High Dimensional Switched Systems:
Control and Observation

Adrien Le Coént !, Florian De Vuyst !, Christian Rey 2
Ludovic Chamoin 2, Laurent Fribourg 2, Mario Sigalotti*

October 14, 2015

LCMLA Centre de Mathématiques et de Leurs Applications
2LMT-Cachan Laboratoire de Mécanique et Technologie
3LSV Laboratoire de Spécification et Vérification

4CMAP Centre de Mathématiques Apphquees

October 14, 2015 1/ 47

A. Le Coént, F. de Vuyst, L. Fribourg



Introduction

Framework

m Goal: control the evolution of an operating system with the help
of actuators and sensors

m Framework of the switched control systems: one selects the
working modes of the system over time, every mode is described
by differential equations (ODEs or PDEs)

m Application to medium/high dimensional systems:

m Model Order Reduction
m Error bounding
m State space bisection
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Switched Systems

Switched Systems

A switched system
E(t) = fony(2(1))

is a family of continuous-time dynamical systems with a rule o that
determines at each time which one is active
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Switched Systems

A switched system
E(t) = fony(2(1))

is a family of continuous-time dynamical systems with a rule o that
determines at each time which one is active

m state x €¢ R"

m switching signal o : [0,00) — U
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Switched Systems

Switched Systems
A switched system

B(t) = fo@) (x(t))

is a family of continuous-time dynamical systems with a rule o that
determines at each time which one is active

m state x € R"

m switching signal o : [0,00) — U

m U ={1,..., N} finite set of modes associated with the dynamics

T = Ax + Bu

We focus here on sampled switched systems: switching instants occur
periodically every 7 (~ o is constant on [iT, (i + 1)7))
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Switched Systems

Controlled Switched Systems: Schematic View

S i
Switching signal tpermsor

»| Controller 1 ——

Controller N

Plant —
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Switched Systems

Control Synthesis Problem

We consider the state-dependent control problem of synthesizing o:
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Switched Systems

Control Synthesis Problem

We consider the state-dependent control problem of synthesizing o:

At each 7, find the appropriate switched mode u € U according to the
current value of z, in order to achieve some objectives:

m stability (x should converge to and stay in the neighborhood R of
a reference point )

m safety (z should never exit from a safe zone S)

NB: classic stabilization impossible here (no common equilibrium pt)
~> practical stability

A. Le Coént, F. de Vuyst, L. Fribourg HD Switched Systems October 14, 2015 7/ A7



Example: Two-room apartment

Ty

heater
o (Tg = Ty)u

T,

Tl _ [ —@21—ae—ayu a1
T2 12 —Q12—Qe2
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Switched Systems

Example: Two-room apartment

heater
o (Tg = Ty)u

Ty T,

Ty _ ( —ao1—aa—aju a1 Ty + ae1Te+arTru
T2 - 12 —Q12— Q2 T2 ae2Te ’

m Modes: uv = 0,1 ; sampling period 7
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Example: Two-room apartment

heater
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m Modes: v = 0,1 ; sampling period 7
m A pattern 7 is a finite sequence of modes (e.g. (1-0-0-0))
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o (Tg = Ty)u

Ty T,

Tl —Q21 —Qle1l — O FU a9l Tl ae1TetoarTru
= f _|_ fArf
T 12 —Q12— Qe T aeaTe ’

m Modes: v = 0,1 ; sampling period 7

m A pattern 7 is a finite sequence of modes (e.g. (1-0-0-0))

m A state dependent control consists in selecting at each 7 a mode
(or a pattern) according to the current value of the state.
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Switched Systems

Example: Two-room apartment

heater
o (Tg = Ty)u

T, T,

Tl —Q2] —Qel —QFU a1 Tl aerTetaTru
= f _|_ f4r
T Q12 —Q12—Qe2 T ae2Te ’

m Modes: v = 0,1 ; sampling period 7
m A pattern 7 is a finite sequence of modes (e.g. (1-0-0-0))
m A state dependent control consists in selecting at each 7 a mode
(or a pattern) according to the current value of the state.
NB: Each mode has its basic proper equilibrium point; by appropriate
switching, one can drive the system to a specific stability zone
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Switched Systems

Safety and Stability Properties for the two-room
apartment
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Switched Systems

Safety and Stability Properties for the two-room
apartment

m Example of safety property to be checked: satisfactory
temperature

Vt Z 0: Tmzn < E(t) S Tmaaﬁ
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Switched Systems

