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summary :

The field scattered by a plane composed of several homogenous layers on a perfectly reflecting plane is

generally given by its plane wave expansion (Fourier representation). We here develop another approach to

express the field, more suitable for point source illumination. For this, we sum the contributions of modes

corresponding to zeros  (or poles ) of the reflection coefficient of the imperfectly reflecting surface,1  14 4

developing an original integral representation and its expansions, valid for arbitrary mode which can be

passive or active. Particular attention has been paid to active modes with Re , and to the vicinity of1  !4

the mode with . We then obtain novel exact expressions for the field in acoustics and for1 œ  "4

potentials in electromagnetism.

1) Introduction

The field scattered by a structure composed of several homogeneous and planar layers on
a perfectly reflecting plane [1]-[6] is usually given by its plane wave expansion (Fourier
representation). In this expression, the reflection coefficient, which characterizes the
structure, is a meromorphic function that can be modelled by a product of elementary
reflections coefficients, with constants zeros  (and poles ), so that the field1  14 4

satisfies a multimode boundary condition, which is the product of elementary ones of
impedance type, depending on .14

In practice, the Fourier expansion is suitable in far field or for simple plane wave
illuminations, but is particularly complex to use for non-plane, in particular spherical,
incident waves near the scatterer. Indeed, even if double Fourier integrals can be reduced
to simple Fourier-Bessel integrals for point source illumination in 3D, numerical
integration is quite lengthy because of the highly oscillatory nature of the integral and the
calculus of Bessel functions. Moreover, in far field, the steepest descent method (or
saddle point method) that is currently used for this integral [1]-[4], leads us to an
expansion that is not strictly convergent but asymptotic, and poles of the reflection
coefficient near steepest descent path can greatly complicate the calculus.
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So, we here consider another approach in acoustics and in electromagnetism to express
the scattered field, developing an original integral representation and its expansions for
the contribution of each mode depending on . The roots  can have positive or1 14 4

negative real parts even if the complete system is passive. Particular attention will be
paid to active modes with Re  and to the vicinity of the case  which is1  ! 1 œ  "4 4

generally singular. The presence of active modes leads us to develop novel exact
expressions for arbitrary , for pressure field in acoustics and for potentials in14

electromagnetism, for arbitrary bounded sources. The analytic method so developed can
be applied for the determination of coupling between antennas above an imperfectly
reflective plane, or for the calculus of Green's functions for planar lines printed on a
multilayer. Other methods that use analytic approximations in some specific cases or
some discrete technics exist. So, for the radiation of a point source in 3D above a
homogenous passive half-space or a passive monomode impedance plane, we can notice
[1]-[4] and [7]-[12], while for determination of Green's functions for planar lines using
asymptotics or discrete schemes, we recommend the reading of [5]-[6] and [13]-[16].
The paper is organized as follows. In section 2, we give a brief discussion on general
properties of the field, and show how to derive a complex image representation for the
one mode acoustic case. We transform the expression in section 3, then obtain a compact
form for arbitrary , from which we derive rapidly convergent series, and thus simple14

approximations. We detail in section 4 how to use this development in multimode
acoustic case. The electromagnetic case is studied in section 5, where we develop novel
compact expression of the potentials, by using the results we obtained in acoustic case.

2) Formulation in acoustic case : general properties and elementary problem

2.1) General properties

We consider the pressure field  scattered by an imperfectly reflective plane illuminated?=

by the incident field  radiated by a bounded source above the plane. The plane is?38-

defined by  in Cartesian coordinates . A harmonic time dependence ,D œ ! ÐBß Cß DÑ /3 >=

from now on assumed, is suppressed throughout. To simplify the notation, the field  at?

the observation point  is thereafter denoted  or , .QÐBß Cß DÑ ?ÐDÑ ?Ð ß DÑ œ B  C3 3 È # #

Some general properties are considered for the field:
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(a)  satisfies the Helmholtz equation? Ð ß DÑ= 3

Ð  5 Ñ? œ ! l Ð35Ñl Ÿ Î#ß Ð Ñ? 1#
= with 1arg

and is regular like , in the domain ;? Ð ß  DÑ D  !38- 3

(b)  is constituted of outgoing waves, and decreases at infinity for large  or , so? Ð ß DÑ D= 3 3

that ,  , as  or  , when .? Ð ß DÑ œ SÐ/ Ñ  ! D Ä _ l Ð35Ñl  Î#=
 lSQl3 $ 3 1$ arg

In other respects, we consider that, for any plane wave of incidence angle  composing"

? VÐ Ñ38- , the reflection coefficient  " of the imperfectly reflective plane is a meromorphic
function (see appendix A) that can be factorized as the product of elementary factors,

VÐ Ñ œ ß
 1

 1
"

"

"
$
4

4

4

cos
cos

Ð Ñ2

attached to roots  of the characteristic equation of the surface, so thatcos" œ  14

$ $
4 4

4 = Dœ! 4 38- Dœ!Ð  351 Ñ? ÐDÑl œ  Ð  351 Ñ? ÐDÑl Ð Ñ
` `

`D `D
3

is satisfied . In this multimode boundary condition,  is [16]-[18] denoted the impedance14

parameter of the mode . eveloping  in simple rational elements,4 VD Ð Ñ"

VÐ Ñ œ "  + ß Ð Ñ
"

 1
"

"
"
4

4
4cos

4

we see that the reflection depends on a combination of elementary terms Ðcos"  1 Ñ4
"

only differing in the constant . The contribution of this term can be studied if we14

consider the problem with a one-mode boundary condition and  ,VÐ Ñ œ "  #1" "
1cos"

for arbitrary .1
Therefore, we develop the expression of the field satisfying one-mode boundary
condition in passive and active cases, then we consider its(Re ) (Re ) 1  ! 1  !

generalization for an arbitrary multimode condition in acoustics and in electromagnetism,
respectively in sections 4 and 5.

2.2) Elementary expression of the field in one-mode case

The one-mode boundary condition is given by

Ð  351Ñ? ÐDÑl œ  Ð  351Ñ? ÐDÑl œ Ð  351Ñ? Ð  DÑl ß Ð Ñ
` ` `

`D `D `D
= Dœ! 38- Dœ! 38- Dœ! 5
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This type of condition, also called Robin or impedance boundary condition, is well-
known in scattering theory for passive surfaces [19]-[22]. For (5) when(Re ) 1  !

Re , we can consider like Maliuzhinets in [7], the solution of1  !

Ð  351Ñ? ÐDÑ œ Ð  351Ñ? Ð  DÑß Ð Ñ
` `

`D `D
= 38- 6

or

/ Ð/ ? ÐDÑÑ œ / Ð/ ? Ð  DÑÑß Ð Ñ
` `

5`D 5`D
351D 351D 351D 351D

= 38- 7

which  gives us,

? ÐDÑ œ / / Ð/ ? Ð  D ÑÑ5.D
`

5`D

œ ? Ð  DÑ  #31 / ? Ð  D  DÑ5.D Ð Ñ

= 38- " "
3 _

D
351ÐDD Ñ 351D 351D

"

38- 38- " "
3 _

!
351D

(
(

7

7

" " "

" 8

This representation, particularly simple, verifies (6) and thus (5), and satisfies the
conditions (a) and (b). It has been described by Maliuzhinets in 1948 for Re , forÐ1Ñ  !

argÐ35Ñ œ Î# œ "1 7 with , and is called the complex image expression of the field [2]-
[4], [10], [12].
This expression can also be considered for Re  with a new definition of .Ð1Ñ  ! ´7 71

Radiated by bounded sources, the incident field at  satisfiesÐBß Cß  DÑ

l< / ? Ð  DÑl œ SÐ"Ñ D  ! < œ B  C  D! 38- !
35< # # #!  as , , and we can write [1]-[3],È

? Ð  DÑ œ Ð [ Ð ß Ñ/ . Ñ/ . ß

œ Z Ð Ñ/ . ß Ð Ñ

38- !
!

#
35ÐB C Ñ 35D

!
35D

( (
(

W

1
# # " "

W

"

w

" # # " "

" "

cos sin sin cos

cos

sin

9

when In (9),  is the spectrum of the plane wave expansion and  is from  toD  !Þ [ !!
wW

 3_ Ð35Ñ Ð35 Ñ œ !Þ ´arg sin with Re  We can then consider that , or, in some" W Ww

conditions of parity, that  is from  to  withW  3_ Ð35Ñ  3_ Ð35Ñarg arg
Re  (see remark 1). Applying the conditions (6) and (a)-(b), we then obtainÐ35 Ñ œ !sin"

? ÐDÑ œ Ð [ Ð ß Ñ/ . Ñ / .
 1

 1

œ ? Ð  DÑ  Ð Ñ

= !
!

#
35ÐB C Ñ 35D

38-

( (
W

1
# # " "

w

" # # " "
"

"
cos sin sin coscos

cos
sin

#31\1 10

where
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\1 œ 3 . ß Ð Ñ
Z Ð Ñ/

 1
(
W

"
!

