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summary :
The problem of the field scattered by a cavity embedded in an impedance (or Robin) plane is considered for
the 3D Helmholtz equation in acoustics. Its resolution is more complex than for a scatterer above the plane,
in particular because the Green's function for the unperturbed plane has a singular part unsuitable for
applications below the plane. It is why the free space Green's function is commonly used in boundary
integral equations for the cavity, and three unknowns are necessary. We propose here to use a novel Green's
function below the impedance plane, which has the advantage to reduce the number of unknowns, and to
simplify the problem. This specific Green's function derives from our recent study for passive and active
unperturbed impedance planes. The uniqueness property is studied in passive case. The application to small

cavity leads us to new analytical results.

1) Introduction

This paper presents novel integral equations for the field scattered by a cavity embedded
in an imperflectly reflective plane with impedance boundary conditions, for the three-
dimensional Helmholtz equation.

The development of boundary integral equation methods, in 2D and 3D, for this
scattering problem is rather recent [1],[2], seemingly because of specific difficulties due
to the representation of the field in the cavity. Indeed, the Green's function GG, defined as
the field of a monopole in presence of the unperturbed impedance plane, that is well
adapted for solving the case of a perturbation in relief, has a logarithmic singularity in
lower half space, which prevents it from being applied below the plane. It is why another
representation is necessary in the cavity, and, until now, the Green's function in free
space was used, which implies three distinct integral equations for three surface field
unknowns [1] : the field and its normal derivative on the aperture of the cavity, and the

field on the surface of the cavity.
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To reduce the number of unknowns and simplify the system of integral equations, we
here develop an original way, consisting in the definition of a new Green's function that
we name the 'below' Green's function G,. Both functions G, and G, satisfy the
impedance condition on the unperturbed surface, but the scattered fields attached to them
are respectively regular above and below the plane. They derive from the solution for an
arbitrary constant impedance plane (passive or active) given in [3]-[4].

Morever, our system of two novel integral equations has the property of uniqueness of
the solution. It is an important point, particularly if we notice that most of the boundary
integral equation methods in the related problem of electromagnetism, which use the
generalized network formulation [5], are not uniquely solvable at some discrete
frequencies [6]. Otherwise, other methods verify uniqueness, in particular the one
developed by Chandler-Wilde in acoustics, with a system of three integral equations [1],
and the one used by Xu for perfectly conducting surface in electromagnetism, with a
system of two vectorial integral equations [6]. It is worth noticing that, in [6], the
generalized network formulation is corrected by the image theory, which is equivalent to
using a specific Green's function in the cavity that takes account of the plane.

This scattering problem can be also analyzed in complex spectral domain in 2D, or by
asymptotic methods in 2D and 3D. So, integral equations with smooth kernels, which
permit various approximations for large or small polygonal cavity in 2D [7], or
asymptotic expressions for a large cavity [8]-[9], have been developed.

The paper is organized as follows. In section 2, we define the properties of the acoustic
field, and analyze the uniqueness of the boundary value problem. We present in section 3,
the expressions of the Green's functions G, and G}, derived from the solution for an
unperturbed impedance plane. In section 4, we use the second Green's theorem and give a
representation of the field above the plane and in the cavity. We then deduce the system
of integral equations in section 5 and show the property of uniqueness in section 6. In
section 7, this new system is considered for small cavity and original analytical results

are derived.

2) Formulation of the boundary value problem and uniqueness

2.1) Boundary value problem

We consider the pressure field p,; scattered by an imperfectly reflective plane that is

perturbed by a cavity (figure 1), when it is illuminated by the incident pressure field p;,.,



radiated by a bounded source W above the plane, and satisfying the Helmholtz equation,
(A +E)pine = W (1)

in R3, with |arg(ik)| < /2.