Safety and Stability Properties for the two-room
apartment

m Example of safety property to be checked: satisfactory
temperature

Vt Z 0: Tmzn < E(t) S Tmaaﬁ

m Example of stability property to be checked: temperature
regulation

’Tl(t) - Tr@fcrcncc‘ <egeast— o0
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e Decomposition

Bisection Method

Given a zone R (selected around a reference point 2 of the state-space)

m Look for a pattern which maps R into R

max
T 2

min
TZ

min max
T 1 T 1
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e Decomposition

Bisection Method

Given a zone R (selected around a reference point 2 of the state-space)
m Look for a pattern which maps R into R

m If such a pattern exists, then uniform control over the whole R

m Otherwise,
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Bisection Method
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State Space Decomposition

Bisection Method

Given a zone R (selected around a reference point 2 of the state-space)
m Look for a pattern which maps R into R
m If such a pattern exists, then uniform control over the whole R

m Otherwise, bisect of R into subparts, and search for patterns
mapping these subparts into R

m In case of failure, iterate the bisection

iz

&
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State Space Decomposition

Bisection Method

Given a zone R (selected around a reference point (2 of the state-space)
m Look for a pattern which maps R into R
m If such a pattern exists, then uniform control over the whole R
m Otherwise, bisect of R into subparts, and search for patterns
mapping these subparts into R
In case of failure, iterate the bisection

Extension for safety: the unfolding must stay in the safety set
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Space Decomposition

definition

A decomposition A of R is a set of couples {(V;, m;)}icr such that:
U Uz‘el Vi=R
m Vie Il Postr,(V;) CR
m (Extension for safety: and Vie I Unfr (V;) C5).
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State Space Decomposition

definition

A decomposition A of R is a set of couples {(V;, 7;)}ies such that:
B Ui, Vi=R
m Vi€l Post,,(V;) CR
m (Extension for safety: and Vie I Unfr (V;) C5).
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State Space Decomposition

definition

A decomposition A of R is a set of couples {(V;, 7;)}ies such that:
m Ui, Vi=R
m Vi€l Post,,(V;) CR
m (Extension for safety: and Vi€ I Unf,, (Vi) C5).

21.8 T T 21.8

21.6 21.8f

R1.4 R14r
212 R1.2F
21.0 21.0}
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definition

A decomposition A of R is a set of couples {(V;, 7;)}ies such that:
m Ui, Vi=R
m Vi€l Post,,(V;) CR
m (Extension for safety: and Vi€ I Unf,, (Vi) C5).
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R1.4 R14r
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21.0 21.0}
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20.6 R0.6

20.4

R0.4 1

2

21

0.2 0.2
20.220420.620.821.021.221.421.621.8 20.220.420.620.821.021.221.421.621.8

definition and property
Let Posta(X) =gef U;ep Postr, (X NV;).  We have:

Posta(R) C R (and Unfa(R) C5)
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State Space Decomposition

Control and Trajectories Induced by A

The decomposition A = {(V;, ;) }ier induces a natural control:
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z(t) € R, therefore Ji € I such that z(¢t) € V;
Apply pattern m; to z(t)
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State Space Decomposition

Control and Trajectories Induced by A

The decomposition A = {(V;, ;) }icr induces a natural control:
z(t) € R, therefore Ji € I such that z(¢t) € V;
Apply pattern m; to z(t)
At the end of m;, z(t') € R, iterate by going back to step (1)

Property
Under the A-control,

m any trajectory xg —myy T1 ", T2 my o always stays in R

m The unfolding of the trajectory always stays in
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State Space Decomposition

Decomposition for the two-room apartment
For: oy =5 X 10*2,0@1 =5x 10*2,0481 =5 X 10*3,0452 =
3.3x 1073, af =83 x1073,T, = 10,7y = 50 and 7 = 5.
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State Space Decomposition

Decomposition for the two-room apartment

For: oy =5 X 10*2,0421 =5x 1072,0481 =5 X 10*3,0[@2 =
3.3x107%, ay =83 x 1073, T, = 10,Tf =50 and 7 = 5.

Q = (21,21), R = [20.25,21.75] x [20.25,21.75], S = [20,22] x [20, 22]
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Decomposition for the two-room apartment

For: aio =5 X 1072, 91 =5 X 1072, 1 = 5 X 1073, qtey =
33x1073%, ay =83 x 1073, 7, = 10,Tf = 50 and 7 = 5.