35D"

"
"

cos

cos
11

The path  belongs to the line from  to  withW  3_ Ð35Ñ  3_ Ð35Ñarg arg
Re . In consequence, we notice that,Ð35 Ñ œ !sin"

"

 1
œ  3 / 5.D ß Ð Ñ

cos" (
3 _

!
35D Ð 1Ñ

7

"

1

" cos
1  12

for arbitrary  with Im  when , for Re  with  when1 œ 1 Á ! Ð35Ñ œ ! Ð1Ñ  ! œ 57 71 1
‡arg

l Ð35Ñl Ÿ Î# Ð1Ñ  ! „ 1  ! œ „ 35arg 1 7, and for Re  as Im  with  when1
‡

„ Ð35Ñ   !Þarg  Using this expression in (11), we derive, after changing the order of
integration,

\1 38-
3 _

!
351Dœ / ? Ð  D  DÑ5 .D ß Ð Ñ(

71

1
1 1 13

We notice that the integral term in (13) has poor convergence in the vicinity of ,1 µ  "

and that the parameter  is not defined for arbitrary  when . Thus, we7 11 1 Ð35Ñ œ Î#arg
now seek more suitable expressions for arbitrary  and , for point source illumination.1 5

Remark 1:
For  with ,  is given by [24, eq. 6.616.2]? VÐDÑ œ  ÐD  2Ñ38-

# #ÐDÑ œ Z/
5VÐDÑ !
35VÐDÑ È3

Z Ð Ñ œ  3/ N Ð5 Ñ ß! !
352" " "cos" 3sin sin  Ð Ñ14

with Re  on  from  to , Ð35 Ñ œ ! ! 3_ Ð35Ñsin arg" W or, from parity,
Z Ð Ñ œ  / L Ð5 Ñ!

3
#

352 Ð#Ñ
!" " " Wcos" 3sin sin  if  is from  to  3_ Ð35Ñ 3_ Ð35ÑÞarg arg

Remark 2:
The function  is multiform because of \1 the cut due to poles of  in (11) thatÐ  1Ñcos" "

can go through , and we have to pay attention toW  the condition (b) on the behaviour of
?= at infinity when we modify the expression of the field.

3) Reduction of the integral expression for a point source in one-mode acoustic case

The incident term  is generally a combination of elementary terms ,? / Î5VÐDÑ38-
35VÐDÑ

with , radiated by a monopole at ,VÐDÑ œ ÐB  B Ñ  ÐC  C Ñ  ÐD  D Ñ ÐB ß C ß D ÑÈ w # w # w # w w w

and we now consider the case of a monopole at  above the plane (figure 1).D œ 2w
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figure 1 : geometry and definition of  for the radiation at : Q

Letting  and ? ÐDÑ œ / Î5VÐDÑ œ /38- 1
35VÐDÑ 351ÐD2Ñ\ ] 31Ð ß  D  2Ñ in previous

expressions, we have

? ÐDÑ œ / Î5VÐ  DÑ  / Ð Ñ=
35VÐDÑ 351ÐD2Ñ#31 Ð ß  D  2Ñ ß] 31 15

with

] 31
3 _

!
351ÐD D2Ñ

35VÐD DÑ

Ð ß  D  2Ñ œ / 5 .D ß Ð Ñ
/

5VÐ  D  DÑ
(

71

1
1

1
1 16

where , , . We nowVÐ  DÑ œ  ÐD  2Ñ D  2 œ VÐ  DÑ œ VÐ  DÑÈ3 : 3 :# # cos sin
develop different exact expressions to cover any choice of active (Re ) and passive1  !

(Re ) modes, for  with Re , as .1  ! 1 œ l Ð Ñl Ÿ Î# l Ð35Ñl Ÿ Î#sin arg) ) 1 1" "

For this, we first explain how to obtain a correct integral form in 3.1. We begin with
changing (16), as Maliuzhinets [7], into an expression more simply convergent but rather
uneasy to use for Re , then we modify it and define a correct integral form in 3.1.21  !

for arbitrary . We expand this latter form in different exact series in 3.2, 3.3, and 3.41 Þ

3.1) An exact integral expression of  for arbitrary  as ]1 1 l Ð35Ñl Ÿ Î#arg 1

3.1.1) Simplication of (16) but difficulty concerning branch cut when Re1  !

A way to avoid the choice of  parameter is to transform the integral (16) by taking7

/ œ 35ÐVÐ  D  DÑ  1Ð2  D  D ÑÑ" "  as a new variable of integration. We then obtain,

] 3 /
/ : )

1
œ35VÐDÑÐ"1 Ñ

_ 

# #
"

Ð ß  D  2Ñ œ  . ß Ð Ñ
/

 Ð35VÐ  DÑ Ñ
( È/ :

/

D cos sin cos
17

where the path is defined so ,  beingÈ/ 3 ) : ) /D
# #

" " D Ð35 Ñ œ 35VÐ  DÑÐ  Ñcos cos sin
the value of  for , ./ )D œ ! 1 œ" "sin
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This expression, found in 1948 by Maliuzhinets for passive case [7] and rediscovered in
1951 by Ingard (see (10) in [8]), is very efficient when Re . However, several1  !

difficulties exist for a correct use when Re . The path of integration is straight when1  !

Re , but it can turn around the branch points when Re .1  ! œ „ 35 1  !/ 3 )cos "

Moreover, the cut Re  of  for Re , which is due to poles ofÐ35 Ñ œ ! 1  !cos) \" 1

Ð  1Ñ Þcos" W" in (11) that can go through , does not appear clearly in (17)
Concerning this difficulty with integration path when Re , we can consider the1  !

closed-form expression that we obtain when we let  as Re  in (17),sin cos: )" œ ! 1  !

] :1 œ  I Ð35VÐ  DÑÐ"  1 ÑÑß Ð Ñ1 cos 18

where  is the exponential integral [25], and remark that this expression, alreadyI"

described in [7] and [11],  cannot be used when , or when  if Re1 œ  " œ " 1  !cos:
and Re , even though .Ð35 Ñ  ! œ !cos sin cos) : )" "

To convince ourself of this, we give in figure 2 an example which shows that (18) for
cos: œ " 1  ! is false in some region with Re .
                                              l l]1

                                                 ReÐ1Ñ
fig. 2)  when Re  varies, Im , ., . ., comparison between exact resultl l 1 Ð1Ñ œ !Þ" œ " D  2 œ # ß 5 œ "]1 cos:

(dashed line) and the expression (18) given in [7] and [11], incorrect for Re  (continuous line).1  !

3.1.2) A correct definition of the integral expression of  for arbitrary ]1 1

Proposition 3.1. A correct definition of  for arbitrary  is given by]1 1 œ sin)"

] !1
3, ,

_ 3_
+ > +Ð ß  D  2Ñ3 œ  / .> œ 3 / . Ð Ñ( (cosh cos! 19
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where , sign Re  (Re  being considered as+ œ 35VÐ  DÑ œ Ð Ð35 ÑÑ Ð+Ñ œ !% : ) % )sin cos cos" "

a limit case), and  satisfies,

/ œ - œ Ð" „ ÑÐ" „ Ñß Ð Ñ
35VÐ  DÑ

+
…3,

„ "sin cos) : 20

with , and l ,l Re 1 / œ Þ#3, Ð" ÑÐ" Ñ
Ð" ÑÐ" Ñ

sin cos
sin cos
) :
) :
"

"

Proof. We now let , sign Re  (Re  being+ œ 35VÐ  DÑ œ Ð Ð35 ÑÑ Ð+Ñ œ !% : ) % )sin cos cos" "

considered as a limit case), , and take a new variable of/ ) :D "œ 35VÐ  DÑÐ"  Ñsin cos
integration in (17),  with , , or . Defining  with> œ + > + > œ  + œ 3> ,/ / !cosh sinh È # #

+ , œ  3+ , œ + Ð Î+Ñ  " œ 35VÐ  DÑÐ  Ñ l ,l cos sin cos sin/ / : ) 1D D "
#, , Re ,È

l Ð Ñl Ÿ Î# ,Re , we then obtain (19) where  satisfies (20).) 1" l Ð35Ñl Ÿarg 1
# , 

With this definition, the reader can verify by inspection that the expression of the field,

? ÐDÑ œ ? Ð  DÑ  / / . Ð Ñ= 38-
351VÐDÑ +

,

3_

#1 cos cos: !( ! 21

satisfies the conditions (a)-(b) and the boundary condition (5) for any choice of 1 œ sin)"
as l Ð35Ñl Ÿ Î#arg 1 , except for . In this latter case, the expression (21), like (11),1 œ  "

is singular. Moreover, we notice that, as  varies in complex plane, this expression has a1

correct cut as  changes of sign for Re , and is regular elsewhere (note: for Re ,% 1  ! 1  !

the change of sign of  does not induce a cut as  varies).% 1

This type of expression was previously described for a passive mode with
Re( )  as an approximation for the scattering by the earth [9] ; it was also35  !cos)"
given in [11] for passive impedance case but it was with a definition of parameters which
restricts its application, since, in particular, it gives (18) for , which is false incos: œ "

some region of  with Re  (see figure 2).1 1  !

So, to our knowledge, it is the first time that this expression is given with a correct
definition of  and  which permits the application for arbitrary  as .+ , 1 l Ð35Ñl Ÿ Î#arg 1

A general property of the expression (19) is worth noticing. Using the integral expression
of the modified Bessel function  [25], we can write,O!

] 3 ! !

!

1
3_ 3_

, 3_
+ +

,

3_
+

!

Ð ß  D  2Ñ œ  3 / .  3 / . Ð Ñ

œ  3 / .  #O Ð+Ñ

( (
(

cos cos

cos

! !

!

