integer [, we consider perturbations u in the space
Whee(Q, R?) with norm

w100 :=supess{|D%u(z)]; 0 < a <I, x € Q}.
Then, the domain €2 + u is defined by
Q+wu:=Id+u)(Q) ={z+u(x), x € Q}.

Lemma A.1 (cf. [40]). Let | € N* and u € W"°(Q,R?) be such that |julli. < 1/2.
Then, the map Id+ u is invertible. Furthermore, there exits w € WH(Q + u, R?) such that
(Id+u)™t = Id+ w and ||w];00 < C||ulli00 where Cy is a constant independent on w.

Remark A.1. According to this result, if Q is of class C?, we can choose | = j + 1 so that
the new domain Q + u is also of class C7. In particular, if we need domains of class C?, we
can choose W4>(Q,R?) as the perturbation space.

We now consider a function
v: ue Wh(Q,R?) — v(u) € W™ (Q 4 u)

where 1 < r < oo and m < [ are integers. In practice, v(u) is solution of a suitable problem,
which depends on the perturbation function u. We are interested in the study of the regularity
of the function v(u) with respect to the perturbation function w.

Definition A.1 (First order local variation). Let k > m > 1 and 1 < r < co. We
say that the function v(u) has a first order local variation at u =0 on W™ "( + u) for all
u € Whe(Q, R?) if there exists a linear map v'(u) from u € WH(Q,R?) tov'(u) € Wb "(Q)
such that, for every open set w CC (),

v(u) =v(0) +v'(u) +0(u) inw,
when ||ul; 00 is small enough and

10€)llrm—1.r

— 0 as ||lul|ie — 0.
Hu”l,oo
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Remark A.2. The first order local variation can also be defined as

o)l 0Ol i

where w CC €.

The following theorem provides sufficient conditions for the existence of the first order local
variation.

Theorem A.2 (cf. [40]). Let Q be a C%' domain. Consider the map u — v(u) € W™ (Q+u)
defined on a neighborhood of u =0 in Wk’OO(Q,RQ), withk >m>1and1 <r <oo. Assume
that there exists a linear continuous map u € WH>(Q) — o(u) € W™ 7(Q) such that

v(u) o (Id+u) =v(0) +v(u) +0(u) in W™ "(Q),
for all u € Wk>=(Q,R?) small enough, where

10€w)llrm—1.r

— 0 as ||ul|gec — 0.
2|00

Furthermore, we assume that for every u € W**°(Q,R?) small enough,
v(u) =0 on I+ u.

Then, for each w CC 2, the function u — v(u)|, € W™ 1 (w) defined on a neighborhood of
u =0 in Wh>(Q,R?) is differentiable at u = 0.

Moreover, the map u — v(u)|, has a first order local variation and this variation at u =0
in the direction u; denoted by v'(uy) verifies v'(uy) € W™ 17(Q) and

Vi(u) = = < up,v > ag(y()) on OS). (95)

A.2 Regularity of the eigenvalues and eigenfunctions

By applying [46, Theorem 3] in the same way as in [45], we get the following result.

Theorem A.3. Let Q C R3 be an open bounded domain of class C*. Let \ be an eigenvalue
of multiplicity h of —AL, with associated orthonormal eigenfunctions yi,...,yn. Then, there
exist h real-valued continuous functions, u +— )\?Jr“, and h continuous functions with values in
H?NH}(Q,R), u— y;(u), fori =1, ..., h, defined in a neighborhood U of u = 0 in WH>(Q, R3)
such that the following properties hold,

o =\ fori=1,..,h,

o for every u € U, ot

)

= y;(u) o (I +u)~t is an eigenfunction of —Af. ., associated to
the eigenvalue A\,

e for every u € U, the family (o7™..., o) is orthonormal in L*(Q + u,R),
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e for each open interval I C R, such that the intersection of I with the set of eigenvalues
of —AL contains only \, there exists a neighborhood Uy C U such that, for every u € Uy,
there exist exactly h eigenvalues (counting the multiplicity), )\i”“, 1<i<h, of —Agﬂ
contained in I,

o for each u € W3>(Q,C) and 1 < i < h, the map

R - R x H2NH{LR)
T ya(tu))

t —

s analytic in a neighborhood of t = 0.

A.3 Local variations of the eigenvalues and eigenfunctions

Let Q C R? be an open bounded domain of class C!. Let A be an eigenvalue of multiplicity h
of —AL, with associated orthonormal eigenfunctions yy, ..., yn. Let ;(u) € H*NH (Q+u, R),
i = 1,...,h be the eigenfunctions of —Af, associated to the eigenvalues \;(u), i = 1,..., h,
where \;(0) = X fori=1,..., h.