Q = (21,21), R = [20.25,21.75] x [20.25,21.75], S = [20,22] x [20,22]
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Decomposition for the two-room apartment

For: aio =5 X 1072, 91 =5 X 1072, 1 = 5 X 1073, qtey =
33x1073%, ay =83 x 1073, 7, = 10,Tf = 50 and 7 = 5.

Q = (21,21), R = [20.25,21.75] x [20.25,21.75], S = [20,22] x [20,22]

20.2
20.220420.620.821.021.2R1.421.621.8

0.2
20.220420.620821.021.221.421.621.8
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Decomposition for the two-room apartment

For: aio =5 X 1072, 91 =5 X 1072, 1 = 5 X 1073, qtey =
33x1073%, ay =83 x 1073, 7, = 10,Tf = 50 and 7 = 5.

Q = (21,21), R = [20.25,21.75] x [20.25,21.75], S = [20,22] x [20,22]

20.2
20.220420.620.821.021.2R1.421.621.8

0.2
20.220420.620821.021.221.421.621.8
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State Space Decomposition

Decomposition for the two-room apartment

For: aio =5 X 1072, 91 =5 X 1072, 1 = 5 X 1073, qtey =
33x1073%, ay =83 x 1073, 7, = 10,Tf = 50 and 7 = 5.

Q = (21,21), R = [20.25,21.75] x [20.25,21.75], S = [20,22] x [20,22]

20.2
20.220420.620.821.021.2R1.421.621.8

0.2
20.220420.620821.021.221.421.621.8

Figure : Decomposition (left) ; unfolding (middle) ; unfolded trajectory
(right) in plane (73, 73)
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State Space Decomposition

Decomposition for the two-room apartment

For: aio =5 X 1072, 91 =5 X 1072, 1 = 5 X 1073, qtey =
33x1073%, ay =83 x 1073, 7, = 10,Tf = 50 and 7 = 5.

Q = (21,21), R = [20.25,21.75] x [20.25,21.75], S = [20,22] x [20,22]

20.2
20.220420.620.821.021.2R1.421.621.8

0.2
20.220420.620821.021.221.421.621.8

Figure : Decomposition (left) ; unfolding (middle) ; unfolded trajectory
(right) in plane (73, 73)

Decomposition found for &k = 4,d = 3.
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State Space Decomposition

A Switched System with Output
m Described by the differential equation:

{ i(t) = Axz(t) + Bu(t)
y(t) = Ca(t)
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A Switched System with Output
m Described by the differential equation:

{ i(t) = Axz(t) + Bu(t)
y(t) = Ca(t)

x € R™: state variable

y € R™: output

u € RP: control input, takes a finite number of values (modes)
A,B,C": matrices of appropriate dimensions
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properties (stability, reachability...)
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State Space Decomposition

A Switched System with Output
m Described by the differential equation:

{ i(t) = Axz(t) + Bu(t)
y(t) = Ca(t)

m r € R™: state variable
m y € R™: output

m u € RP: control input, takes a finite number of values (modes)
m A,B,C: matrices of appropriate dimensions

m Idea: impose the right u(¢) such that = and y verify some
properties (stability, reachability...)
m Objectives:
x-stabilization: make all the state trajectories starting in a compact
interest set R, C R™ return to R,;
y-convergence: send the output of all the trajectories starting in R,
into an objective set R, C R™;
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State Space Decomposition

A Switched System with Output
m Described by the differential equation:

{ i(t) = Axz(t) + Bu(t)
y(t) = Ca(t)

m = € R": state variable
m y € R™: output
m u € RP: control input, takes a finite number of values (modes)
m A,B,C: matrices of appropriate dimensions
m Idea: impose the right u(¢) such that = and y verify some
properties (stability, reachability...)
m Objectives:
x-stabilization: make all the state trajectories starting in a compact
interest set R, C R™ return to R,;
y-convergence: send the output of all the trajectories starting in R,
into an objective set R, C R™;

m Constraint: x of “high” dimension.
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State Space Decomposition

A Sampled Switched System with Output

Pressure 3
Condenser

A distillation column

| Reflux
Top product
_| x
,_. x
_| x4
w
R { X,
Input Feed 3
_l s
’—. %
_| x,
u o o
o\

Reheater X,

¥

Bottom product
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State Space Decomposition

New Decomposition

definition

A decomposition A of R, is a set of couples {(V;, Pat;)}icr such that:
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definition
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New Decomposition

definition

A decomposition A of R, is a set of couples {(V;, Pat;)}icr such that:

U Uie] Vi= Ry
m Vi € I Postpa, (Vi) C R, (x-stabilization)
C

m Vi € I Postpa, c(Vi) C Ry (y-convergence)

definition and property
Let Posta(X) =gef U;es Postr, (X NV;). We have:
Posta(Ry) C R, and Posta c(R:) C Ry.

