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Abstract: In this paper, we are interested in the long-time behavior of solutions to a
non-local interaction equation. We show that up to an extraction, the solution converges
to a steady-state. Then, we study the structure of stable steady-states.

1 Introduction

We are interested in the asymptotic behaviour of a density p(t, x) of particles or individuals
at position z € R? (d > 1) and at time ¢t > 0, which evolves according to the nonlocal
aggregation equation:

Op=Vau- (pV W xp+V]), for (t,z) € Ry x RY. (1)

This equation can be seen as a many particles limit of discret processes where particles
(or individuals) can interact at a large distance, through an interaction potential W
(see [20, 15]). Such equations appear in various biological phenomenons like swarming
(see [5, 11]), distribution of actin-filament networks (see [12, 14]), as well as in physical
problems, for example in the field of granular media (see [1, 26]).

Many of the above models couple the long-range interaction between particles with
a diffusive term. Nevertheless, in this paper we shall not consider a diffusion term, and
focus our study on the effect of a long-range interaction.

Let us now describe typical interaction potentials W which appear in the models
quoted above:

e In [16, 22], interaction potentials are regular, repulsive at short range and attractive
when particles are far apart, typically W(x) = —z* + z*. In this case, the solution
typically concentrates and tends to a finite number of Dirac masses, when time goes
to infinity. This type of potentials have been studied in [9, 7], but we don’t know
any general study of the case of regular interaction potentials so far.



e In Chemotaxis models (see [21, 17]), interaction potentials are singular at x = 0 and
attractive, typically, in dimension 2, W (z) := —% log |z|. In this case, the solution
usually (if there is no diffusion) blows-up in finite time. Potentials singular at x = 0
and attractive have been widely studied both with a diffusion term (see [4, 6]), or
without diffusion (see [8, 18, 10, 3, 2]), for various types of attractive singularities.

e In swarming models (see [11, 19, 25]), interaction potentials are usually singular at
x = 0 and repulsive, typical examples are the repulsive Morse Potential W (x) =
—e~ 17l or the attractive-repulsive Morse potentials W (x) = —C, e~l#/la 4 O, e~lel/lr
and W (z) = —C, e l#"/la 1 O =121’/ Related interpolation potentials in physics
are, for instance, the Lennard-Jones potential [24]. We don’t know any qualitative
study of such models.

We will show in this article that the asymptotic behaviour of the solution of (1) highly
depends on the type of singukarity of W at point x = 0.

In the present article, we shall focus on the one-dimensional case. We aim at under-
standing the dynamical behavior presented by a non-local interaction operator with even
potential:

Assumption 1:
Ve € R,W(x) = W(—x). (2)

In this study, we shall focus on compactly supported densities, we shall thus only
consider situations where a confinement exists, either from the external potential, or from
the interaction potential itself. We shall assume that:

Assumption 2: One of the two following conditions is satisfied:
There exists C' > 0 such that

W[ Le(-20,207) < min (V/(C), =V'(=C)), (3)
or
V= O, E'Cl, CQ > 0, YV Z Cl . W’(I) 2 02 Z, W/(—l’) S —Cg x. (4)
Assumption 3:
P’ € MY(R), supp p° C [-C,C]. (5)

where C' < co. If V' #£ 0, C must satisfy (3).

Assumption 2 together with Assumption 3 ensure that the support of p(¢,-) is (uni-
formly w.r.t. time) bounded (see Prop. 1).



Note that (1) formally conserves the total mass [ p(t,z)dz, which w.lo.g. we shall
assume to be normalized [, p(z)dx = 1. The quantity p(t,-) is then interpreted as a
probability density. In particular in the one-dimensional case, this enables a change of
variables in which one introduces the pseudo-inverse of the distribution function ffoo dp,
ie.

u(t, ) = inf {x eR: /(_m p(t,y)dy > z} 2 e 0,1], (6)

which transforms the evolution equations (1) for measure solutions p(t, ) into an integral
equation for the non-decreasing pseudo-inverse u(t, z) satisfying (see, e.g. [7])

duult, =) = / W (ut, €) — ult, =) de — V'(u(t, =), V=€ [0,1]. (7)

Since eq. (7) is much more convenient than eq. (1) for stability analysis, we shall often
use it in this paper. In particular, atomic parts of measure solutions p(z) correspond
to constant parts of the pseudo-inverse u(z). Notice also the useful change of variable

[ g(z)p(z) dz = fol g(u(€)) d€, which holds for any g € L' (supp p).