According to the result of the previous section, the functions ¢ +— \;(tu) and t — @;(tu)
are analytic in a neighborhood of 0. Let us denote by

%)
du

uo

Xi(ug) (resp.

the value of the directional derivative of A; (resp. ¢;) at u = 0 in the direction uy,

Ai(ug) == lim Ailtuo) = Ai(o).

t—0 t

Fori=1,...,h, %], € H*(Q,R) and, for every open subset w CC Q,

7 du

d i 7 t w Wi w oo
2 -— lim 2 ( u0>| ' (0)‘ . in HQ(W,RB).
du o t—0 t

We have, for every t € R,

_AQOi(tUO) = )\Z(tUO)(,OZ(tUO) iIl Q -+ tu(),
i(tug) =0 on (2 + tuy),
fQ-HmO |90i(tuo)(q)\2dq =1.

Thus, using classical results on shape differentiation (see [40]), we get

—(A+N\) d%]uo = N(up)p; in Q,

du

%}“0 - _u0V<Pz on aQ, (96)
Jovila) %], (@)dg = 0.

Remark A.3. We note that all results stated above can be easily extended for C? domains
and variations u € W (Q, R?).
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B The Dirichlet to Neumann map for the Helmholtz
equation

Let Q C R? be a bounded domain with a connected boundary 9 of class C® and outward
unit normal v. For k > 0, we consider the following problem

{ (A+k)u=F,  in Q (o7)

u=f, on 0f).

The goal of this section is to study the Dirichlet-to-Neumann map associated to (97) when
—k? is an eigenvalue of the interior Dirichlet problem. In subsection B.1, we recall some useful
background results (see for instance [4, 12, 34, 42]). In subsection B.2, we study precisely the
Dirichlet to Neumann map associated to (97).

B.1 Preliminary results on Helmholtz equation

A standard approach for studying the Helmholtz equations consists in the representation of
the solution using the single and double layer potentials respectively defined by

Su(f)(p) == /a Gilp.0)f(@)dola). ¥p € RN\OR (98)
and
DN = [ ZEPD fgasty). vpe B0, (99

where Gy(.,.) is the fundamental solution of the Helmholtz equation that satisfies the Som-

merfeld condition and f € L*(9<2). Here the notation 5> stands for the outward unit normal
q

to 0N at the point g. Then the solution of (97) is given by the third Green formula,

u=—3S (%) + Di(f) + F * Gy, (100)

where

FeGulp) = [ F@Gulpa) da, ¥p e

For the reader’s convenience, we recall the following useful standard result which highlights
the difference between the fundamental solution Gy of the Laplace equation and Gy, (see [2]
and [29]).

B.1.1 Fundamental solution

Proposition B.1. Let k > 0. The fundamental solution for the Helmholtz equation is

Grlp,4) = —SHi(k | p =) (101)

where Hy denotes the Hankel function of the first kind of order 0. If Go(p,q) == 5=In | p—q |
1s the fundamental solution of the Laplace equation, then we have

Gr(p,q) = Go(p, @) + gr(p, q), (102)
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where g, = g/,(C ) 4+ gk ) with

1) LR L (Elp—al\ ¢ k|lp—q]
a9 (p,q) = 2ﬂln(2)+2ﬂln< Z 5 :

Jj=1

Elp — g\ ¥
+1)< Ip2 Q|) |

with 1, the digamma function and Jy, the Bessel functwn of first kind.

and

92 (p,q) = ——Jo<

B.1.2 Jump relations

Now, let us state jump relations satisfied by the layer potentials and their normal derivative.
We recall the standard notations

flelp) = tlir(g flz£ty,), pe o,

and 5
y_ﬂi(p) = tlir&(Vf(p:l: tvy), vp), p € OSL
p —
We quote from [4, Lemma 11.1, page 186] the following result.

Theorem B.2. Let Q be a C® domain in R? and let f € L*(02). We have

(Sk (5(9 DI+(p) = (Se(I-(p) = Sk(f)(p), ae pe 09,
8— (f)) ‘ (p) = (i%I+K*) f(p), a.e peoQ, (103)
Di(f )|i( ) = (F30 + Ki) f(p), ae pecdQ,
where Ky, is the operator defined by
ko) = po [ LD sq)int). pe o0 (104)

and where K} is its L*(02)-adjoint.