The plane Sy is defined by z = 0 in Cartesian coordinates (z,y, z). The domain of the
cavity with z < 0, and the half-space above the plane with z > 0, are respectively
denoted €2y and €2;. The aperture and the surface of the cavity, respectively denoted S}
and Sy, are assumed to be piecewise analytic (with no zero exterior angles, i.e. no points

of (2 inside a cusp), bounded by a Jordan curve (.

figure 1 : geometry and definition of the cavity

For any plane wave of incidence angle 3 composing pj,., the infinite plane, when it is
unperturbed, has a reflection coefficient R(3) given by,

cosf — g

LG cosf3+g’

(2)
so that p = p, + pip. verifies the impedance (or Robin) boundary condition,

(&~ ikglp =0 3

on the plane Sy, except on the aperture S; of the cavity. The term g = sinf; is denoted
the impedance parameter. In (3), it is a constant, with Re(zkcosf;) # 0 when Ref; < 0.
This condition on g is due to the presence of a cut in the solution for an unperturbed
plane [3]-[4], along the path Re(¢kcosf;) = 0 as Ref); < 0. Therefore, the surface waves,
which radiate without exponential decay at infinity, can only be considered in the sense
of the limit for Re(ikcosf;) = 0Tor 0~ when Ref); < 0.

Some general properties are considered for the scattered field in €2; and €25:

(a) ps(z), which satisfies the Helmholtz equation

(A 4 E*)p, = 0 with |arg(ik)| < 7/2, (4)



is regular in €2; U 29, except at edges and corners of S where

ps = O(1) and grad(p;) = O(|r["), -1 < <0, (5)

as the distance |r| to the edge or corner vanishes [8], and p; is continuous on the
scatterer;

(b) ps is constituted of outgoing waves, with guiding waves exponentially vanishing at
infinity (Re(ikcosf;) # 0 as Ref; < 0), and, the field at M, with » = OM, verifies,

ps = O0(e*"), (6)
6>0,aszorp=+/22+y> — o0,z > 0, when |arg(ik)| < /2, and
s | . - -
a|r‘ + ikps = 0(|T‘| 1)7 bs = O(|7°| 1)7 (7)

as |r| = a2+ y% + 22 — o0, z > 0, when |arg(ik)| = /2.
In addition, an impedance boundary condition is assumed on the surface of the cavity,

o .
(5- — ikgo)pls, =0, (3)

where 71 is the normal to S5 directed inside €25, g. is a function piecewise analytic on S5.

Remark 1 :

Let us notice that the definitions of the 'acoustic impedance' ( = Agp/ %, Ay a constant)
generally used in physics [20], and of our 'impedance parameter' ( = % /(ikp)), are
different.

2.2) Uniqueness of the solution of the boundary value problem from [10, sect.7]

In [10], Levine develops an uniqueness theorem, i.e. a proof that p;,. = 0 implies p = 0,
in the case of a scatterer with impedance boundary conditions. He considers piecewise
C 2+ surface (with no zero exterior angle), A > 0, without auxiliary 'edge conditions' at
edges or corner points, except that p is continuous. He studies at first bounded scatterers,
but he also gives, in section 7 of his paper, the elements to generalize his results to
scatterers with infinite boundaries, in particular by the use of Jones' uniqueness theorem
[11], that we follow.

We begin to notice first that the conditions given by Levine to apply the Green's first

theorem are satisfied : the cavity is piecewise analytic (with no zero exterior angle), the



field is countinuous on the scatterer, it satisfies impedance boundary conditions and the

conditions (b) at infinity. So, we can write,
/Q (p*(r)Ap(r) + gradp™(r)gradp(r))dV = — /S p'(r) (A gradp)dS +

+ lim ﬁ(@(apm

a—00 r=a,z>0 87“

)dSs, (9)
where Q = Q; UQy, S = S5 U (Sp\S1), n is the inward normal to €2, and from (3)-(8),

Re( [ = ot + EAOE gy = [ Retgiptryas +

+/ Re(g)|p(r)|2dS + I (10)
So\S1

where

I = Re lim O(e ) = 0 for |arg(ik)| < 7/2,

I, = lim Ip(r)[2dS > 0 for |arg(ik)| = 7 /2 (11)
=0 Jr=q, 2>0
For Re(g) > 0, Re(g.) > 0 and |arg(ik)| < /2, the left-hand term is negative since
Re(ik) > 0, while the right-hand term is positive, and thus both terms vanish.
Consequently, we have, when |arg(ik)| < 7/2,

p(r) = 0in Q, for Re(g) > 0, Re(g.) > 0, (12)

and, when |arg(ik)| = 7/2,

p(r) =0on S, for Re(g) > 0,Re(g.) > 0,
Onp(r) =0on S, for Re(g) > 0,Re(g.) >0, org = g. = 0. (13)