Computational cost of decomposition: at most in O(2"N*).
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State Space Decomposition

Dealing with high dimensionality : model reduction

Ax(t) + Bu(t) e [%(0)
cx(t) [v.(1)

<
=S
(TT]

Control synthesis
(decomposition)

Offline
Online

¢(t) = (t)
.[X(t) Ax(t) + Bult) Y Reduced Luenberger Observer
vl = cx(o)
X(0)
3
u(t) X—dependent controller
A -
u(%)(t)
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Offline
Online
Rl S e
wx(t)
A
u(t) X—dependent controller Pl
u(%)(t)

A. Le Coént, F. de Vuyst, L. Fribourg Switc ems October 14, 2015 19 / 47



Control of high dimensional switche

Outline

Control of high dimensional switched systems
m Model Order Reduction
m Guaranteed offline control
m Guaranteed online control
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Control of high dimensional switched systems [EE\VEYISIMOINeIEETIeiiTeInte)e)

Model Order Reduction by Projection

Construction of a reduced order system S of order n, < n:

. [ #(t) = A#(t) + Bu(t),
e { yr(t) = éi’

(t).
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the full-order level.
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Model Order Reduction by Projection

Construction of a reduced order system S of order n, < n:

. [ #(t) = A#(t) + Bu(t),
Z'{w) — Cih)

Reduction by a projection (constructed by balanced truncation)
T = LR, 7, € R™" wp € R X™ .

A=nrAn;,, B=mgB, C=CrL.

Goal: design a controle rule u(-) at the low-order level and apply it at
the full-order level.
Requirements:

m projection of the interest set R, = mrR,

m error bounding of the state and output trajectory
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Control of high dimensional switched systems [EE\VEYISIMOINeIEETIeiiTeInte)e)

Output and state trajectory error [2]
After application of a pattern of length j
m the error between y and ¥, is bounded by:

et4 B
NIHE

ej’TA T
eI™A TRT(

.j7-

el = fu()]| %7 / I[c —¢]

A~

sup ||[[C —-C']

o€ Ry
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Model Order Reduction

Control of high dimensional switched systems

Reduced Order Control
Two systems:
m Full-order system: ¥, R,, R,
5. { i(t) = Az(t) + Bu(t)
CLy@) =Cx()

m Reduced-order system: S, Ra, R,
A { (t) = Ai(t) + Bu(t),
DI A

yr(t) = C2(1).

=

HD Switched Systems October 14, 2015
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Reduced Order Control
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m Full-order system: ¥, R,, R,
5. { i(t) = Az(t) + Bu(t)
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m Reduced-order system: S, Ra, R,

Control synthesis (decomposition) for the reduced-order system.
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Model Order Reduction

Control of high dimensional switched systems

Reduced Order Control
Two systems:
m Full-order system: ¥, R,, R,
5. { i(t) = Az(t) + Bu(t)
Lyt =Cx()

m Reduced-order system: S, Ra, R,

Control synthesis (decomposition) for the reduced-order system.
= reduced-order control
= application of the reduced-order control to the full-order system
Questions:
m How is it applied?

m Is the reduced-order control effective at the full-order level?
HD Switched Systems October 14, 2015 24 / 47
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Outline

Control of high dimensional switched systems

m Guaranteed offline control
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Guaranteed offline control

DA€ T TR > Xp
(4) | Pat, (1) | Pat,
¥ P
Xy Xy
(5) | Pat, (2) | Pat,
XY =~
2 Xz
(6) |Pat, (3) |Pat,
v PN
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Guaranteed offline control

h) )

X e TR - X
Projection of the initial state xg

(4) | Pat, (1) | Pat,
X, X
(5) |Pat; (2) | Pat,

A —~
X2 xz
(6) |Pat, (3) |Pat,

A -~
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Guaranteed offline control