An other operator will be of interest and will play a major role in our computations. It is
the normal derivative of Dy(f),

B0 =5 ([ Gt doto)). e o (105)

Remark B.1. There is not a jump relation for the normal derivative of the double-layer
potential across the boundary O0S).
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B.1.3 Mapping properties in Sobolev spaces
The following results are also needed (see [42, Chapter 7] and [12, Chapter 3]).

Theorem B.3. Let Q be a C? domain and s € R. Then,
i) the operator Sy is bounded from H*(0SY) into H*T1(9Q),

it) the operators Ky, and its adjoint K} are bounded from H*(9Q) into H*T1(0),

(
(
(i11) the operators L + K} and £ £ Kj, are bounded from : H*(9Q) into H*(0%2),
(iv) the operator K; — K is continuous from H*(0) into H*3(092).

(

v) the operator Ey is bounded from H*(0S2) into H*~1(99).

Proof. The results concerning the single and double layer potential are developed in (cf. [34,
Chapter 4 paragraph 2|)) where are studied the boundedness properties of singular integral
operators whose kernels are the restriction to 99 of kernels defined in R2.

In R?, the layer potential kernel associated to Helmholtz equation is K(x) = Hél)(k | z |)
where Hél) is the Hankel function of order 0. A Taylor expansion shows that the kernel is
pseudo-homogeneous of classe —1. Thanks to [34, Theorem 4.3.1], we conclude that S is
bounded from H*(9Q) into H**1(09Q),

Concerning the double layer potential, its regularity property is due to the fact that its kernel
is pseudo-homogencous of class —1. From [34, Theorem 4.3.1], K} and K; are bounded
from H*(0Q) into H**1(9Q) for every real s. We point out that one can find the detailed
computations in [34, Example 4.5, section 4.3.3 |.

A Taylor expansion shows that the kernel of the operator K} — K{ has the same property as
E(z,y), the kernel of the single layer potential corresponding to the biharmonic equation (cf.
[16]). We recall that

OE(x,y) 1
T/y_§< v —y) (2In|z—y[+1).

The factor (v,,x — y) is regular on 9 x 02 and furthermore for small | x — y | it satisfies
(v, 2 —y) =O0(lz —y [*). (106)
Thus, for an element (z,y) living near the diagonal 92 x 02 , we have

OE(z,y)

o, =O0(lz—yPPIn|lz—y|).

It follows that E(z,y) and the kernel of K} — K have the same smoothing effects. Furthermore,
from [34, Example 4.3, page 216], we get that the kernel of K; — K is pseudo-homogeneous
of class —3. Thanks to [34, Theorem 4.3.1], it comes that K} — K is continuous from H*(0S2)
into H573(99), for every real s.

To finish, we see F}, as a pseudodifferential operator on 02 whose leading symbol is of the form

1
(&) = —3 | £ |. Consequently, the operator Ej, is continuous from H*(9Q) into H*~1(92). O
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B.2 Dirichlet-to-Neumann map

The goal of this section is the study of the singularities of the normal derivative of the solution
of (97). From (100), (103) and (105), we deduce

1 0 0
(51 " K;:) U B(f) o (F % Gy, (107)

In subsection B.2.1, we study the inverse of the operator (37 + Kj), thanks to the reduced
resolvent theory. In subsection B.2.2, we study the normal derivative of the double-layer
potential, Ey(f).

B.2.1 Singular perturbation problem and reduced resolvent

Notice that, when —&? is an eigenvalue of the interior Dirichlet problem for the Laplacian, the
integral equation (107) is not invertible. The associated operator (31 + Kj) is in fact invertible
except for these critical values.

In this subsection, we show how to solve (107) in an efficient manner. More precisely, we
consider a general right-hand side v, which is assumed to belong to the range of %I + K and
whose Taylor expansion in an open neighborhood of zero takes the following form,

1
v(o) = a1p.v (—) + asIn|o| 4+ azoln|o| + Rs. (108)
o

where aq, ay and ag are arbitrary real numbers and where o denotes the oriented counter-
clockwise arc-length of the boundary 02 and R, is an error term defined in Definition 5.4.

The main idea is to break up the explicit formula of % into two parts. The first part reflects
the singular behavior of % and it will not depend on the eigenvalue —k? of the Laplacian.
The second part is a regular remainder of the type R,. Precisely, the goal of this subsection
is the proof of the following result.

Theorem B.4. Assume that % satisfies the equation

1 L\ Ou
(51 + Kk,) == (109)

where v is given by (108). Then, we have

@ :2U+TOU+R2, (110)
ov

where the linear operator Ty given by

1 —1
Ty = —2 (51 + Kg) K. (111)

defines a bounded operator from H*(0Q) into H*1(90Q), for every s € R,

For the proof of the result, precise information on (K}* — K§)p.v.(%) is needed. Although
we know the higher smoothing effect of K} — K the operator, we have to show the following
result.
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Lemma B.5. Let k > 0. The distribution (K* — K{;)p.v.(i) is of the type Ro.
Note that the above distribution makes sense thanks to Remark 5.5.