22
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which is equivalent, by definition of  and , to, +

] 3 ] 31 1 !Ð ß  D  2Ñ œ  Ð ß D  2Ñ  #O Ð+Ñ Ð Ñ23

This relation between the values of , when we take ,  in place of] ) :1 "Ð   Ñcos
Ð Ñ) :", , will be useful to derive other expressions of this function.cos

The figure 3 shows the agreement of  given by (19), and by Fourier-Bessel expansion]1

when (11) is used with (14) [1]-[3].

    l l l l] ]1 1

      Re1 Re1
figure 3) Comparison of  given by (19) and by Fourier-Bessel expansion when (11) is used]1 Ð   Ñ

with (14) , when Re  varies; left :  when Im , , , ;Ð  ‰  Ñ 1 l l Ð1Ñ œ  !Þ% D  2 œ Þ# œ Þ$ 35 œ Þ!"  3"Þ]1 3

right :  when Im , , , l l Ð1Ñ œ "Þ# D  2 œ "Þ œ "Þ 35 œ Þ!"  3"Þ]1 3

Remark 3:
Some particular properties of  are worth pointing out. So, we have,

l l œ l l œ l l Ÿ " Ð Ñ
,  "  Ð  Ñ / /  /

,  "  Ð  Ñ / /  /

cos sin
cos sin

% ) :

% ) :
"

"

3Ð  Ñ 3

3Ð  Ñ 3

#
Im Re

Im Re

) ) :

) :)

" 3#

" # 3

1

1 24

where we have used that Re  ( Re ), Re  ( ), andl l Ÿ Î# Ð Ñ   ! ! Ÿ Ÿ Î#   !) 1 ) : 1 :3 3cos sin
% : ) %+ œ 35VÐ  DÑ Þ Ð Ñ   !sin cos "  We deduce from (24) that Re , andcos,

"  $ 

% %
Ÿ l ,l Ÿ Þ Ð Ñ

% %
1 1Re 25

We remark that, if , then  and , so that, fromcos cos sin sin cos,  œ ! œ œ % ) : ) :" "

l Ð35Ñl Ÿ Î#arg 1 ,  and , and thus  is never equal to .% 1œ " , œ ! , „
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Besides, we notice that sign Re sign , from Ð ,Ñ œ  Ð ÑÑ / œ% )ImÐsin "
#3, Ð" ÑÐ" Ñ

Ð" ÑÐ" Ñ
sin cos
sin cos
) :
) :
"

"

and (25). Thus, when , we have Re sign Re  in the!  „ Ð35Ñ  !  „ Ð,Ñ Ð Ñ arg 1
# "% ) 1

region Re Im  where  changes of sign. In this region,  so that„  ! „ Ð+Ñ  !) ) % %" " arg
„ Ð+Ñ œ + œ !   Ð+Ñ    Ð+Ñ% % !arg arg arg1 1 1

# # #
 when Re , and the zone Re  of

convergence of  when Im  becomes Re  when Re ./ Ä _ ! Ÿ „  + œ !+ cos! ! % ! 1 %

Thus, we can deform the integration path from  to  when Re  and3_ 3_„  !%1 )"

obtain the continuity of  as  changes of sign, while  is discontinuous when] % ]1 1

Re .)"  !

3.2) Two exact series for , rapidly convergent when  or  is small]1 + VÐ DÑ

We present two exact series for  for arbitrary  in this section. Their speed of]1 1

convergence grows as  or  decreases.+ VÐ  DÑ

3.2.1) An exact series whose first two terms give exact expression for  and1 œ "

sin: œ !

Proposition 3.2. An exact expansion of  for arbitrary  is given by,]1Ð ß  D  2Ñ3 1

 

] 3
) :

) :

1 " ! !
"

: "

Ð" ÑÐ" Ñ
#

:

:"
"

Ð ß  D  2Ñ œ  I Ð35VÐ  DÑ Ñ  " #ÐO Ð+Ñ  O Ð  +ÑÑ
Ð"  ÑÐ"  Ñ

#

 I Ð35VÐ  DÑ Ñ
Ð  35VÐ  DÑ Ñ

:x #

Ð"  ÑÐ"  Ñ

sin cos

sin cos

H

) :

1

"" sin cos

Ð Ñ26

where  is the indicator function of the region  of the strip Re , following" l Ð Ñl H
1

1
H )1 " #

" œ YÐ  Ð ÑÑY Ð  Ð   Ð ÑÑÑß Ð Ñ
" 

# #
H1

% 1
) ) Z )Re Re Im 27sin " " "

with , sign Re , and  being the unitZ % )ÐBÑ œ # Ð Ð Ñ Ð ÑÑ œ Ð Ð35 ÑÑ Yarctan tan tanh cosargÐ35Ñ
# #

B
"

step function [25].

Proof. We let  in (19), and write> œ /3!

] 3 !1
, -

3_ _
+

 

Ð ß  D  2Ñ œ 3 / . œ  .> Ð Ñ
/ /

>
( (cos!



+> +
# #>

28

where , sign Re  (Re  being a limit case),+ œ 35VÐ  DÑ œ Ð Ð35 ÑÑ Ð+Ñ œ !% : ) % )sin cos cos" "

Ð>  "Î>Ñl œ # Î+ œ 35VÐ  DÑÐ"  Ñ />œ- D D "




+
#>/ / ) :, . We then develop the term ,sin cos

and obtain for Re ,Ð+- Ñ  !
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]1 :"

: ! : !

+- +-
# #

: :

"

_  >

:"


œ  .> œ  I Ð Ñ Ð Ñ

Ð  Ñ Ð  Ñ

:x > :x #

/ +-" "( 
+-
#

29

which gives us, for Re ,Ð35Ð"  ÑÑ  !sin)"

 30

] 3

) :

1

: !

Ð" ÑÐ" Ñ
#

:

:"
"

Ð ß  D  2Ñ œ 
Ð  35VÐ  DÑ Ñ

:x

‚ I Ð35VÐ  DÑ Ñ Ð Ñ
Ð"  ÑÐ"  Ñ

#

" sin cos) :"

sin cos

where  is the exponential integral of order  [25].I 88

To continue this expression for arbitrary  in complex plane, we need to take somesin)"
precaution with the cut of (11) and of . Indeed, the pole in the integrand of (11) canI:"

change of side with respect to the path of integration , which defines a cut in theW

expression of the field with respect to . In (30), we have also a cut which is the one of1

I Ð@Ñ Ð@Ñ œ ! @  !:"  when Im , . These cuts are different, but we can deform  so thatW

the cuts coincide. We then capture the poles (the zeros of )" ) 1 " )œ  Î# " "cos sin
that goes through the path during the deformation, and determine the residue terms that
have to be added to (30).
We then obtain the exact expression (26) for arbitrary , where  is the indicator1 "H1

function of the region  of the strip Re , on the right side of the pathH )1 " #l Ð Ñl  1

Im  with Re , where Re  andÐ35Ð"  ÑÑ œ ! Ð35Ð"  ÑÑ  ! Ð35 Ñ  !sin sin cos) ) )" " "

Re  The function  being equal to  in  and zero elsewhere, can beÐ Ñ  !Þ " "sin) H" 1H1

expressed following (27). Since  as  is large,  the series convergeslI ÐDÑl  lI ÐDÑl 88" 8

everywhere, except on the cut of exponential integral. This expression corresponds to the
one given in works of IS Koh and JG Yook [11], except that the term
 " #ÐO Ð+Ñ  O Ð  +ÑÑH1 ! !  has been added to render (30) valid everywhere.

3.2.2) An exact series whose convergence is particularly rapid in vicinity of 1 œ  "

Proposition 3.3.  A second expression of with a better convergence in the]1Ð ß  D  2Ñ3

vicinity of , is given by1 œ  "

]
) :

) :

1 " ! ! !

: "

Ð" ÑÐ" Ñ
#

:

:"

œ I Ð35VÐ  DÑ Ñ  #O Ð+Ñ  " #ÐO Ð+Ñ  O Ð  +ÑÑ
Ð"  ÑÐ"  Ñ

#

 I Ð35VÐ  DÑ Ñ Ð
Ð  35VÐ  DÑ Ñ

:x #

Ð"  ÑÐ"  Ñ

sin cos

sin cos

1

1

H

) :

1

" sin cos1

31Ñ
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Proof. For this, we consider (22), using (24) with ,  in place of , , or directly , - , - 

(26) in (23). This formula is more convergent than previous one (26) when Im , i.e.,  !

| | | | 32
Ð"  ÑÐ"  Ñ "   Ð  Ñ

Ð"  ÑÐ"  Ñ "   Ð  Ñ
œ  " Ð Ñ

sin cos sin cos sin cos
sin cos sin cos sin cos
) : ) : ) :

) : ) : ) :
" " "

" " "

which is the case, for example, when  and  are real and ofÐ"  Ñ Ð  Ñsin cos sin cos) : ) :1 1

opposite sign, and Re .Ð Ñ  !sin)"

Let us notice that, when , the terms under summation are the same incos sin: )œ  "

(26) and (31), and . In this particular case, we have , and thus" œ ! , œ !H„1

] !1 !
!

3_
+œ 3 / . œ O Ð+ÑÞ Ð Ñ( cos! 33

We give in figure 4, two examples of application of (26) and (31). With only three terms,
(26) is better for Re , while, for (31), it is the case for ReÐ1Ñ  ! Ð1Ñ  !Þ

l l l l] ]1 1 

    Re   Re1 1

figure 4) Comparison of (26) and (31) and exact result  when Re  varies; left :  whenÐ  ‰  Ñ 1 l l]1

Im ,  , ,  (with all terms of (26) and (31)); right :  whenÐ1Ñ œ !Þ% D  2 œ Þ# œ Þ$ 35 œ Þ!"  3"Þ l l3 ]1

Im , , ,  (with sums truncated to  in (26) and (31))Ð1Ñ œ !Þ" D  2 œ Þ!# œ "Þ 35 œ Þ!"  3"Þ : œ #3

Remark 4 :
From Re , sign Im sign  when , andl l Ÿ Î# Ð Ð+ÑÑ œ  Ð Ð35ÑÑ œ  ") 1 %3 arg
„ 3 M ÐDÑ œ O ÐDÑ  O ÐD/ Ñ Ð Ð35ÑÑ3 M Ð+Ñ œ O Ð+Ñ  O Ð  +Ñ1 1! ! ! ! ! !