In the absence of a confining potential V' (and if W is symmetric), the center of mass
Jg  p(t, ) dx is conserved by eq. (1), or equivalently, fol u is preserved by (7):

1

d d
7 Rxp(t,x) dx =0, i ), u(t,z)dz = 0. (8)

Note that eq. (1) can be seen as a gradient-flow equation for the following energy (see

[3]): ,

B0) =5 [ [ sttt yWe -y dsdy+ [ plt.o)V () do (9)
R

In section 2, we shall consider regular interaction potentials W. We first prove the
technical result Prop. 1, which shows that Assumptions 2 and 3 are sufficient to ensure
that the support of p(¢,-) remains uniformly bounded.

Then, Prop. 2 shows that p(t,-) converges (in a sense to be precised then) to a set of
steady-states, as time goes to infinity. This result emphasizes the importance of steady-
states, when one wishes to understand the long-time behavior of solutions to (1).

In subsection 2.3, we show that stable steady-states of (2) are generically sums of
Dirac masses. More precisely, we show in Prop. 3 that for analytic V, W, the steady-
states of (1) are necessarly finite sums of Dirac masses. If V, W are only C?, continuous
steady-states may exist, but they cannot be linearly stable.

In Section 3, we consider interaction potentials having a singularity at x = 0.
In Subsection 3.1, we consider the steady-states of (1) for an interaction potential W
having an attractive singularity at = = 0. Since (1) may develop blow-ups in L in finite
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time (see [3, 2]), we consider (following [8]), the extension (24) of (1) to measure-valued
solutions. In Prop. 3.1, we show that a steady-state p of (24) such that supp p has an
accumulation point (and a bit more, see (26)) is nonlinearly unstable.

In Subsection 3.2, we consider the steady-states of (1) for an interaction potential W
having a repulsive singularity at x = 0. In Prop. 6, we provide an existence proof for
(1) with a regular initial condition (until now, no existence result had been written down
for such interaction potentials). In particular, Prop. 6 provides a uniform bound on the
solution in L>°(R). The situation is therefore completely different from the two other
cases: no blow-up can occur.

2 Regular interaction potentials

In this first section, we make the following regularity assumptions on V and W':
Assumption 4:
V € C*R), W € C*(R), (10)
W € W»*(R). (11)
We shall use in the following the Measure Space
Poo(R) := {p € M'(R); supp p is bounded},

together with the Wasserstein distance

Wao(p1, p2) = |lu1 — uz||oo, (12)

where u;, us are the pseudo-inverses of py, ps.
Under Assumption 1 to 4, it has been proven in [7] that a unique solution p €
Lipioe([0,00), P (R)) to (1) exists.

2.1 Support of p(t,-)

In this subsection, we show that Assumptions 1 to 4 are sufficient to ensure that the
support of p is uniformly bounded w.r.t. time:

Proposition 1. Let p°, V. W satisfy Assumption 1 to 4. Let p € Lipoe(]0,00), P (R))
be the unique solution of (1) given by [7]. Then,

C > 0,Vt >0, suppp(t,-) C [-C,C]. (13)



Proof of Prop. 1

We consider separately the case when (3) is satisfied, and the case when (4) is satisfied.
We denote u(t, -) the pseudo-inverse of p(t,-).

Step 1: If V, W satisty (3).
Let t = inf {7; max(|u(7,0)|, |u(7,1)|) > C}. if u(t,0) = —C, then,

/Wquf»—mamwﬁ—v%mum>

=Wl oo ((—2c207) — V' (u(t, 0))
0,

&gu(t, O)

AVARLY,

and similarly, if u(¢,1) = C, then dyu(t,1) < 0. Consequently, ¢ = oo, and at all times,
—C < u(0,-) <wu(l,-) < C, that is the support of p(¢,-) is uniformly bounded.

Step 2: If V, W satisty (4).

Assume w.l.o.g. that the center of mass of p® (which is preserved by the equation, see
(8)) is:
1
/ rp°(z) do = / u’(z)dz = 0.
R 0

We shall show that if |[u(t, )]s > max (201, C%HW’HLoo(,ChCl)), then ¢ = |ju(t, )||oo is

non increasing.

Assume w.l.o.g. that |u(t,0)| > |u(t,1)]. We define A := {¢ € [0,1]; u(t,§) > u(t,0) +
Cl}. Then,

o We assumed that |u(0)| > |u(1)], so that
u(t, z) < |u(t,0)]
on [0,1], and in particular on A.

e On A€,

Since the center of mass of p is 0,

0 - /u—l—/

O Al = (lu(0)] = C1)(1 = [A])
(ZIU( )| = CI)|A| = ([u(0)| = C1).
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1= o

-1
Then, |A| > (1 - ) , and since |u(0)| > 2CY,

Al = <. (14)

Wl

We use (4) to estimate dyu(t,0):

dult,0) — / W (ult, €) — u(t,0)) de

> W e onen + Co /A fut, €) — u(t, 0)] dé

d
> Wl ecrn + Ca A / fult, €) — u(t,0)] ﬁ

1
> W lmrcren + CalA / ult, €) — u(t, 0)] de,
0

since for (£,¢') € A x A°) u(t,&) — u(t,0) > u(t, &) — u(t,0). Since fol u(t, &) dé = 0, we
get:

u(t,0) > —[[Wl|Le—cy.cn) — Ca|Alult,0)
1
> —|[W'[|Lee(—cy,0n) + §C2|U(t>0)|
> 0,

thanks to the assumption that ||u]|. > max (201, C%”W/”Loo(_ohc’l)>. Then, ||u]|s is non

increasing, which implies as in the previous case, that the support of p(¢,-) is uniformly
bounded.