Proof. We are led to study the Taylor expansion of

I(00) = /_L (0 — 00)2In|o — oo|p.v. (%) do, (112)

L

for oy in an open neighborhood of zero. We may assume oy > 0 and we fix o > 0 small
enough. We have to evaluate the following limit.

e 1 o 1
lim (/ (0 —00)?In|o — 09|~ da+/ (0 —00)?In|o — og|— da)
N o . o

—0
€ o
e

~ lim 7"[(0 —00)%In |0 — 09| — (0 + 00)* In |0 + 0]

= Ii(00) + Ix(00) + I3(00),

where we set

@ lo — oy

Li(og) = ll_r)% 6 oln pr do,

I(og) = —209 lir%/ (In|o — oo| +1In|o + o¢|)do
“ — ool do

I — o2lim [ wmIZ=ldT

3(%) 700 ¢ N op+o o

We first estimate [;(0g). The function in the integral is integrable at o = 0, then [;(0g) =
foaaln% do. We first make the change of variable t = o/0¢. We get I;(0¢) = 02(Co +
Ji(a/oy)), where Cy = fol tln %dt and J;(X) = fIthn %dt for X > 1. By integrating by
part Ji, we obtain

2 2

Ii(00) = Coo2 + 2 QUO In (O‘ — %

o+ o0

) — oo(a — 0y).

Then I is of class C? in a neighborhood of zero.
We next consider I5(0p). We have

a—og a+og
L(og) = —209 {/ In|s|ds +/ In |s|ds}
—0o0 g0

= —200{(a—0¢)In|a—og| + (o + 0p) In|a + o¢| — 2a},

which show that I, is real analytic in an open neighborhood of zero.
Finally, we estimate I3(0g). We have

“ — ool d
I3(0¢) = O'ghﬁ(l) lnu—a :aglim/

€ /oo

afoo |1 — ¢ dt

In———
1+t t
= 0301+03H1(oz/00),
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where C = fol In %% and H,(X) = fIX In Z—}% for X > 1. Making the change of variable

v = % in Hy, we have Hy(a/og) = 2f0ﬁ Y dv, where 3 = o728, We note that 3 < 1. Then,
B 1nw B B
/0 1_U2dv = /0 lnvaQ”dv = Z/o (Inv)v*"dv
n>0 n>0
62n+1 lnﬂ ﬁ2n+1

-y -5+,
2+ 1 %;@n+n2

n>0

For Sy, we have

Si = In(B) <Z— ->
2 n>1 n n>1 n
1
= (@)~ (- B +n(1+ 7))
1. 1+p
= -1 1
sy Ins
1 2
= —1n<1— o0 )lng
2 o+ o0y 0o
For S5, we begin by computing %.
d_SQ o Z ﬂQn ﬂ_lzﬁ%—i_l 200
dog — 2n + 1 doy _ﬂn>0 2n 4+ 1 (o + 09)?
= @ 3 lng = % lng

a?—o5 o a(l— %) 0o

Recall that I3(0g) = 02C)+032(S; +S2), the computations above show that I3 is a 2-regular
term. .

We are now ready to prove Theorem B.4

Proof of Theorem B.4. We subdivide the proof in several steps.
Step 1 :  We begin to recall some results on the reduced resolvent theory (cf. [30, Chapter
[ paragraph 5]). Since A = 0 is an eigenvalue of (%I + K ,’;), the resolvent

wn= (2 remg)

has a singularity at A = 0. Since the dimension of the eigenspace associated to A = 0 is equal
to one, the resolvent is expanded as a Laurent series

1 A &
* _ -1 n An+1
(b-2)rem) =2 S
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in a neighbourhood of A = 0. The notations A_;; and A stand for

A = / - — )\ [ —+ K* 1 d)\
1Lk - 2Z 2 k )
O,k . Z )\ 2 k I

where T is a small positively oriented circle enclosing 0 in C. According to [30], the operator
Py := —A_1 is a projector on the null space associated to A = 0 and moreover

and

Ao o = PyAok = 0,
AT+ K}) Aoy = Ao (31 +K}) = 11— P,

The last equalities show that A is the ” inverse’ of (31 + K}) restrained to the complemen-
tary subspace to the null space associated to A = 0.
Step 2 :  Using the reduced resolvent method, one gets