„31 , we have sign arg
when . Notice that  when ," œ " O ÐDÑ œ  3 L Ð  3DÑÎ#  Î#  ÐDÑ ŸH1 !

Ð#Ñ
!1 1 1arg

O ÐDÑ œ 3 L Ð3DÑÎ#   ÐDÑ Ÿ Î# M ÐDÑ œ N Ð3DÑ! ! !
Ð"Ñ
!1 1 1 when , and .arg
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3.3) a series rapidly convergent for arbitrary  when , andVÐ DÑ l l  "#
Ð" Ð  ÑÑ

sin cos
sin
: )
) :

"

"

asymptotic for large VÐ DÑ

We present an exact series, convergent for arbitrary  whenVÐ  DÑ

l l œ l l  " VÐ  DÑ#+
 + Ð" Ð  ÑÑ

#
/ % ) :

: )

D "

"sin cos
sin , which is also asymptotic for large .

3.3.1) a first order expression with I Ð+ ,  +Ñ" cos %

Lemma 3.1. We can express  in the form]1Ð ß  D  2Ñ3

] e $ % 1 1 $1 !œ Ð ß ß " A# Ñ  " # 3 AM Ð+Ñ Ð Ñ% H H
: :
1 1

34

where

e $ % ) :
) :

: )

$ $ %
! % !

! %

Ð ß ß =Ñ œ  / I Ð35VÐ  DÑÐ"  Ð  ÑÑÑ
Ð"  Ð  ÑÑ

Ð  Ñ

 Ð"  ÑO Ð+Ñ  3 / +Ð ÑÐ
I Ð+  +Ñ+

Ð+  +Ñ

%
%

% %
%

$

 +
"

!
 +

,

3_=
"

#

sin
sin

cos sin
cos sin cos
cos

1
1

1

(
%

! %

!
!


Ñ . Ð Ñ

sin
$ 35

with . In this expression, we have= œ " A#H
:
1

1

" œ YÐ  Ð ÑÑY Ð   Ð   Ð ÑÑÑß Ð Ñ
" 

# #H1
:

% 1
) ) : Z )Re Re Im 36sin " " "

and  with# œ Ð"  Ñ  Ð"  Ñ$ % $ % $% "

$ $ ) : Z )
) : 1

) :
œ Ð Ñß œ Ð   Ð   Ð ÑÑÑßÐ Ñ

Ð"  ÑÐ"  Ñ

Ð"  ÑÐ"  Ñ #
sign | | sign Re Im 37ln

sin cos
sin cos

"

"
" " "

and Re  which is equal to sign  in $ HA œ =318Ð Ð,ÑÑ Ð Ð35ÑÑ Þarg :

1

Proof. It is possible to express (19) and (22) in the compact form

] 3 $ ! $1 !
,

3_
+Ð ß  D  2Ñ œ 3 / .  Ð"  ÑO Ð+Ñß Ð Ñ(

$

!cos 38

with  being equal to  or . We then choose the parameter  in order to keep$ $ "  "

Im , and thus Im , which, from (20), implies! $ ! ,  !

$
) :

) :
œ Ð ÑÞ Ð Ñ

Ð"  ÑÐ"  Ñ

Ð"  ÑÐ"  Ñ
sign | | 39ln

sin cos
sin cos

"

"
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To develop the expression, we consider (24), which indicates that the singularity ofÈ/ / %# #
D D + œ + , + the nearest of  is , and we write,cos

] $ ! $
! ! %

! % !
1 !

 +

,

3_ Ð+  +Ñ

œ 3 / Ð Ñ .  Ð"  ÑO Ð+Ñ Ð Ñ
/ + 

+  +
%

$

! %( cos sin cos
cos sin

40

where we have expressed the integrand as the product of two functions, respectively
infinite and nul at . We then choose to integrate by parts, restricting ourselves tocos! %œ

not cross the cut of the exponential integral , , and we obtainI Ð@Ñ @  !"

] e $ %1 œ Ð ß ß = œ !Ñ Ð Ñ41

where

e $ % $ ) :
) :

$ : )

$ $ %
! % ! !

! %

Ð ß ß =Ñ œ  / I Ð35VÐ  DÑÐ"  Ð  ÑÑÑ
Ð"  Ð  ÑÑ

Ð  Ñ

 Ð"  ÑO Ð+Ñ  3 / +Ð ÑÐ
I Ð+  +Ñ+ 

Ð+  +Ñ

 +
"

!
 +

,

3_=
"

#

%

%

$

sin
sin

cos sin
cos sin cos
cos

1
1

1

( %

!
!

sin
Ñ . Ð Ñ$ 42

However, we can go further and transform the expression of  so that it becomes valid]1

everywhere. For this, we need to distinguish the case  and the case .% %œ  " œ "

In the case , the cuts of  from  to% ! % 1œ  " I Ð+  +Ñ Ð+Ñ „  3_" cos arg
 Ð+Ñ „  3_ œ „ Þ , 3_arg 1 ! 1 $ are centered on  The path from  to  goes through the
cuts when  belongs to the domain denoted  (figure 5). In this case, we then choose a) H" 1

:

new integral expression where the path of integration, going from  to ,$ 1, 3_ A#

avoids to cross the cut. For this, we use that

3 / . œ 3 / .  # 3 AM Ð+Ñ Ð Ñ$ ! $ ! 1 $( (
$ $

! !
1

, ,

3_ 3_A#
+ +

!
cos cos 43

where sign Re , and we obtain,A œ Ð Ð ,ÑÑ$

] e $ % 1 1 $1 !œ Ð ß ß " A# Ñ  " # 3 AM Ð+Ñ Ð ÑH H
: :
1 1

44

as , where  is the indicator function, equal to  in  (figure 5) and being nul% Hœ  " " "H
:

:
1

1

elsewhere. The domain  is a part of the region with Re and  whichH ) %
:
1 "Ð Ñ  ! œ  "sin

is limited by the curve Im , Re , so that (36) applies.Ð  +Ñ œ ! Ð  +Ñ  !/ % / %D D
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figure 5 : definition of H:
1

In the case , the cut of  goes from  to% ! % 1 7œ " I Ð+  +Ñ   Ð Ð+Ñ  3_Ñ" cos arg
1 7 7 $ Ð3_ Ð+ÑÑ œ Ð Ð+ÑÑ ,arg arg with sign . To avoid the cut in this case,  has to be
above it, so that we need to modify the definition of . We then take, instead of ,$ $

$ ) : Z )
1

" " "œ Ð    Ð ÑÑÑ Ð Ñ
#

sign Re Im 45

Thus, we obtain in general (34), where sign  in  from remark 3. Let us$ HA œ Ð Ð35ÑÑarg :

1

notice that the integral term in the expression of  vanishes as , except in the casee + œ !

, œ ! where (33) applies.

3.3.2) an expression of arbitrary order with ,I Ð+ ,  +Ñ : Ÿ 8: cos %

Proposition 3.4. The function  can be developed following,]1Ð ß  D  2Ñ3

] ) :
) :

: )

$ 1

1 " "
35VÐDÑ "

"

! ! : 8

:œ"

8"

œ  / I Ð35VÐ  DÑÐ"  Ð  ÑÑÑ
Ð"  Ð  ÑÑ



 Ð"  ÑO Ð+Ñ  " # 3 Ð Ð35ÑÑM Ð+Ñ  2 L Ð Ñ

sin cos: )

% H

"

1

sin
sin

cos sin

arg: sign 46"
where  and  are, respectively, the term of the series,2 L: 8

2 œ Ð Ñ ‚
# Ð" ‚ ÞÞÞ ‚ Ð#:  "ÑÑ

"  Ð  Ñ # :x

‚ / @ Ð35VÐ  DÑÐ"  Ð  ÑÑÑÐ Ñ Ð Ñ
"  Ð  Ñ



:
"

"

:
:

35VÐDÑ
:" "

"

"

sin cos
sin

sin
sin

cos sin

: )

) :

) :
) :

: )
sin cos: )" 47
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and the remaining integral term,

L œ  3 / . Ð Ñ
Ð" ‚ ÞÞÞ ‚ Ð#8  "ÑÑ @ Ð+Ð  ÑÑ

Ð8  "Ñx Ð  Ñ
8

8 35VÐDÑ

,

3_=
8

8
% $ !

! %

! %
sin cos: )

%
$

" (
%

cos
cos

48

where , , and  are defined in previous lemma and figure 5. The function , detailedH $
:

1 8= @%

in appendix B, is given by @ Ð>Ñ œ I Ð>ÑÞ8 7"
7œ!

8"
Ð"Ñ Ð8"Ñx
7xÐ8"7Ñx

! 7

When  as the term  vanishes, and thel l#
Ð" Ð  ÑÑ

sin cos
sin
: )
) :

"

"
 " ,Ñ  ! and , Im(  and 8 Ä _ L$% 8

expansion becomes an absolutely convergent seriesÞ Moreover, for large
+ œ + L%35VÐ  DÑsin cos: )",   is small, and , except when8

8 the expansion is asymptotic
, œ ! and .cos sin: ) œ !"