In the latter case, we can use, as suggested by Levine, the Jones' uniqueness theorem [11]
for surfaces conical at infinity, when Neumann boundary condition (9,p(r)|s = 0) is
satisfied, which implies © = 0 in the entire domain €2, and thus completes the proof of
uniqueness. Let us notice, that another proof has been independently developed in [1]
when S is smooth.

3) The 'above’ Green's function G, and the 'below' Green's function G,

The integral representations of the field with single and double layers potentials generally

derive from the use of free space Green's function [8], but more complex Green's



functions, verifying particular boundary conditions, can be used. In this latter case, a
particular attention must be paid to the regularity of these functions.

So, when we consider a perturbation, due to a scatterer above an impedance plane, we
can use the solution GG, for a monopole above this plane to express the field everywhere,
while it is generally not possible when we have a cavity, because of the logarithmic
singularity of G, below the plane.

Therefore, we here develop an original way consisting in using another Green's function
that we name the 'below' Green's function G,. Both functions GG, and G, derive from the
solution for an unperturbed plane, respectively with the impedances g and — g.

In this section, the solution for active and passive plane [3]-[4] are briefly presented, then

G, and G, are developed.
3.1) The solution for an unperturbed impedance plane with arbitrary impedance
3.1.1) Solution for a monopole

The incident field radiated at M (x,y, z) by a monopole at ' (2, 3/, 2" = h) (figure 2) is
given by pin. = e ) [ER(2), with R(2) = /(z — /)2 + (y — /)2 + (2 — )%

[

(@, +h)

//////

figure 2 : geometry and definition of ¢ for the radiation at M

Iiy,
—-Z

From [3], the field p, scattered by the impedance plane is given by

efikR(fz)

% ikg(z+h) —»—h 14
R 2 (g, — 2= ), (14)

bs =

where R(— 2) = \/p*+ (2 + h)%, 2+ h = R( — 2)cosp, p = R( — z)singp, and,



Jq(p7

—zkgz / H kpSIIlﬁ —ikzcosf Slnﬁdﬁ (15)

cosf+g

for z > 0, g = sinfy, with Re(iksin3) = 0 on D from — ico — arg(ik) to ico + arg(ik).
This function is a Fourier-Bessel integral commonly encountered in scattering theory [12,
p.234], also called a Sommerfeld-type integral [13], which has a cut described by
Re(ikcosf;) = 0 when Re(g) < 0 and a singularity at g = — 1.

A correct definition of J, for arbitrary g = sinf;, active (Reg < 0) or passive (Reg > 0),
except on the cut, is also given [3] by,

Jg(p, — h) — _ / efacoshtdt — Z/ e acosa (16)
—ib b
where a = eikR( — z)sinpcosf;, € = sign(Re(ikcost;)) (Re(a) =0 is on a cut of Jj
and it can be only considered in the sense of the limit), and b satisfies
ikR(— 2)
a

eFil = (1 + sinf;)(1 = cosyp), (17)

with [Reb| < 7, e 2 = %, |Re(0;)| < m/2. As g varies, this expression has

a correct cut as € changes of sign for Reg < 0, and is regular elsewhere (note: for
Reg > 0, the change of sign of € does not induce a cut as g varies). The figure 3 shows
the agreement of 7, given by (16) and by Fourier-Bessel expansion (15).

T T

18

04 i i | i i i i 0 i i i i i i i
-4 -3 -2 -1 0 1 2 3 1 Re i -4 -3 -2 -1 0 1 2 3 41Re g

figure 3) Comparison of J, given by (16) ( — O — ) and by Fourier-Bessel expansion when (15) is used
(—o—), when Rey varies; left : |Jy| when Im(g) = — 0.4, z+h = .2, p= .3, ik = .01 4 il.; right :
|Jg| whenIm(g) = 1.2, z+h =1, p = 1.,ik = .01 + 1.