Offline Procedure

h) )
X e TR - X
Projection of the initial state xg
(4) | Pat (1) | Pat

Computation of a pattern
Y ~ sequence at the low-order level

X, X,
Pat;,, Pat;, ... (steps (1),(2),(3))
(5) |Pat; (2) | Pat,
X, X,
(6) |Pat, (3) | Pat,
x5! X,
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Control of high dimensional switched systems Guaranteed offline control

Offline Procedure

p) )
X e TR - X
Projection of the initial state xg
(4) | Pat, (1) | Pat, .
' ' Computation of a pattern
% % sequence at the low-order level
1 1
Pat;,, Pat;, ... (steps (1),(2),(3))
(5) | Pat; (2) | Pat, Application of the pattern
sequence at the full-order level
X, %, (steps (4),(5),(6)).
(6) |Pat, (3) | Pat,
x5! %,
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Guaranteed Offline Control

Application of the same pattern sequence:
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Guaranteed Offline Control

Application of the same pattern sequence:

= Vt=jr>0, |y@t) —u@)|<e

= Vit=jr>0, [yt) -y @) <e;” =supe]
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Control of high dimensional switched systems [BEEIVEVZRATIYe 635 iTsTENeTe}s17 Yo}l

Guaranteed Offline Control

Application of the same pattern sequence:

= Vt=jr>0, |y@t) —u@)|<e

= Vt=jr>0, |yt) -y (t)] < e =supe;

Consequence: the output of the full order system is sent in R, + &7°
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Control of high dime »nal switched ems Guaranteed offline control

Guaranteed Offline Control

Simulation on a linearized model of a distillation column: n = 11 and

n, = 2:

3 0.008
yr
y
2 4 0.005 — Ry
Ry + eps-y-inf
0.004
L ] g
S
El I
& 0.003
0 ] )
=
o 0.002
1 ]
0.001
_2 L I .
0.0 0.5 1.0 15 2.0 0
¥ 0 2000 4000 6000 8000 10000
Time (s)
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Control of high dime al switche ems Guaranteed online control

Outline

Control of high dimensional switched systems

m Guaranteed online control

October 14, 2015 29 / 47



Guaranteed online control
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Control of high dime »nal switched

Online Procedure

Xg TR . TR X,
(1)
Pat;
(2) |Pat
g
Xy oo emnesenaseaed - TTp Xy
(3)
Pat,
(4) |Pat,
T
Xy -mmmmmmeeens R > TTRX,
(5)
Pat
(6) |Pat
X3

Guaranteed online control

Projection of the initial state xg
(step (1))
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Guaranteed online control

Online Procedure

D i Projection of the initial state xg

Xg TR mex, (step (1))

) Pat, Computation of the pattern Pat;,
(2) |Pat, at the reduced-order level
X, T[R """"" - TTp Xy

(3)

Pat,

(4) |Pat, ‘
X5 T[R ---------- > TTRX,

(5)
(6) |Pat Pat
X3
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Online Procedure

D i Projection of the initial state xg

S T (step (1)

) Pat, Computation of the pattern Pat;,
(2) |Pat, at the reduced-order level

TR Ty Application of the pattern Pat;,
X1 (3) R at the full-order level, ¥ is sent to
(4] |pa, Pat, a state x (step (2))
X5 T[R ---------- - X,

(5)
(6) [Pat Pat
X3
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Control of high dimensional switched systems RMEIEVERNTIYsReIITTEREITiTavell

Online Procedure

2 >

Xg TR .
(1)

(2) |Pat,
TR

X e R -
(3)

(4) |Pat,
T

bR R s -
(5)

(6) [Pat

X3
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Projection of the initial state xg
(step (1))

Computation of the pattern Pat;,
at the reduced-order level

Application of the pattern Pat;,
at the full-order level, ¥ is sent to
a state x (step (2))

Projection of the (new initial)
state z; (step (3))
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S T (step (1)
) Pat, Computation of the pattern Pat;,
(2) |Pat, ) at the reduced-order level
TR Ty Application of the pattern Pat;,
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) |pat Pat, a state x1 (step (2))
| Projection of the (new initial)
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Control of high dimensional switched systems

Online Procedure

T
D R .......... - TTpXp
(1)
Pat,
(2) |Pat,
g
X, e R - TTpX
(3)
Pat,
(4) |Pat,
T
Xy -mmmmmmeeens R > TTRX,
(5)
Pat
(6) |Pat
X3

Guaranteed online control

Projection of the initial state xg
(step (1))

Computation of the pattern Pat;,
at the reduced-order level

Application of the pattern Pat;,
at the full-order level, ¥ is sent to
a state x (step (2))

Projection of the (new initial)
state z; (step (3))

Computation of the pattern Pat;,
at the reduced-order level

Application of the pattern Pat;,
at the full-order level, X is sent to
a state zo (step (4))...