O

2.2 Asymptotic behavior of the solution

In this subsection, we show that we cannot expect the solution to converge to anything
else than a set of steady-states. In particular, no periodic limit cycles exist.

Proposition 2. Let p°, V, W satisfy Assumptions 1 to 4. Let p € Lipo([0,0), P (R))
be the unique solution of (1) given by [7]. Then,

1.
/p(t, 7) (/ Wz — y)p(t,y) dy + vf(:g))Z dz — 0 as t — 0o,



2. For any sequence ty, — 00, there ezists a subsequence, still denoted (ty), such that:
Wy (p(tka )7:5) —0 ask— o0, (15>
where W1 denotes the 1— Wasserstein distance, and p is a steady-state of (1).

Remark 1. The limit p of p(ty,-) in (15) is not necessarily unique : it may depend both
on the sequence (ty) and the extracted sequence.

Proof of Prop. 2
Step 1: Proof of 1.

We first show that the energy (9) is non-increasing in time, using integrations by parts:

Py = // ( (t,2) (/W’(x—z)p(t,z)dz+v’(x)> (t,x))

Y)W (x —y)dzx dy

; / o (st ([ W= ot v+ V') ) ) Vi
= = ot ([ W~ wotev)dy + V'<as>)2 &z

< 0. (16)

Next, we have the following estimate on the regularity of the energy dissipation:

o ( (t,) </W’x— Jolt, y) dy + V'(x ))>
(/W’x— yolt,y) dy +V'(z )) dx
—2/ (t,2) (/W r—plt,y) dy+V’a:)/W’x—
9, (p(t, v) ( / Wiy — 2)plt, =) d= + V’(y))) dy du
:2/,0(25,:18) (/ W'z —y)p(t,y) dy+V’(fL‘))2
, ( / Wia — y)p(t,y) dy + v’(:p)) dz
+2/ (t.2) (/W’x— )(tydy—H/’x)/(’? Wz —y
(p(t, y) ( / Wiy — 2)plt, =) d= + V’(y))) dy de.



Since V, W € C*(R), we can estimate % as follows:

d*E 2
T < 2(|Vilwas ey + W lwzee—ac20)) (W lwzee(—2c00) + |V Iwae—cc))

< C, (17)

where C' < +00 is a constant.
Finally, notice that the energy is bounded from below:

1
B2~ (HWlescacaor + Vlwccon). (18)

To prove that “2(¢) — 0, we use an interpolation between E(t) — E and dt2E( )
bounded :
Let € > 0. Since the energy E is non increasing (16) and bounded from below (18),

E has a limit E when ¢ — oo. Let ¢ > 0 and 7 € (0, ]. Then,

%[T {%(s)%—/s ft]f( )da} s
%[E(t) Bt —1)) /”/ dtQ o)dods

—HE EHLoo([t ntT

dE

0| =

IN

dt2

Leo([0,00))

1E—B12
For t > 0 large enough, 7 :=
%

dt2 HL"O([U o))

L°°<[t ,00))

t
< 5, and then,

PE||?
At

dE
— (©)

Y

‘ <3||E — E||

L=l ’ L ([0,00))

dE

() — 0ast— oco.

which implies
Step 2: Proof of 2.

The pseudo-inverse u(t, -) of p(t,-) is an increasing function, and is uniformly bounded
thanks to Prop. 1. The sequence u(ty,-) is then a uniformly bounded sequence of
BV ([0,1]). There exists then a subsequence, still denoted u(ty, ), that converges in L' to
a limit denoted by u:

Jute, ) — llus — 0.



Our aim is to prove that u 1S a steady-state of (7). In order to prove that, we shall use
the estimate obtained above, ¢ b B (t,) — 0. Let us write this estimate in the pseudo-inverse

setting:
izf(m B _/p(tkal’) </ W@ =y)p(ts, y) dy—l—V’(x))2 dx

- / 1 ( [ Wttt 2)  uttn, ) d + V'<u<tk,z>>)2 .