Proof. We continue to iterate the integration by parts in (34). For this, we notice that

` Ð  Ñ # - Ð  Ñ

` Ð  Ñ Ð  Ñ Ð  Ñ
Ð Ñ œ Ð Ñ

7 7 % 7 % 7 %

7 % % 7 %- -"

- # -"
49

and define the function  satisfying@8

@ ÐDÑ œ Ð>  DÑ .> œ I ÐDÑ Ð Ñ
/ Ð  "Ñ Ð8  "Ñx

> 7xÐ8  " 7Ñx
8 7"

D

_ > 7

8
8"

7œ!

8"( " 50

where After  integration by parts, we obtain (46), wherel Dl  Þ 8arg 1

+ œ 35VÐ  DÑ œ Ð Ð35 ÑÑ / œ Ð" „ ÑÐ" „ Ñ% : ) % ) ) :sin cos cos sin cos" " "
…3, 35VÐDÑ

+, sign Re , ,
$ H 1 $ % $ % $A œ Ð Ð,ÑÑ œ Ð35Ñ = œ " A# # œ Ð"  Ñ  Ð"  Ñsign Re sign( ) in , , .arg :

:
1 "H %

1

The function  has remarkable properties (see appendix B), in particular,@8

@ ÐDÑ œ Ð"  SÐ ÑÑ D 8
/ Ð8  "Ñx "

D D
@ ÐDÑ µ #/ Ð/ O Ð# 8DÑÑ 8 D

@ ÐDÑ œ  D  #  Ð8Ñ  SÐD DÑ D

8

D

8

8 !
D DÎ#

8

 as  is large,  fixed

 as  is large,  fixed
 as  

È
ln ln# G is small 51Ð Ñ

Consequently,  is bounded as  increases and  is fixed, so that the series is@ ÐDÑ : D:"

absolutely convergent as

l l œ l  " Ð Ñ
#

Ð"  Ð  ÑÑ l ,  l

sin cos
sin cos
: )

) : %
"

"

#+ #

 +
l œ

/ %D
52

This is confirmed by the fact that the remainder integral term  isL8

SÐ Ð Ñ Ñ 8 Ð ,Ñ  !Ð#8Ñx
# 8xÐ8"Ñx ,

# 8
#8 cos % % as  increases, since Im  when (52) is satisfied.$
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In other respects, when  is large and , we can consider the asymptotic behaviour of+ , Á !

@ ÐDÑ D 8 2 SÐ Ñ8 8"
"
+ as  becomes large and  is fixed. In this case,  is  and the remainder8

L SÐ Ñ , Á Þ + L8 8
"

+
8 is  if  Thus,  is small which8" cos %  implies that the expansion is also

asymptotic for large  + , œ !, except when  and (see remark 3).cos sin: ) œ !"

We give in figure 6, two examples of application of (46). Notice the convergence when
(52) is satisfied, and a correct asymptotic behaviour, except when cos sin: ) µ !Þ"

   l l l l] ]1 1

   Re Re1 1

figure 6) comparison of (46) with exact result  when Re  varies. left :  when Im ,Ð  ‰  Ñ 1 l l Ð1Ñ œ !Þ"]1

D  2 œ Þ' œ Þ# 35 œ Þ!"  3"Þ 8 Ä _ L œ !, ,  (with  and  in (46) / convergence except when3 8

l ,  l  # l l Ð1Ñ œ !Þ" D  2 œ $Þ œ * 35 œ Þ!"  3"Þ 8 œ #cos % 3); right :  when Im , , .,  (with only  and]1

L œ ! œ 8 " / asymptotic except in the vicinity of )sin cos) :

3.4) a series rapidly convergent for arbitrary  when VÐ DÑ l lÐ" Ð  ÑÑ
#

sin
sin cos

) :
: )

"

"
 "

To complete the expression given in previous section, we need some expansion of(46) 
(19) rapidly convergent for arbitrary  when , or better still, in theVÐ  DÑ l  +l  #l+l/ %D

larger domain , since, from (24), .  We then choosel  +l  #l+l l  +l Ÿ l  +l/ % / % / %D D D

to develop the expression when  and  is in a vicinity of  or l ,  l  # , ! „ Þcos % 1

Proposition 3.5. When , and thus as ,l l œ " l l œ  "/ % / %D D +  +
#+ #+l l cos,

#
% l lÐ" Ð  ÑÑ

#
sin

sin cos
) :

: )
"

"

two convergent expansions of  apply. If , we are in vicinity of  and we can(19) % œ " , œ !

write
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] ! !

!

1
! !

3_ ,
+ +

!
!

,
+

Ð ß  D  2Ñ3 œ 3Ð / .  / . Ñ

œ  ÐO Ð+Ñ  3 / . Ñß Ð Ñ

( (
(

cos cos

cos

! !

! 53

where,

( " È
!

,
+ + #

7 !

7

7"Î#
/ . œ / Ð7  "Î#ß Ð  3 #+ Ð,Î#ÑÑ Ñ Ð Ñ

3-

Ð#+Ñ
cos! ! # sin 54

while, if , in vicinity of , sign Re , we have% 1œ  " , œ @ @ œ Ð ,Ñ

] ! ! !

1 !

1
@ ! @

! 3_ ,
+ + +

! !
@

,
+

Ð ß  D  2Ñ3 œ 3Ð / .  / .  / . Ñ

œ  Ð3 @M Ð+Ñ  O Ð+Ñ  3 / . Ñß Ð Ñ

( ( (
(

1 1

! ! !

1

!

cos cos cos

cos 55

where,

( " È
@

,
+ + #

7 !

7
7

7"Î#
1

!/ . œ  @ / Ð7  "Î#ß Ð #+ Ð,Î#ÑÑ Ñ Ð Ñ
Ð  "Ñ -

Ð#+Ñ
cos ! # cos 56

In these expressions,  is the binomial coefficient of the- œ Ð  "Ñ Ð#7ÑxÎÐÐ7xÑ # Ñ7
7 # #7

function  for , and  is the incomplete gamma functionÐ"  >Ñ l>l  " Ð7  "Î#ß DÑ"Î# #

[25, p.262], related to error function erf  byÐBÑ

# 1 # ! !# !Ð"Î#ß B Ñ œ ÐBÑ Ð  "ß B Ñ œ Ð ß B Ñ  B / Þ Ð Ñ# # # # BÈ erf , 57! #

Proof. In the case , we use , and obtain, when% ! !œ " œ "  #Ð Ð Î#ÑÑcos sin #

l ,  "l  #cos ,

( (
( ("

! !

, œ,
+ #

+

# "Î#

! !

Ð3 Ð,Î#ÑÑ Ð3+ #+>

"Î# "Î#
7 !

7
+

/ . œ .Ð3 Ð Î#ÑÑ
3/

3 Ð Î#ÑÐ"  Ð  3 Ð Î#ÑÑ Ñ

œ .> œ 3- /
3/ /

> Ð"  >Ñ

cos
cos

sin sin

!
! !

! !
! !sin sin

sin
# Ð,Î#ÑÑ

#+> 7"Î#

#

/ > .>

while, when , we use , and obtain when% ! !œ  " œ #Ð Ð Î#ÑÑ  " ßcos cos #

l ,  "l  #cos ,
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( (
( ("

@ œ@

, œ,
+ #

+

# "Î#

! !

Ð Ð,Î#ÑÑ Ð Ð,Î#Ñ+ #+>

"Î# "Î#
7 !

7
+

1 ! 1

!
! !

/ . œ  .Ð Ð Î#ÑÑ
@/

Ð Î#ÑÐ"  Ð Ð Î#ÑÑ Ñ

œ  .> œ  @ - /
@/ /

> Ð"  >Ñ

cos
cos

cos cos

! !
! !cos cos

cos
# Ñ

#+>
7

"Î#

#

/ .>
Ð  >Ñ

>

with @ œ Ð ,Ñsign Re , which gives us (54) and (56).

We give in figure 7, two examples of application of (53)-(56). We then notice the
excellent convergence when l  +l  #l+l/ %D Þ

      l l l l] ]1 1

      Re     Re1 1

figure 7 comparison of (53)-(56) with exact result . left :  when Im , ,Ñ Ð  ‰  Ñ l l Ð1Ñ œ !Þ% D  2 œ #Þ]1

3 3œ $Þ 35 œ Þ!"  3"Þ l l Ð1Ñ œ !Þ" D  2 œ Þ' œ "Þ),  (with all terms in (53)-(56)),  right :  when Im , , ,]1

35 œ Þ!"  3"Þ 7 œ # (with sums truncated to  in (53)-(56))

Remark 5 :
We can truncate the series for , noticing that, for ,Ð"  >Ñ l>l  ""Î#

Ð"  >Ñ œ - >  Ð  "Ñ .B Ð Ñ
# Ð> BÑ

"  > B
"Î# 7 R

7œ!

R"

7
!