A. Le Coént, F. de Vuyst, L. Fribourg
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Requirement to apply the online procedure:
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Guaranteed Online Control

Requirement to apply the online procedure:

m Ensure that mpPostpa. (x) € R, at every step.

A. Le Coént, F. de Vuyst, L. Fribourg Swit s October 14, 2015 31 / 47



Control of high dimensional switched systems

Guaranteed online control

Guaranteed Online Control

Requirement to apply the online procedure:

m Ensure that mpPostpa. (x) € R, at every step.

Solution: Compute an e-decomposition
definition

A e-decomposition A of R, is a set of couples {(V;, Pat;)};cr such that:

Ui, Vi=Rs
m Vi € [ Postpa, (Vi) C Ry — SL;Patil
m Vi€ [ Postpa, c(Vi) C R, (y-convergence)

A. Le Coént, F. de Vuyst, L. Fribourg HD Switched
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Guaranteed Online Control

An e-decomposition performed on )y permits to iterate the online
procedure:
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i |

. . ~ Pat
m At a step k, mrxy is sent in R, — EL
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Guaranteed online control

Guaranteed Online Control

An e-decomposition performed on )y permits to iterate the online
procedure:

|Pat¢k|

m At a step k, mrxy is sent in R, — e,
m we have:
|Pat;, |
|\mrPostpat(x) — Postpy(mrr)|| < ez *
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Guaranteed online control

Guaranteed Online Control

An e-decomposition performed on )y permits to iterate the online
procedure:

|Pat¢k|

m At a step k, mrxy is sent in R, — e,
m we have:
|Pat;, |
|\mrPostpat(x) — Postpy(mrr)|| < ez *
m thus, at every step k:
WRPOStPatik ($k) € R,
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Control of high dimensional switched ems Guaranteed online control

Guaranteed Online Control

Simulation on a linearized model of a distillation column: n = 11 and
ny = 2:

3 0.008
yr
y
2 i 0.005 Ry
[ Ry + eps-y-li
0.004
L ] g
3
El ‘s
& 0.003
0 ] 2
=
© 0.002
-1 ]
0.001 F~
—2 L I I
0.0 0.5 1.0 1.5 2.0 0
¥ 0 2000 4000 6000 8000 10000
Time (s)

Remark: Output trajectory error depending on the length of the
applied pattern: much lower than the infinite bound ;°
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Guaranteed online control

Comparison of the Two Procedures

0.008 0.008
oy oy
y y
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Control of high di al s s Guaranteed online control

Other Applications

m Control of the temperature of a square plate discretized by finite
elements: offline and online control

n = 897

0.006 0.008
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Control of high dimensional switched systems RMEIEVERNTIYsReIITTEREITiTavell

Other Applications

m Control of the temperature of a square plate discretized by finite
elements: offline and online control
n =897 and n, = 2

008 0.08

8
8

Output trajectory
2

Output trajectory
2
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oo y + eps-y. ° eps
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Time (s) Time (s)
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Control of high dimensional switched systems RMEIEVERNTIYsReIITTEREITiTavell

Other Applications

m Control of the temperature of a square plate discretized by finite
elements: offline and online control
n =897 and n, = 3

008 0.08

8
8

Output trajectory
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Output trajectory
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Ry —-Ry
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0 100 200 300 400 500 600 0 100 200 300 400 500 600
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Control of high dimensional switched systems [RMEITEVERATIYReI IR iTavell

Other Applications

m Vibration (online) control of a cantilever beam:
n =120 and n, =4

Steel beam

APA actuator

. de Vuyst, L. Fribourg S S s October 14, 2015
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Control of t dime al switche ems Guaranteed online control

Other Applications

m Vibration (online) control of a cantilever beam:
n =120 and n, =4

—-y_r (reduced system) — -y_r (reduced system)
02 —y (full-order system) 02 —y (full-order system)
—y without control —y without control
£ —-R_y (objective set) Ea I—~R_y (objective set)
€ =
1] 5]
£ £
8 3
S S o
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@ @
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Control of high dimensional switched sys

Other Applications

m Vibration (online) control of an aircraft panel:
n = 57000 and n, = 6

y
T 820 mm

200 mm 400 mm 220 mm

bay stiffener

A. Le Coént, F. de Vuyst, L. Frib HD Switched Systems



A.