We define F:= — [ ([ W'(a(z) — @(€)) d¢ + V'(a(2)))” dz. Then,

L / (/w d§+V’<<>>)2

([ wia - ateyas+ V'<u<z>>)2 s

— /01 (/W’(u(z) —u(&))dé + V' (u(2))

+V'(u(z)) = V'(u(z ))) dz

c H [wte) ey~ [wiace) - a) de

+C|u — |1

IN

Ll

< OIW' [z 2020y lu = ull o+ Cllu — al| .
Finally,
_ dE
Fo< o)+ Clutty, ) - alls

— 0as k — o0o.

Then, F = 0, that is:

supp § C { e R [ W= 9)pl) dy+V'(0) = o} ,

and p is a steady-state of (1).



2.3 Study of the steady states.

In the previous subsection, we showed that for any regular potential W satisfying As-
sumption 4, the sequence p(ty,-) converges, up to an extraction, to a steady solution of
(1). In this subsection, we shall try to characterize the steady-states of (1).

The following proposition characterizes the steady-states for analytical interaction
potentials W:

Proposition 3. Assume W and V are analytical. Then, every steady state p € M*(R)
of (1) with bounded support is a finite sum of Dirac masses:

N
p= Z Pi0u,
=1

with p1,...,pn >0, 4y,...,uny € R.

Proof of Prop. 3

Let us consider a steady solution p of (1), and the associated steady solution @ of (7).
For z € [0, 1],

Since u([0, 1]) = supp(p), for any = € supp(p),
0= W'xp)(z) + V().

Since W and V' are analytic, so is W’ * p+ V', and if supp(p) has an accumulation point,
then
Ve eR, (W'x*p)(z)+V'(z)=0,

which is not possible since V, W satisfy (3) or (4). Then, supp(p) cannot have any
accumulation point, and is thus a finite set of points.

O

For less regular potentials, for instance when W is only C?, the same result cannot be
expected to hold anymore, as the following example shows.
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Example 1. Consider the interaction potential W (z) := (dist(x, [—1,1]))*, where dist(x, y) :=
|z —y|, and V = 0. W is C? (one could even consider a smoothed (C™) version of the
potential), but (1) admits the L'(R) steady state:
p=lryy
Nevertheless, the following proposition shows that steady states which are linearly

stable (in a sense made clear in the following Proposition) have to be sums of Dirac
masses:

Proposition 4. Let V, W satisfy Assumptions 1 and 4. Let p € M*(R) be a compactly
supported steady state of (1), and @ be its pseudo-inverse. If p is such that supp(p) has
an accumulation point xo, then the pseudo-inverse equation (7) linearized around @ in L'
has no spectral gap.

Remark 2. Since the perturbations u® of u used in the proof of Prop. 4 satisfy f01 ut =

fol u, Prop. 4 remains true if we only consider perturbations preserving the center of mass
[ xp(z)dz of p (this is important since (1) is invariant w.r.t. translations along x).

Remark 3. For a stability analysis of steady-states p that are sums of Dirac masses, see
[18, 23]. In [13], we exhibit necessary and sufficient condition for local stability of such
steady-states with respect to perturbations p of p such that W (p, p) is small (where W,
denotes the co— Wasserstein distance). In [23] we show the orbital stability of p(R) in
M?* for the usual topology of M*(R).

Proof of Prop. 4
We begin by linearizing (7) around @, with u = @ + dv, § > 0:

dult, ) — /O W (u(t, €) — u(t, 2)) d — V'(ult, 2))
- / W (at, €) — alt, 2)) dé — V'(a(t, =)
s ( [ W9 - a9 - ot 2) e~ VaE)uce, z>) +o(s)
_ 6( [ e - a9 ds - [ wiale) - ) deoe. )
V), z)) o),

so that the linearization of (7) around @ yields the linear operator L : L'([0,1]) —
LY([0,1]):

L(v)(2) :/0 W7 (a(8) —u(z))v(§) d — [/ W (a(§) — u(z)) d§ + V" (u(z))| v(z). (19)

0
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We now shall show that if supp p has an accumulation point z(, then we can build a
sequence (v°) of perturbations of u such that:

L)1

— 0
vl e ’

which shows that the linear operator L does not have any spectral gap. Since we are
dealing with pseudo-inverses, we must however restrict to perturbations v such that for
some « > 0, uw = U + v is non decreasing.

We assume without any loss of generality that z¢ is an accumulation point of supp(p)N

[z, 00). Then, for any € > 0,
/ dp > 0. (20)
(z0,x0+¢)

For a given € > 0, we define
2o :=inf {z € (0,1);a(z) > zo},
2i i=sup{z € (0,1);u(z) < xo+e},
Z° = [Zo,Zﬂ.
We define the following perturbation u® of u:

u(z) o (ZE)

us €
(2) = |Z€| st y)dy on Z¢,

and we write v° := u® — u. The function u® is then the pseudo-inverse of the measure:

0 = Bliss s + ( [ o d:v) 5.
[z0,x0+€]

~ 1 — _ — dx
where = Tz fze u(y)dy = f[momﬁ] zp(z) _f[%zoﬁ} p(x) dz

e We estimate fol W"(u(€) — u(z))ve(&) d¢:

/0 W (a() — a(z))o"(€) de. = / W (a(€) — o) (€) de + / 0. (1)0°(£) de
= o(1)|? ||L1 (21)

o We estimate [ JEwra(e) — alz)) d¢ + V"(a(z))] v (2):

Since w is a steady state of (7),

12



Vo € supp p, (W' p)(x)+V'(z) =0.