Î# # R

#
" (

1

1 sin
sin

58

where the integral term is .SÐ Ñ>
Ð">Ñ

R

"Î#

4) The generalization to a multimode boundary condition in acoustics

Among the zeros  of the reflection coefficient used , a finite number can14 in (2) and (3)
be with nul real part when there is no loss, while the ones with large real parts, which
have small influence on the field, can be neglected [16]-[18].
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Therefore, w  at the order  withe truncate the boundary condition (3) R

l Ð l ÐRe Re1 Ñl  1 Ñl4" 4 , and consider that,

$ $
4œ" 4œ"

R R

4 = Dœ! 4 38- Dœ!Ð  351 Ñ? ÐDÑl œ  Ð  351 Ñ? ÐDÑl Ð Ñ
` `

`D `D
59

The reflection coefficient is then given by

VÐ Ñ œ œ Ð Ñ
 ^ Ð Ñ

 ^ Ð Ñ  1

 1
:

: :

: : :

:cos
cos cos

cos<

< 44œ"

R
4$ 60

where  is the angle with the normal , and | |  for real  if the plane is passive.: : :D VÐ Ñ Ÿ "s

The sign of Re  can be positive or negative when Re . Indeed, let us consider a1 1 Á !4 4

common physical example without loss with , where  andargÐ35Ñ œ Î# lVÐ Ñl œ "1 :

^ Ð Ñ ^ Ð Ñ œ  ^ Ð Ñ< < <
‡ ‡: : : : is purely imaginary for real , and  (see appendix A). In this

case, we have , and thus  and  are zeros of . TheseVÐ Ñ œ ÐVÐ Ñ Ñ 1 Ð  1 Ñ VÐ Ñ: : :‡ " ‡ ‡
4 4

zeros have real parts of opposite sign when Re , which confirms our assertion.1 Á !4

4.1) An expression of the solution

Proposition 4.1. The field scattered by a multimode plane illuminated by a monopole,
satisfying the condition (a)-(b) and the boundary condition (59), when
?38-ÐDÑ œ / Î5VÐ35VÐDÑ DÑ with  VÐDÑ œ  ÐD  2Ñ l Ð35Ñl Ÿ Î#È3 1# #, , is given byarg

? ÐDÑ œ ? Ð  DÑ  3 / Ð ß  D  2Ñ Ð Ñ= 38- 1

R
351 ÐD2Ñ"

4œ"

4+ 4
4

] 3 61

where the coefficients satisfy+4

$ " $
4œ"

R R R
4 4 4 3

4 4 4 43Á4

cos
cos cos

"

" "

 1 + 1  1

 1  1 #1 1  1
œ "  ß œ  Ð Ñ

"

4œ"

4+
3

. 62

Proof. As in (9) of section 2, we consider the representation of  for bounded? Ð  DÑ38-

sources, for ,D  !

? Ð  DÑ œ Z Ð Ñ/ . Þ Ð Ñ38- !
35D(

W

"" "cos 63

We first let , Im . Using (59) and (62), we obtainargÐ35Ñ œ ! 1 Á !4
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R
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!
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R
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(
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"
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"
"

" "
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"

cos
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"

cos
cos

cos

4

44œ"

4+ 64

then, writing,

"

 1
œ  3 / 5.D Ð Ñ

cos"
4 4

4 4(
3 _

!
35D Ð 1 Ñ

4
7

"cos  65

with Im , we derive74 4œ 1

? ÐDÑ œ ? Ð  DÑ  / ? Ð  D  DÑ5 .D ÑÞ Ð Ñ= 38- 38- 4 4

R

3 _

!
351 D"

4œ"

4

4
4

+

#1
Ð#31 (

74

4 4 66

As expected, the integral terms in (66) are similar to the one in (8) for single mode case.
For an illumination by a monopole at , whenÐB ß C ß D œ 2Ñw w w

?38-Ð  DÑ œ / Î5VÐ  DÑ VÐ  DÑ œ  ÐD  2Ñ35VÐDÑ # # with , these terms areÈ3

given by / Ð ß  D  2Ñ 1 œ 1351ÐD2Ñ
1 4] 3  for , which has been studied in section 3 for

arbitrary  and , so that we can write (61) in general for .1 5 l Ð35Ñl Ÿ Î#arg 1

This expression can be used, by superposition principle, for arbitrary sources which are
combinations of monopoles.

5) The generalization to electromagnetic case with multimode boundary conditions

The problem is more complex in electromagnetism because of the polarization of the
field. However, it can be reduced for a large class of multimode boundary conditions.
Following R.F. Harrington [23, p.131] in 1961 (see also [1, p.19] in 1964), we can write
the electric field  and the magnetic field  satisfying the Maxwell equations, with twoI L

scalar potentials  and , followingX [

I œ  35 Ð DÑ  Ð Ð ÐÞÑÑ  5 ÑÐ DÑs s

L œ 35 Ð DÑ  Ð Ð ÐÞÑÑ  5 ÑÐ DÑ Ð Ñs s

rot grad div

rot grad div 67

[ X

.

%
X [

#

!

!

#Ê
where  and  outside the sources, with , theÐ  5 Ñ œ ! Ð  5 Ñ œ ! 5 œ? X ? [ = . %# #

! !È
constants  and  being respectively the permittivity and the permeability of the% .! !

medium above the plane. These equations, developed, give us
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I œ  35 ß L œ  35 ß
` ` ` `

`B`D `C `B`D `C

I œ  35 ß L œ  35 ß
` ` ` `

`C`D `B `C`D `B

I œ  5 ß L œ  5 Þ Ð Ñ
` `

`D `D

B B

# #
!

!

C C

# #
!

!

D D

# #

# #
# #!

!

X [ . [ X

%

X [ . [ X

%

X . [
X [

%

Ê
Ê

Ê 68

Thereafter, we denote  and the potentials corresponding to theÐ ß Ñ ÐX [38- 38- X [= =,  Ñ
incident field and the scattered field, and write .Ð ÐDÑ œ ÐD D ÐDÑs sI LÑ Ñ, ,É .

%
!

!
_ X [

We then consider the class of multimode boundary conditions on an isotropic plane,

$
$
4œ"

/
4 Dß>9> Dœ!

4œ"

T
2
4 Dß>9> Dœ!

R

Ð  351 ÑI l œ !ß
`

`D

Ð  351 ÑL l œ !ß Ð Ñ
`

`D
69

which corresponds to the reflection coefficients for the principal polarizations XQ

(components of electric field  in the plane of incidence) and  (components ofI XI

magnetic field in the plane of incidence), given by,L

V Ð Ñ œ

V Ð Ñ œ Ð Ñ

XQ

R

XI

T

:
:

:

:
:

:

$
$
4œ"

/
4
/
4

4œ"

2
4

2
4

cos
cos

cos
cos

 1

 1
ß

 1

 1
ß 70

where  is the angle of observation with the normal  [1]-[3]. This class of problem: Ds

corresponds to the reflection by a substrate with different layers composed of isotropic
media, or more generally, of uniaxial anisotropic media with principal axis along  [1]-D

[3]. From the symmetry at normal incidence, we notice that the condition

V Ð!Ñ œ  V Ð!Ñ œ  ß Ð Ñ
"  1 "  1

"  1 "  1
XI XQ

4œ" 4œ"

R T/ 2
4 4
/
4

2
4

  i.e. 71$ $
is satisfied, which implies, for monomode conditions ( ), that .R œ T œ " 1 œ "Î1/ 2

" "

Following the boundary conditions on the field, we have the conditions
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Ð Ð  351 Ñ ÐDÑ œ Ð Ð  351 Ñ Ð  DÑ
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`D `D

Ð Ð  351 Ñ ÐDÑ œ Ð Ð  351 Ñ
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` `

`D `D
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`D `D
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# #

# #
# #

R R

# #

# #
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$ $
$ $

4œ" 4œ"

/ /
4 4= 38-

4œ" 4œ"

T T
2 2
4 4=

X X

[ [38-Ð  DÑ Ð Ñ72

for . We can then choose to search the two D   ! scalar potentials  and , satisfyingX [= =

the Helmholtz equation as , regular and vanishing as  whenD  ! D Ä _

l Ð35Ñl  Î#arg 1 , which satisfy

 

 

$ $
$ $

4œ" 4œ"

/ /
4 4=

4œ" 4œ"

T T
2 2
4 4=

R R

38-

38-

Ð  351 Ñ ÐDÑ œ Ð  351 Ñ Ð  DÑ
` `

`D `D

Ð  351 Ñ ÐDÑ œ Ð  351 Ñ Ð  DÑ Ð Ñ
` `

`D `D

X

[

X

[ 73

Consequently, we can use an approach similar to the one previously used in acoustics,
with

? Ç 1 Ç 1 ß ? Ç 1 Ç 1 Ð ÑX [with with 744 4
/ 2
4 4

in (66), if we have awith scattered field components verifying the conditions (a)-(b), 
correct definition of the scalar potentials We then Ð ß ÑX [38- 38- . study the expression of
the potentials   attached to the incident field radiated by an electric or aÐ ß ÑX [38- 38-

magnetic dipole of arbitrary orientation.

5.1) A new expression of  potentials for arbitrary sourceÐX [38- 38-,  Ñ

We begin with searching  for arbitrary dipole, reducing the expression to aÐX [38- 38-, Ñ

finite combination of known special functions, then we express potentials for any source.

5.1.1) An artificial parameter  to reduce the determination of 1 ÐX [38- 38-, Ñ

Let us consider the incident field  at  of coordinates , radiated by anÐIßLÑ < ÐBß Cß DÑ

electric or magnetic dipole source,  or , of arbitraryN œ N Ð<  < Ñ Q œ Q Ð<  < Ñ! !
w w$ $

direction at  of coordinates , where we first take  to simplify  We have,< ÐB ß C ß D Ñ D œ ! Þw w w w w

from appendix D,
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I œ ÐK‡QÑ  Ð Ð ÐÞÑÑ  5 ÑÐK‡N Ñ
3

L œ  ÐK‡N Ñ  Ð Ð ÐÞÑÑ  5 ÑÐK‡QÑ Ð Ñ
3

5

rot grad div

rot grad div 75

=%

. .

% %

!

#

! !

! !