Control of high dimensional switched systems

Other Applications

Le

Measured displacement at paich 6 (.10°(-1) m)

m Vibration (online) control of an aircraft panel:
n = 57000 and n, =6

Coén

Guaranteed online control

Ai‘

Hm ‘ \,, \| H“
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:L” | ]

i 1{

il

y (full-order)
y_r (reduced)

y without control

R_y (objective)

t, F. de Vuyst, L. Fribourg

Time (s)
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servation of high dimensional switche:

Outline

Observation of high dimensional switched systems
m Observation of switched systems
m Numerical test of a reduced order observer
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Observation of switched systems

Partial observation (without model reduction)
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Partial observation (without model reduction)

Given the switched system:

| @(t) = Az(t) + Bu(t),
X { y(t) = Cu(t).

During a real online use, only y(t) is known.
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Partial observation (without model reduction)

[x(r) = Ax(t) + Bu(t)
|y(t) = cx(t)
Control synthesis
—‘ (decomposition)
Offline
Online
.[X([) = Ax(t) + Bu(y) y(e) Observer
(y(6) = Cx(t)
X(t)
u(t) Xx—dependent controller <
u(x)(t)
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Partial observation (without model reduction)

Given the switched system:

| @(t) = Az(t) + Bu(t),
X { y(t) = Cx(t).

During a real online use, only y(t) is known.

Question: how can we control 3 with the only information of y ?
= An observer: intermediate system, provides an estimate T of the
state x of X

Question: which observer 7

= Kalman filter, High gain observer, Luenberger observer?
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Why the Luenberger observer?

m Dynamics of the Luenberger observer:

i =A% — L(u)(Ci —y) + Bu, L(u) € R™™
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Why the Luenberger observer?

m Dynamics of the Luenberger observer:

i =A% — L(u)(Ci —y) + Bu, L(u) € R™™

= Adapted to switched systems (because of L(u))
= Easy implementation

= Many good properties...

m Objective: find a strategy such that the observer converges:
n(t) = [2@t) —=(®)] = 0
——+00

A. Le Coént, F. de Vuyst, L. Fribourg HD Switched Systems October 14, 2015

41 / 47



Observation of high dimensional switched systems [EOISEITRTERRTo) oW N ATAe L6 IS AEIHE 00T

Properties of the Luenberger observer

Hypotheses:
m 3P >0, st. PA+LuOC)+(A+Lu)C)'P<0 Vu.
m (Dwell-time: 7 > 0)
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Observation of switched systems

Properties of the Luenberger observer
Hypotheses:

m 3P >0, st. PA+LuOC)+(A+Lu)C)'P<0 Vu.
m (Dwell-time: 7 > 0)

Theorem
[Serres, Vivalda, Riedinger, IEEE Trans.Auto.Cont. 2011]

With an appropriate! choice of patterns, the observer converges

Lappropriate = every pattern takes particular values given by the study of e.
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m (Dwell-time: 7 > 0)

Theorem
[Serres, Vivalda, Riedinger, IEEE Trans.Auto.Cont. 2011]

With an appropriate! choice of patterns, the observer converges
monotonically.
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Properties of the Luenberger observer
Hypotheses:

m 3P >0, st. PA+LuOC)+(A+Lu)C)'P<0 Vu.
m (Dwell-time: 7 > 0)

Theorem
[Serres, Vivalda, Riedinger, IEEE Trans.Auto.Cont. 2011]
With an appropriate! choice of patterns, the observer converges
monotonically.
ie. n(t) — 0 and 7n(¢) decreases monotonically.

t—4o00

Lappropriate = every pattern takes particular values given by the study of e.
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Properties of the Luenberger observer

Hypotheses:
m 3P >0, st. PA+LuOC)+(A+Lu)C)'P<0 Vu.
m (Dwell-time: 7 > 0)

Theorem
[Serres, Vivalda, Riedinger, IEEE Trans.Auto.Cont. 2011]

With an appropriate! choice of patterns, the observer converges
monotonically.

ie. n(t) o 0 and 7)(¢) decreases monotonically.