@ :Aok’U +Z/{(’U), (113)
v ’
where U(C) is an arbitrary element belonging to Ker (37 + K}).
Recall that Ker (31 + Kj;) coincides with the span of the traces of all normal derivatives
on 99 of Dirichlet eigenfunctions of the Laplacian with eigenvalue —k? (see [32, page 684]).
We then deduce that U(C) is of type Rs.
We can now rewrite Equation (113) as follows

0 _ 1 -1
g (11 + K3) Yot Ao,k—<—I+K§) v+ U(V)
ov 2
~ 1 d\ 1 -1 1 -1
-1
(%I—I—KO) ) 1 1
1 d\ 1 B 1 B
+o— F7[<(§—>\)I+K;) (K;—K,1‘+)\I)(§I+K§) v+ U()
_ 1 -1
— (%I+K3) 1U+A07k (K§ — K3) <§[—|—K§) ]v
FA L |3+ Kg) o] U ().
(114)
Writing

1 -1 1 -1
(o) a2 (lr) x

it follows that

9 1 o
a—": =20 —2 <§I + Kg) Kgv+V(v) + W(v),
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where

V(U) = AO,k

1 —1
(K5 1) (51 + K ] v
1 AN
(51 + KO)

Since —A_; is a projector on the null eigenspace associated to the zero eigenvalue, the
remainder W(v) belongs to R,. The smoothing effects of K} — K described in Lemma
B.5 and Theorem B.3(iv) show that V(v) belongs also to Ry. Concerning the term Tyv, its
regularity is deduced from the fact that

and

W(v):=A_1x v+ U(v).

1

5[ + K§ : H*(09) — H*(09Q)
is an isomorphism and that K is a bounded operator from H*(9Q2) — H*t1(9Q) for every
real s. O

B.2.2 Normal derivative of the double-layer potential

In [32], the normal derivative of a double-layer potential is investigated in dimension three.
For our purpose, we adapt their computations in dimension two.

Lemma B.6. Let k € C with Im k>0 and f € D'(02). We have

gf Zw>+k2/ (p) | f(@)Gr(p, a){vg vp)do(q)do(p), Vi € D(09),
T 0 o0

where (.,.) refers to the D'(0Q)/D(0N)-duality, and  is the convolution product on OS).

(Ex(f) ) = (G *

Remark B.2. For details about the convolution product defined on 02, we can refer to [39,
Chapitre 1V, page 166-168].

Lemma B.7. Let f := Hog where Hy is the Heaviside function with a jump at zero and
g : 000 — R is smooth. We have

E(/)(0(0)) = (0) 52

in the space of distributions D'(0S2).
Proof of Lemma B.7. We apply Lemma B.6 to f = Hyg. On the one hand, we have

%,%% = —(Gj * (509( )+Hogg) ?;f>
0G|, dg
= 9(0) {7~

0+ ZOGu ) + (G (G D) o)

(p(o)) + %(O)Gk + Gy, * Ho (% + k2 ) +0(c?), (115)

On the other hand, using (V) Vg(o)) = 1 + 0(03) in a neighborhood of ¢ = 0, we get

2 / o) | F@Cup, ) vy v)do(q)do(p) =K / o(p) / F(@)Gu(p, [L + 0(0?))do(g)do (p)
o0 o0 o0 o0
L £,0) T (0(0%), ).
]
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Then, we have the following result.

Proposition B.8. Let f = Hyg, with Hy the Heaviside function with jump at zero and
g : 082 — R a smooth function. We have

Ex(f)(p(o)) = g(0)ayp.v. (%) + %(O)al In|o| 4+ {GI% + (a1 + 2a2)k2g} (0)oln|o| + Ra,
(116)
where a1 and as are defined in (62)
Proof. According to Proposition B.1, we get
Gi(p,0) = arIn |p| + ¢ + ask?[p[* Inp| + O(|p|*) when p — 0 (117)
where ¢, is a constant depending on k2. Thus, using (57) and (58) we get
Gr(p(c),0) = aiIn|o| + ¢ + ask?*c? In|o| + O(a?). (118)
Similar computations show that
%(p(a), 0) = arp.v. G) + 205k In o] + O(0). (119)

Consider g = g—jgf + k%g and calculate now G}, * Hyg. Since G, is a compactly supported
distribution, then Gy * Hy is a primitive of Gy, (see for example [39, Chapitre IV, page 168]).
Thanks to the fact that g is a smooth function, we conclude that

Gr * Hog = §(0)ayoln|o| + ag + O(0), (120)

where «y, is a constant of integration. This ends the proof of the proposition. O
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