#Ê Ê
where  is the convolution productK œ  œ B  C/

% D
# #

35 D# #

# #

É3

1 3È  with , and .3 È ‡

We search the scalar potentials  and , satisfying the Helmholtz equation asX [38- 38-

„ D  ! l Ð35Ñl  Î# „ D Ä _ and vanishing at infinity when  when , which givesarg 1

us

I œ Ð Ð ÐÞÑÑ  5 ÑÐ DÑ  35 Ð DÑs s

L œ 35 Ð DÑ  Ð Ð ÐÞÑÑ  5 ÑÐ DÑÞ Ð Ñs s

grad div rot

rot grad div 76

#
38- 38-

!

!
38- 38-

#

X [

.

%
X [Ê

To simplify, we first take . We choose to use an original approach in the sense ofQ œ !

the limit. So, we introduce an artificial parameter , and consider the equations1

I ÐDÑ œ Ð ÐDÑß

L ÐDÑ œ  Ð ÐDÑß Ð Ñ

D 1

D 1

3 `
D Ð Ð ÐÞÑÑ  5 ÑÐN Ñ‡K œ  Ð51Ñ Ñs

`D

D ÐN Ñ‡K œ  Ð51Ñ Ñs
`

`D

=%

. .

% %

!

# #
#

#

! !

! !

#

#
#

grad div

 rot

X

[Ê Ê 77

with , that  and  satisfy when  from (74)-(75)Ð  5 ÑÐ ß Ñ œ ! 1 Ä " Þ? X [ X [#
1 1 38- 38-

Lemma 5.1. One of solutions of (77) satisfies,

Ð œ
3 Ð D Ð Ð ÐÞÑÑ  5 ÑÐN ÞÑß 35 D ÐN ÞÑÑs s

) 315

œ Ð Ð` ß  35` Ñ  Ð` ß 35` Ñ  Ð`  5 ß !ÑÑ Ð
3 N N

1 ) 35 ) 35 ) 35

N

X [1 1ß Ñ
=% 1

j

= % 1 1 1
j

!

#
! !

1

!

!B !D
DB C DC B 1

!C
D

#

grad div  rot

78# Ñ

where,

j

3

1
„351D w …351D w

!
#

œ Ð/ I Ð35Ðl<  < l „ DÑÑ  / ÐI Ð35Ðl<  < l … DÑÑ  Ð Ñ

 #O Ð35 "  1 ÑÑ  SÐ1  "ÑÑß

1 1È 79

is a function whose factor  diverges as .O Ð35 "  1 ÑÑ 1 Ä "!
#È 3
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Proof. To solve (77), we begin by noticing that, for , we can write  in the„ D  ! KÐDÑ

form

KÐDÑ œ Z Ð Ñ/ . œ

œ  Ð51Ñ Ñ Z Ð Ñ Ð  Ñ. Ð Ñ
` / " "

`D #15  1  1

(
(

!

3_ Ð35Ñ

!
…35D

# …35D

# #
#

!

3_ Ð35Ñ

!

arg
cos

arg cos

" "

" "
" "

"

"

Ð
cos cos

80

Comparing (77) and the second line of (80), we use (11)-(13), and obtain the following
solution, as ,„ D  !

Ð œ
Ð D Ð Ð ÐÞÑÑ  5 ÑÐN ÞÑß 35 D ÐN ÞÑÑs s

#315

Ð / ‚ KÐD „ DÑ5.ÐD Ñ  / ‚ KÐD „ DÑ5.ÐD ÑÑ Ð Ñ

X [1 1ß Ñ
3 #

! !

#

3 _ 3 _

! !
351D 351D

4 4 4 4

=%

7 7

!

1 1

4 4

grad div  rot

81( (
for We can then consider  in (16) and its expansions (26) and (31) toargÐ35Ñ œ !Þ ]1

express (81) for arbitrary . So, as  is small, we can write (78) with (79).5 1  "

We remark the divergence of the expression as  However, 1 Ä "Þ we can modify (79) and
suppress diverging factors which have no influence on the field.

5.1.2) Expression of ÐX [38- 38-, , and suppression of diverging factorsÑ

Proposition 5.1. A definite expression of the potentials X [38- 38-Ð<Ñ Ð<Ñ and  in the region
„ D  !, for the field radiated by arbitrary bounded sources  and  in the domainN Q

… D  ! l Ð35Ñl Ÿ Î#, , is given byarg 1 when (76) and (77) apply, 

Ð œ Ð Ð Ð ÐN ÑÑ  5 N ß 35 ÐN ÑÑ 
Ds

) 5

 Ð  35 ÐQÑß Ð ÐQÑÑ  5 QÑÑ‡ œ Ð N ßQÑ‡ ß Ð Ñ
Ds

) 5

X [38- 38-ß Ñ
 

grad div  rot

rot grad div 82
 

1

j _ j
1 %

.

#
#

#
#

!

!

Ê.

%
!

!

Ê
where

j 3Ð<Ñ œ Ð/ I Ð35Ðl<l  lDlÑÑ  / ÐI Ð35Ðl<l  lDlÑÑ  # ÑÑ Ð Ñ35lDl 35lDl
1 1 ln 83

with  and  at .l<l œ  D œ B  C <ÐBß Cß DÑÈ È3 3# # # #
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Proof. The electric field , attached to the potentials , as , satisfiesI Ð „ D  !1 X [1 1, Ñ

I œ Ð BÐN Ð` `  5 ` Ñ  N Ð` Ð`  5 ÑÑ  N Ð` Ð`  5 ÑÑ
3

) 35
s

 CÐN Ð` Ð`  5 ÑÑ  N Ð` `  5 ` Ñ  N Ð` Ð`  5 ÑÑs
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1 !B !C BC !D BD
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D B C D D
# # #

!B BC !C !D CDD D C B D
# # #

!B

=% 1
# # # # #

# # # # #

Ð` Ð`  5 ÑÑ  N Ð` Ð`  5 ÑÑ  N ÐÐ`  5 ÑÐ`  5 ÑÑ Ð ÑDB !C DC !D 1D D D D
# # # #

# # # # j  48

when , Q œ !! and the magnetic field is given by rot . We can completeL œ ÐI Ñ1 1
3
=.

(84), from Ð  5 Ñ œ !? j#
1 , with

Ð œ Ð

Ð œ Ð Ð Ñ

` `  5 ` Ñ Ð`  5 Ñ `  5 Ñ

` `  5 ` Ñ Ð`  5 Ñ `  5 Ñ

D B C B D
# # #

D C B C D
# # #

# # # # #

# # # # #

j j

j j

1 1

1 1 85

so that, using Ð œ K`  Ð51Ñ ÑD
#

# j1 , we recover the known expression of field in
function of  as .N K 1 Ä "!

We then use (84)-(85) and verify that some part of j1 whichgiven in previous lemma, 
diverges when , can be regularised1 Ä " . So, considering the behaviour of j1 and O!

as , we begin by writing1 Ä "

/ O Ð35 "  1 ÑÑ œ Ð/ O Ð35 "  1 ÑÑ  / Ñ 

 / Ð Ñ

…351D …351D …35D
! !

# #

…35D

È È3 3 3

3

ln
ln 86

The contribution of  to the field given by (84)-(85)Ð/ O Ð35 "  1 ÑÑ  / Ñ…351D …35D
!

#È 3 3ln
vanishes when . Indeed, we notice that, as ,1 Ä " 1 Ä " 

Ð  5 ÑÐ/ O Ð35 "  1 ÑÑ  / ÑÑ œ

œ  # Ð/  / Ñ ÐBÑ ÐCÑ Ä !ß Ð Ñ

? 3 3

1 $ $

# …351D …35D
!

#

…351D …35D

È ln
87

where  is the Dirac delta function [1], and$ÐAÑ

Ð
`

`D
 5 ÑÐ/ O Ð35 "  1 ÑÑ  / Ñ œ

œ 5 Ð"  1 ÑO Ð35 "  1 Ñ Ä !Þ Ð Ñ

#

#
# …351D …35D

!
#

# #
!

#

È
È

3 3

3

ln

88

We can then formally suppress this term in (86), as we let tend , so that we obtain1 Ä "

Ð Ð<Ñ œ Ð<  < Ñ Ð Ñ
3 D Ð Ð ÐN ÞÑÑ  5 ÐN ÞÑß 35 ÐN ÞÑÑs

) 35
X [38- 38-ß Ñ

 grad div  rot
89

=% 1
j

!

! ! !
#

w

where

j 3Ð<Ñ œ Ð/ I Ð35Ðl<l „ DÑÑ  / ÐI Ð35Ðl<l … DÑÑ  # ÑÑ „ D  !„35D …35D
1 1 ln  as Ð Ñ90
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From , the reader can verify by inspection that the conditions` I ÐAÑ œ  / ÎAA "
A

Ð ß Ð  5 Ñ Ð<Ñ œ ! Ð Ñ
` Ð<Ñ /

`D ) 35 % l<l
 5 Ñ œ 

# 35l<l

#
# j

1 1
 91? j#

are satisfied when , and that all derivatives of   are regular in these domains.„ D  ! j

In the same manner, this method can also be applied with  instead of , andQ N

generalised for  in the , so that wearbitrary combination of dipoles domain … D  !

obtain (82) with (83) as .„ D  !