Proof based on the study of
é=(A—-L(u)C)e
where e(t) = x(t) — Z(t)

Lappropriate = every pattern takes particular values given by the study of e.
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Observation of switched systems

Observer based decomposition
Supposing that the initial reconstruction error is inferior to 7

definition

A observer based decomposition A of R, is a set of couples
{(V}, Pat;)};cs such that:

, L. Fribourg

October 14, 2015 43 / 47



Observation of switched systems

Observer based decomposition
Supposing that the initial reconstruction error is inferior to 7

definition

A observer based decomposition A of R, is a set of couples
{(V}, Pat;)};cs such that:

m Uier Vi = Re

, L. Fribourg

October 14, 2015 43 / 47



Observation of high dimensional switched systems

Observation of switched systems

Observer based decomposition
Supposing that the initial reconstruction error is inferior to 7

definition

A observer based decomposition A of R, is a set of couples
{(V}, Pat;)};cs such that:

u Uie] Vi=Ry
m Vi € [ Postpa,(Vi+mn0) C Ry —no and Pat; takes particular value

A. Le Coént, F. de Vuyst, L. Fribourg

October 14, 2015 43 / 47



Observation of high dimensional switched systems

Observation of switched systems

Observer based decomposition
Supposing that the initial reconstruction error is inferior to 7

definition

A observer based decomposition A of R, is a set of couples
{(Vi, Pat;) };cs such that:

u Uie] Vi= Ry
m Vi € [ Postpa,(Vi+mn0) C Ry —no and Pat; takes particular value
m Vi € I Postpa, c(Vi+mn) € R, and Pat; takes particular value

, F. de Vuyst, L. Fribourg

HD Switched Systems

October 14, 2015 43 / 47



Observation of high dimensional switched systems

Observation of switched systems

Observer based decomposition

Supposing that the initial reconstruction error is inferior to 7

definition

A observer based decomposition A of R, is a set of couples
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u Uie] Vi= Ry

m Vi € [ Postpa,(Vi+mn0) C Ry —no and Pat; takes particular value
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Observation of switched systems

Observer based decomposition

Supposing that the initial reconstruction error is inferior to 7

definition

A observer based decomposition A of R, is a set of couples
{(V}, Pat;)};cs such that:

u Uie] Vi= Ry
m Vi € [ Postpa,(Vi+mn0) C Ry —no and Pat; takes particular value
m Vi € I Postpa, c(Vi+mn) € R, and Pat; takes particular value
definition and property
Let Posta(X) =gef U;ep Postr, (X N'V;). We have:
Postx (Ry +m0) € Ry —nmo and  Postac(Rz +m0) € Ry.
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Numerical test of a reduced order observer

Numerical implementation with model reduction

An e-decomposition is performed.
Use of a reduced Luenberger observer:

i = A% — L(u)(CF — Cx) + Bu, L(u) € R™*™
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Numerical implementation with model reduction
An e-decomposition is performed.
Use of a reduced Luenberger observer:

7= A% — L(w)(CF — Cx) + Bu, L(u) € R™*™

Simulation on the thermal plate problem:
Full-order system initialized at 0.06%77, observer initialized at 0397

4 T T T T T

x_r1 (F-O proj)
— x_r2 (F-O proj)
3r x_t1 (Obs)
\ x_t2 (Obs)

Trajectory

0 50 100 150 200 250 300 350
Time(s)
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Numerical implementation with model reduction

An e-decomposition is performed.
Use of a reduced Luenberger observer:

i = Ai — L(u)(CF — Cx) + Bu, L(u) € R™*™

Simulation on the thermal plate problem:
Full-order system initialized at 0.06%°7, observer initialized at 0397

0.16 T T T T T T

Trajecctory

y (F-0)

002f —y_t (Obs)

R_y (Objective set)
0 50 100 150 200 250 300 350
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Numerical test of a reduced order observer

Conclusions

m Guaranteed reduced order control
m Guaranteed observer based control

m Numerical simulations encouraging for reduced observer based
control, but no proof of the efficiency yet (ingredient required: a
bound of the error between mrx and z, W.I.P.)
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Conclusions

m Guaranteed reduced order control
m Guaranteed observer based control

m Numerical simulations encouraging for reduced observer based
control, but no proof of the efficiency yet (ingredient required: a
bound of the error between mrx and z, W.I.P.)

Future work

m Decomposition using dimensionality reduction (projection on more
adapted reduced spaces using post-process techniques)

m Improvement of model reduction techniques (adapted to
hyperbolic and non-linear systems)

m Control of non-linear systems/PDEs
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Thank you ! Questions?
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