Thanks to Assumption 4, W’ * p+ V' € C*(R) is differentiable at z = x,. Since z
is an accumulation point of supp p, there exists a sequence (%), € (supp p)" such
that 2% — xy. Then,

(W7 5 5)(ao) 4 V(o) = lim WV *PD0) £V (o) = (W' p)(e) + V(1))

k—o0 To — Tk

= limO0
k—o00

= 0.
Since W” % p + V" is continuous, and thanks to the definition of 2y, 2, for any
EAS Supp(v) C [207Zﬂ7
(W0 p)((2)) + V" (@(2)]v°(2) = (0 + 0a(s)—ay (1)) v°(2) = 0=(1)0"(2).  (22)

Finally, using (22) and (21) in (19), we get:

L) ][ = o (D)o 1,

which proves the proposition.

3 singular interaction potentials
In this section, we shall consider interaction potentials having a singularity at x = 0:

e Interaction potentials having an attractive singularity at x = 0, satisfying Assump-
tion 5 (see below),

e Interaction potentials having a repulsive singularity at = = 0, satisfying Assumption
6 (see below).

The proof of Prop. 1 extends to singular potentials satisfying either Assumption 5 or 6
instead of Assumption 4, we shall therefore only consider compactly supported solutions.
We shall show that those two cases have a very different dynamics : If Assumption 5 is
satisfied, every steady-state apart from sums of Dirac masses are nonlinearly unstable,
whereas if Assumption 6 is satisfied, the solution (of the time-dependant equation) is
uniformly bounded in L>*(R).
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3.1 interaction potentials having an attractive singularity at = =
0.

We shall consider in this section potentials having an attractive singularity at x = 0:
Assumption 5
V eC*(R), W eC'(R),

and there exist W’(0%) > 0 such that
z— W(z) == W(z) — W(0)|z| € C*(R). (23)

It is well known that in this case, classical solutions of (1) may blow up in finite time
(see [3, 2]). Following [8], we extend (1) to measure-valued solutions with the following
equation:

Ot.) = 0, [ lt.o) ( B

where we write (with a slight abuse of notation) p(t,y) dy instead of dp(t,-)(y). If As-
sumptions 1 to 3 and 5 are satisfied, then it has been proven in [8] that a unique solution
p € AC;.(]0,00),P2(R)) to (24) exist. Note that the energy (9) is also a Lyapounov
functional for (24).

One can check that the pseudo-inverse u(t, z) of the solution p(t, z) to (24) satisfies:

W — y)olt,y) dy + W(w))] , (24)

drult, =) = / Wiu(t, &) — u(t, 2)) de — V'(ult, ). (25)
{€€[0,1]; u(t,§)#u(t,z)}

For regular potentials, we showed that if a (compactly supported) steady-state p €
M*(R) of (1) is such that supp p has an accumulation point, then p cannot be linearly
stable (in a sense defined in Prop. 4). In the case of interaction potentials having an
attractive singularity at « = 0, we shall show that if a (compactly supported) steady-
state p € M'(R) of (24) is such that supp p has an accumulation point (and a bit more,
see (26)), then p is actually nonlinearly unstable in the sense of the Proposition below:

Proposition 5. Let V, W satisfy Assumptions 1 and 5. Let p be a compactly supported
steady-state of (24). If supp p has an accumulation point xo such that:
To+y
30> 0,30 >0,y € (0,1), ;/ py)dy > C (26)

0

(or the same estimate with —n < e < 0), then it is locally unstable: For any ¢ > 0, there
exists p° € M*(R), such that Wy(p°,p) < € and

E(5) < E(p), (27)
where E is the energy defined by (9).
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Remark 4. As in the case of reqular potentials, there may exist L' steady-states of (24):

For example, if V(x) := _TIQ, W(z) = |zl,

1
ﬁ = 5]1[_171] (28)

is a steady-state of (24). Prop. 5 shows that such steady-states are unstable.

Eq. (25) is not linearisable around steady-states (in L) in general. As a consequence,
in order to define the nonlinear instability of steady-states like (28), we use the energy E
(which is a Lyapounov functional of (1)), see (27).
Proof of Prop. 5

Step 1 : We define a sequence of measures (p°) approaching p.