It is worth noticing that we have  for , which implies that  in (90)? 3 3 3BCln lnÐ Ñ œ ! Á !

has no influence on the expression of the field except by its singularity at It is then3 œ !Þ

possible to consider  as the generalized functionjÐ<Ñ

j 3

3

Ð<Ñ ´ / ÐI Ð35Ðl<l  DÑÑ  #0 Ðl<l  DÑ Ñ  / ÐI Ð35Ðl<l  DÑÑ 

 #0 Ðl<l  DÑ Ñ Ð Ñ

35D 35D
1 1%

%

"

"

ln
ln 92

where  when  for , except that ,  (for0 ÐAÑ Ä ! Ä ! A   ! 0 Ð!Ñ œ "  !
Ð8Ñ

" "


% %" "
% %

example, ). This latter expression is even in , and it can be used in0 ÐAÑ œ / D%
%

"

"ÎA#
"Ð/ ÑÎ

place of previous one in (83) to obtain the scalar potentials in the whole space outside the
sources.

5.2) Expression of the potentials a multimode plane with ÐX [= =,  for Ñ ]1/ß24

We have obtained an expression for the potentials attached to the radiation ofÐX [38- 38-ß Ñ 
arbitrary sources, and we can now express the scalar potentials  and  which satisfyX [= =

the boundary conditions (73), for scattered field components verifying (69) and (a)-(b),
with  defined in section 3.]1

Proposition 5.2. The potentials  and  at , for arbitrary boundedX [= =Ð<Ñ Ð<Ñ <ÐBß Cß DÑ

sources  and  above the multimode plane,  verify as ,N Q D   !l Ð35Ñl Ÿ Î#arg 1 ,
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Proof. We first let . e can then use (66) of the sectionargÐ35Ñ œ ! As indicated in (74), w
4 on acoustic case, and write,

Ð ÐDÑ œ Ð ß ÑÐ  DÑ

 3 Ð / ß / ÑÐ  D  DÑ5.ÐD Ñ Ð Ñ

X [= =
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+ +
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38- 38-

3 _

! R T
351 D 351 D

38- 38- 4 4(
74

/ 2
4 44 4" " 96

where the +/ß2
4  satisfy (95).

If we consider  theN œ N Ð<  < Ñ Q œ Q Ð<  < Ñ < ÐB ß C ß D œ 2Ñ! !
w w w w w w$ $, , with  in (91),

principal terms we need to reduce are of the type,
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that we can express, after integration by parts, in the form,
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The function  has been studied in section 3 for arbitrary  and , and the expression of]1 1 5

M 1/ß2 /ß2
4 41 in (98)  is general. Itwith  is regular when  and is valid as] /ß2

4
Á  "

l Ð35Ñl Ÿ Î#Þ larg 1  , and using (98) in (96), weLetting  obtain (93) and<l œ  DÈ3# #

(94), for , D   ! where we have used (95). These formulas can be used for arbitrary
bounded sources  and  above the plane. In other respects, using the properties of ,N Q ]1

the reader can verify by inspection that each component of the scattered field given by
these potentials satisfes the condition (a)-(b).

Moreover, we can add the condition (71), and thus consider in previous expressions,

$ $
4œ" 4œ"

R T/ 2
4 4
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4

2
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 1  1

 1
œ 

 1
Þ Ð Ñ99

Let us remark  are the potentials attached to the field that ÐX [38- 38-Ð  DÑ Ð  DÑß  Ñ

scattered by a perfectly conducting plane with , 1 œ "Î1 Ä ! R œ T œ "/ 2 . Besides,
since derivatives of potentials are contained in the expression (66) of the field, it is worth
noticing that, from the Helmhotz equation satisfied by the potentials and by
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\ ] 3 \ \1 1 D 1 1
351ÐD2Ñ /

VÐDÑœ / Ð ß  D  2Ñ ` œ  351, and from (11), , the functions to35VÐDÑ

calculate are only  and .] ]1 1/ß2 /ß2
4 4

`3

6) Conclusion

We have developed simple exact expressions of the field scattered by a multilayered
medium modelled by a boundary condition of high order with active and passive modes,
for general sources, in acoustics and in electromagnetism. We begin by studying the
scattering for a point source illumination in acoustic scalar problem for a one mode plane
with arbitrary impedance, passive or active, then the total field for a multimode plane,
which is a combination of contributions of each modes. Different difficulties restrict the
use of expressions known for a one mode passive plane, and we give here a novel exact
expression for arbitrary case that we develop. Our analysis is then applied in
electromagnetism, where we give a new expression for the scalar potentials in
electromagnetism without diverging terms, for arbitrary sources in free space, then the
one for the scattering by an imperfectly reflective plane with passive and active modes.
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Appendix A : On some properties of the reflection coefficient and its zeros 14

In section 2, we consider a plane, composed of several homogenous layers on a perfectly
reflecting plane, and its reflection coefficient, related to a component of an incident plane
wave , [1]

VÐ Ñ œ Þ ÐEÞ"Ñ
 ^ Ð Ñ

 ^ Ð Ñ
"

" "

" "

cos
cos

<

<

In (A.1), ^ Ð Ñ< "  is the ratio of the normal derivative with , where  is the total` ? 35? ?8

field component and . Denoting ," is the angle of incidence with the normal Ds ?Ð7"Ñ

7 œ "ß #ß ÞÞÞß Q ? 7 ., the field component  at the top of layer  of thickness  and7

wavenumber , we can generally write [1]5Q
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cos sin
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where the coefficients of the matrix have no cuts and are meromorphic functions of ,cos"
even when  and  have cuts [1]-[3], and ,  are constants. If, at the last interface(7 7 7 7= , -

denoted , we haveQ

` ?  35 ^ ? œ ! ÐEÞ$Ñ8 Q QÐQÑ ÐQÑ

where  is a constant, we derive from (A.2) that  is meromorphic. It is^ ` ?Î35 ?Q 8 Q^ œ<

in particular the case with  or  which corresponds to a perfectly reflecting^ œ ! _Q

plane. Let us notice that if we have  and some loss in the last layer,  is no. Ä _Q ^<

more meromorphic and has generally a cut in complex plane [3].
Letting , , we have[ œ œ [ Î=7 7 7 7, ` ? ÎÐ- ? Ñ7 8 7 7 7 tan!
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with , and ^ [ Î5 , ^ œ [ Î35 , Þ< ! ! ! Q Q Q Qœ ` ?Î35? œ  3- ` ? Î35 ? œ -8 ! 8 Q Q Q Q

The reader will notice that by iteration we can simply express  and thus the reflection!"

coefficient   in function of  the elementary reflection coefficients , , ,V ÞÞÞ Þe e e" # Q

In acoustics, we have

1<+. : œ  3 @ .3@ @ œ  3 : ÐEÞ&Ñ=3
=

U
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where  is the pressure and  is the particle velocity, in a medium with density  and bulk: @ 3

modulus , and thus, when ,U ? ´ :
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where n electromagnetism,3 37< ! 7< 7 ! ! ! !œ Î œ Î 5 œ Î7 3 U U U = 3 U, , , while, iÈ
<9>L œ 3 Iß <9>I œ  3 L ÐEÞ(Ñ=% =.
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and thus, when if  is normal to the incidence plane , we have? ´ L Ð L œ ÐL ß !ß !Ñ ÑB B
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where , we notice that,% % % . . . = % .7< 7 ! 7< 7 ! ! ! !œ Î œ Î ß 5 œ, . Since È I œ ` LD C B
3
=%

for , .? ´ ID , œ " - œ7 7 7, =%

Let us consider the solutions  of , , with | .1 œ  ^ Ð Ñ œ ! 4   " 1 l   l1 l4 4 4 < 4 4" 4cos cos" " "

For  and  , Im  is bounded. In other respects, we notice that, when there is no% 3"< "< 4Á " 1

loss in layers,  is real and  is purely imaginary, we have = ^Q ^ Ð Ñ œ  ^ Ð Ñ< <
‡ ‡" "  and

VÐ Ñ œ ÐVÐ Ñ Ñ 1 V Ð  1 Ñ" "‡ " ‡ ‡
4 4. In this case, if  is a zero of , then  is too. Besides, for a

simple layer backed by a plane with  (resp. ), we notice that ^ œ ! ^ œ _ œ !" " "!

(resp. ). In this case, we notice that  for large  where ! 1" 4 ! " 4œ Î# 1 µ AÎÐ5 . Ñ 1 A

satisfies , in lossless case, the number of  5 , Î- ÐA  Ñ œ 35 , Î-! " " " ! ! !tan ! 14 purely
imaginary that can be found  graphically when  or  (usual case in3 %"< "< "  "

electromagnetism) is odd.

Appendix B : On the functions @8

The function , used in section 3, is defined following@8
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where  is the digamma function, , and  when  is large,G G # GÐ8Ñ Ð"Ñ œ  Ð8Ñ µ 8 8ln
with  (Euler's constant).# œ Þ&((#"ÞÞÞ

For large , we use an integration by parts,D
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Concerning general properties of , we have , and [25]I I ÐDÑ œ Ð/  DI ÐDÑÑ: : :"
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Appendix C: another asymptotics when Re1  !

We give here some other asymptotic expression of
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as given by Maliuzhinets in [7].

Appendix D : expression of the field radiated by  and  sourcesN Q

Considering the Maxwell equations with electric and magnetic sources  and ,N Q

rot , rot , with , we can write [1]I œ  3 L Q L œ N  3 I 5 œ=. =% = . %! ! ! !È
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convolution product. This expression is used in section 5. Notice that grad divÐ Ð ÐÞÑÑ  5 Ñ#

can be replaced by rot rot  outside the sources. For electrical or magnetic dipole,Ð ÐÞÑÑ

N œ N Ð<  < Ñ Q œ Q Ð<  < Ñ < Á < Ð ÐÞÑÑ œ !! !
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