We assume w.l.o.g. that z( is an accumulation point of supp p N [xg,00) such that
(26) is satisfied. We define for € > 0 such that xy + ¢ € supp p:

2o :=inf {z € (0,1);a(z) > xo},
Zi=sup{z € (0,1);u(z) < mo +¢},

Z° = |z, 2{].

Since xg, xg + € € supp p and p is a steady-state of (24),

/ W (2o — y)p(y) dy + V(o) = — / W (2o — 1)p(y) dy.

{yé¢[zo,zo+e]} y€(z0,z0+€]

/ W(ao + & — y)ply) dy + V' (20 + &) = — / W0 + = — y)3(y) dy.
{vé¢[zo,z0+el} y€[ro,r0+e)

If € > 0 is small enough, then, sign(W’(x)) = sign(z) for € [—¢,¢|. Then,

/ W (2o—y)ply) dy+V" () > 0 > / W (2o-+e—)p(y) dy+V" (zo-+2).
{yé¢[zo,x0+e]} {yé¢[zo,x0+e]}

On [xg, zo + €],
Flz) = / W(a — y)ply) dy + V'(x)
{yé[ro,x0+¢]}
— W(0h) / py) dy — W'(0%) / Ay) dy
(—o00,z0) (z0,+00)

+/ W (x —y)ply) dy + V'(z),
{yé[wo.o+e]}
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where W is defined in (23), and F is then continuous on [z, zo + ¢]. There exists then
7° € [xo, z0 + €] such that

[ Wi -yt g+ v =0 29
{vélzo.zotel}

We define the following perturbation u® of u:

a(z) on (Z°),

w(z) = ' z° on Z*

and we write v° := u® — u. u is then the pseudo-inverse of the measure:

= Plenoser ([ pla)de ) o
[0,z0+€]

Notice that Wi (p%, p) <e.
Step 2: We estimate E(p°) — E(p).

We use the symmetry of W and the fact that u* = @ on (Z¢)° to compute:

B 2@ = 5[ [ wee —wenaci g [ [ Wt —ae) dea:
W(u®(z) —u® dédz — W(u(z) —u(&))dEdz
o L were —veaza— [ [ wie) —ue)
—i—/EV(ue(z)) dz — ZEV(E(Z))dz.

Since v is constant on Z¢, the first term can be computed. We estimate the second
term using the expansion W (z) = W(0) + W’(0)|z| + W(0)z + O(2?) (thanks to As-
sumption 5), where we notice that W’(0) = 0 thanks to Assumption 1. We use Taylor
expansions on the fourth and sixth terms to get:

16



E(p") = E(p) = ()(!ZE|2 \ZE\Q)

0++O // o)\ dé dz

/() W (uf(2) = u*(9)) df] + v<us<z>>} "

_I_

|
=

W(z® —u(§)) d{;‘] + V(i:s)} dz

L (Zs)c

_|_

£

W'(z° — u(€)) dg] + V’(:E‘f)} (z° —u(z))dz

L (Zs)c

/A [/( L V& 2) — (@) de] + Ve @ - ate) s

DN | —

where 6,(&, z), 02(2) € [(u(z),z°)]. Since u(z) = z° on Z%, the third and fourth line
cancel. The fifth line is equal to 0 thanks to the definition of z° (see (29)). Then,

B() - ) = - P [ e - s

- / 5 { [ [, W) - a(g))ds} V(B (0 - 0(:)

Since p is compactly supported, W”, V" are continuous, and 0, (, z), 62(z) € [(u(z), z°)],
we have uniform estimates:

sup — [W(01(€, 2) —u(S)) — Wz — u(S))] = o=(1),

{¢e(Zz¢e)e, zeZ¢5}

30
sup. [V (6a(2)) — V"(2)] = 0s(1). (30)
{zeZ¢}
Then, if we define w® := [ ... W”(u(§) — 7°) d§ + V"(z°), we get:
E(p")—E(p) = - // ; °(2)| dé dz
1
+5 (=" +0-(1)) o717, (31)

In order to prove the proposition, we shall show that the first term of (31) is strictly
negative and dominates the second term (which is strictly positive). Then, E(p°)—E(p) <

17



0 if £ > 0 is small enough. However, the two terms of (31) are of the same order in &, we
shall thus need to estimate precisely the second term.

Step 3: We estimate [[v°]|3,.

Since u is a steady-state, for any z € Z¢,
o= | W(a(e) — (=) de — V'(a(2))
{&ua©)#u(2)}

- [ (27 W'(a(§) —u(z)) d§ = V'(u(z))

n / W (a(€) — a(z)) dé.
{¢eze;u(§)#u(z)}

We estimate the first term through Taylor expansions of x — W' (a(§) — z), x — V'(z)
around ¢ (the rest term is estimated as in (30)), and the second term using W'(x) =
W'(0")sign(x) + W'(x) = W(01)sign(z) + W”(0)x and sign(0) = 0 to get:

+0(1) [ u(§) —a(z)] d€ + o-(1)v"(2),

ZE
thanks to the definition of z°. Then,

ol = [ v
_ /Z [W'W) /zisign(a(g)—ﬂ(z))dg] v (2) d

< —w* 2
1 (1
POl f [ 1at6) = a(e) des + S (52

_wf

Let z € [0,1], and ¢ := inf{{ € [z, 25]; u(§) = u(z)}, ¢ := sup{& € [z, 25]; u(§) =
@(z)}. Then,
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£

25 ¢!
[ sienate) - atz)) . = /[ oy SEniE et /C 0de

25 ¢’
— [ sien(e - 2)dg - /< sign(€ — 2) dg

= [(2f —2) = (z = 20)] = [((" = 2) = (¢ = )]
— 2 {z—zo";zf]j%{z—“rﬂ.

2

Then, since @ is constant on (¢, ("), so is z — v°(2) = 7° — u(z) = v° (LC,), and

/j [ / sign(a(§) — u(2)) dg} V¥ (2) dz

B ¢ 20+ 26 . . C+CI ¢’ C+</
__2/c [z— 5 1]v(z)dz+211 ( 5 >/< [z— 5 }dz
=2 /: {z — zo—zsz] ve(2) dz. (33)

We consider

0= {(QC’) C Z%; u is constant on (¢, ('),
(¢, (") being the maximal interval such that this is true}.

Since each element of €2 contains a rational number, ) is at most countable, and then,
thanks to (33),
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_ TR B
/ZE\(U<<,</>EQ(<,<'>) Uzo sign(§ — 2) f] v¥(2) dz
‘¢ Zo—i-zf]
+ -9 . (o d
2 /c {Z 5| v(2)dz

(¢,¢e

= —2/ {z _af Zl} v¥(2) dz.
ze 2

Thanks to (34), (32) becomes:

(1—005 ))|| 2, = QW(W)/ <z ZO;Z)UE(z)dZ
+—0 // a(e) — a(2)| de d=.

We notice that:

//m)z a(€) —u(z)|dfdz = 2//5)%? [a(¢) — u(2)] dé dz
[ R

and sinc fZ - %Z%) dz = 0, we have:

//Z) o(6) - gz = 4 [ (z—zong)m(z)—xf) d
- —4/Z8 (z— ZO;Zf) o () d.

20
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Finally, thanks to (36), (35) becomes:

A W' (0%) 4+ O(e
Il = s [ o) dea

Step 4:We estimate w®.

Since

0 =

where we

xg, Tg + € € supp p = u([0,1]) and @ is a steady-state of (25),

( / W(a(€) — (0 + £)) dE — V(o + e>)
{£€[0,1]; u(§)#xo+e}

- ( / W/(a(€) — o) dé — V'<xo>)
{&€€[0,1]; u(§)#xo}

([ (w0 sisn(ate) - (ro+ ) + W(©) - (1 +9)) ds = Vo +2))

([ (w0 sena(e) — o)+ )~ ) d ~ V')
(W’((ﬁ)( ((zo +&,+00)) — ﬁ((—oo,xo+€>)>

/ W'(a x0+5)d§—V’(x0+5)>

(W’ (0™) < (20, +00)) —00, Tp)) / W' (a(&) — o) d€ — V'(iﬂo))

—W'(0") [ ({zo, w0 +€}) + 2p((x0, zo+¢€))]

U W"(a(¢) — z°)dé + V" (z )}&?—i—o(e),

applied a Taylor expansion to the regular terms x — W’ (@(¢)—x) and x +— V' (z)
at point x = z° (the rest term is estimated as in (30)). We notice that

| e —a)de s v = ws [ e -
= W+ 0(177),

and then,

—e(w® 4+ O(|Z7))) = [p({zo, x0 + £}) + 20((wo, z0 + €))] + 0(e).
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Since |[w®| < [|W”|| Lo (supp p—supp ) + ||V || Lo (supp 5)» We have in particular that |Z°| is
of order ¢:
27| = p(lxo, mo + €]) = O(e), (39)

and then, using again (38), we get that for & small enough,

%

. '(07)

- [p({zo, 20 +€}) + 2( (20, 20 + €))] + 0-(1)
> W'(0") ép([lfo,xo +¢]) + o-(1).

We assumed (see (26)) that %f[m roe] p(x)dz > C > 0 for € small enough. Then, for
€ > 0 small enough,
—w® > Cst > 0. (40)

Step 5:We conclude.

Thanks to (37), (31) becomes:

E(r) - B(p) = - // () — (2)] de d
§< P ) 400 //) a(2)| dé d

—2w* 4 0.(1)
thanks to (40). Finally, we assumed that zy is an accumulation point of supp p° N[z, o),

+og }// a(¢) — a(z)| dé dz,

¢ can thus be chosen small enough for o.(1) < ( 9 to hold, and then,

£ - B < g [ [ ) —ate) de (a1

Since x is an accumulation point of supp pN [z, zo+¢| = u(Z°), u cannot be constant
on /¢, and then:
B(p*) — E(p) < 0. (42)

O
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3.2 potentials having a repulsive singularity at = = 0.

In this section, we shall consider potentials having a repulsive singularity at z = 0:
Assumption 6
Ve C*(R), W eC'R),

and there exists W/(07) < 0 such that
(z — W(x) :=W(z) = W (0h)|z|) € C*R).

For such potentials, we don’t know any existence theory, we thus prove in Prop. 6
that if Assumptions 1, 2, 3 and 6 are satisfied, and if p° € W2%>(R), then there exists a
unique solution p € L*(Ry x R) N Lip,,.(R, W*><(R)).

Proposition 6. Let p°, V, W satisfy Assumptions 1, 2, 3 and 6. Assume moreover that
p° € W2°(R). Then there exists a unique solution

pe LOO(R+ X R) n Liploc(R+7 WQ’OO(R))

to (1).
If p° € WN*(R) and V € WNT2(R) (for N € N), then p € Lipj.(R, WN>(R))

Remark 5. The uniform bound p € L®(R, x R) ensures that the solution does not
converge to any singular measure. The behavior of the solution in this case is then very
different from the two other cases (Assumptions 4 or 5) studied in this paper, where the
solution generically converges to a sum of Dirac masses. For a short investigation on the
transition from the situation of reqular kernels to the situation where W has a singularity
at x =0 and is locally repulsive, see [13].

Proof of Prop. 6

Step 1: We show some a priori estimates on p, using maximum principle arguments:
We consider first € R such that p(t,z) = ||p(t, )||cc. Then 0,p(t,z) = 0, and
aplt.a) = Dop(t,x) (W' 5 p)(t,) + plt.2) (W5 p)(t,2) + V" ()
_2W,(O+>p(t7 $)2

= (W p)(t2) + V(@) = 2W'(0)p(t,)) pit, )

< (Il + 1V o = 200701008l ) 1002 ) o
Then,

ot oo < max (16°)es 5o (I + 1V71e) ) (43)
= W0
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Let now N € Nand x € R be such that [0Y p(t, z)| = |0V p(t, ) |lee- W.l.0.g.,0Y p(t, z) >
0, then,

QO p(t,x) = O (p(W'xp+ V")) (¢, x)

= X ) eretearr v v
n=0
N N ~
= Z ( " ) O p(t, ) (W" % 0N ""p — 2W/(01)0Y " p 4+ OV T2 "V)(t, v)
n=1
+0,(0) p)(t, ) (W' 5 p + V')(t, )
+o(t, ) [ —OW(OH)AN p(t, ) + W % O p + ajf”v}

IN

N
N bydld ’ n n
Z( n ) (177123 2z + 2W(07)) 1920t ) ocll O " (2, )1
n=1

ot Ylwsos [V lwwszeec.on ]

+0 + [|p(t, ) lloo [HW”HD([—QC,QC])||p<t7 Moo + [V ][wit2.e0—cc
< C+lpt, ) lwn—ree) |, ) llwnoe,

where we used the assumption on z to get 9,(0Y p)(t, z) = 0, the assumption Y p(t, z) >
0 to get p(t,x)[ — 2W'(0M)ON p(t, x)] < 0, and the estimate of Prop. 1 to get that
supp p(t,-) C [—C, C] (uniformly in time).

Since this inequality holds for any N > 1, and ||p(¢, )|/ L~ < Cst by (43), an induction
argument shows that if p® € W there exists C' = C(N, ||p°||n~.) such that

ot Moo < (1" llwmcce. (44)

Step 2: We build the solution using the above a priori estimates:

In order to prove the existence of a solution p € L>°(R, x R) N Lip,,.(R,, W>*(R))
to (1), we use the inductive scheme: py(t, ) := p°(x), and

{ pn-‘rl(ov ) = pO’
8tpn+1 (ta .CE) - 8:0 (pn-‘er/ * Pn + V/) .

Thanks to estimates similar to the a priori estimates done in the first part of this
proof, one gets the following (uniform in n) estimates:

lpnsi(t Moo < 1P lloce”,
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and ther exist C, T' > 0 such that Vt < T,

||axpn+1(ta )“oo < CHaa:pOHoov ||atpn+1(ta )”oo <C (Haa:p()”oo + HPOHOO) .

Those estimates show that (p,,) converges in L>([0,7] x R) up to an extraction. A further
study of (p,11—pn) shows that the whole sequence converges to the unique strong solution

pof (1).

Finally, estimate (44) shows the propagation of regularity anounced in Prop. 6.
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