3.1.2) Some properties of T,

Some general properties of 7,, derived from (16), are worth noticing. Using the integral
expression of the modified Bessel function K [17], we can write,

0

b
Ts(p, —2z—h)+ Ky(a) = — Z/ e %o = — z/ e ", (18)
0

—b
which implies, by definition of b and a, that
Ty, =2 =)+ Kola) = — T_y(p. 2 + h) — Kofa) (19)
where a = eikpcost;, € = sign(Re(ikcosd)). From the regularity of J.,(p, — z) for

z > 0 and the expression of b, we deduce that J,(p, — z) has a logarithmic singularities

when z < 0 at p = 0. So, when a, and thus, when p vanishes, we have [3]

Ty(p, —2) ~ —2Ky(a) whenz < 0,9 # — 1,
jg(ﬂv —2)~ — Ky(a) whenz =0, g # — 1.

o~~~ B (D (4 2)) (20)

Moreover, the reader can verify by inspection that,

3%(,0, - h) e*ik(R(*Z)‘l’gZ)

= 21
0z R(—2z2) ~ 1)
and,
(A + £ (™ Ty (p, — 2)) = 4me™ U (— 2)8(2)8(y) (22)
where U is the unit step function, 6 is the Dirac function.
Remark 2 :
Let us notice [3] that, for Reg > 0 and arg(ik) = 7/2,
0 k(1o h) e—ikR(—zl—z)
—z—h)= TgaE) —— ————kd 2
jg(p7 z ) /iooe kR(—Zl—Z) Zl) ( 3)
where R( — z) = \/p? + (2 + h)?, and that, for g = 1,
Tg=1(p, =2z —h) = — E(ik(R( - 2) + (2 + h))) (24)

where F; is the exponential integral [17].



3.2) The functions G, and G,
3.2.1) The Green's functions G, above the plane

The Green's function G, is given by the solution for a monopole above the plane with

impedance parameter g . From the previous section, it is given by

Ga(nrl) = GO('T - x’,y - yla 2 Z/) + GZ(:E - xlay - yla — 2= Z,) ) (25)

where GV is the free space Green's function,

() = 26
(r) = W» (26)
and G; is the scattered Green's function,
GS eiikl?ﬁ' 2% —ikgz 27
g(r) - k:|r| + tge jg(paz)v ( )
with |r| = \/p? + z%2and p = /2% + y>.
Because
2\ A0 —Ar
(A+E)G(r) = ——6(2)8(y)o(2), (28)
and the equation (22) satisfied by J,(p, — 2), the function G, verifies in R,
—4
(A+k)Gulr,r') = —=(8(r =) +
+6(r— 7)) — 2ikge™CHIU(— 2z — 2V6(x — )6y — ) (29)
where v, = (2',y/, — 2'), 6(r) = 6(x)6(y)6(z). It satisfies correct radiation conditions

at infinity for z > 0 (condition (b)), and will be our choice for the Green's function above
the plane for arbitrary g = sinf;, except for Re(ikcosf) =0 when Re(g) <0 (i.e.
except on the cut of 7).

3.2.2) The Green's functions Gy below the impedance plane
The function GG, cannot be used to describe the field in the cavity, when it is influenced

by fictitious sources on the aperture, in particular because of the presence of a

logarithmic singularity of 7,(p, — z) for negative z when p = 0.
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However, we can consider J_,(p, z) instead of J,(p, — z), and obtain an original
Green's function G, which is suitable for an integral representation of the field in the
cavity, and continues to satisfy the impedance boundary condition (3). This choice will

be corrected in the vicinity of g = 1 to take account of the singularity of 7_, at this point.
3.2.2.1) The function Gy, for g # 1

We remark that, below the plane where z + 2’ < 0, the function
Gb(,’nv ’l“/) = Go(x - l’/, Y- y/a 2 zl) + qu(llf - xla Yy — y/a zZ+ Z/) ’ (30)
with

e—ik\r|
klr|

- 2Z‘geikgz\7*g(pa Z), (31)

continues to satisfy the impedance boundary condition (3) on the plane z = 0, is regular

for z + 2’ < 0, except for the singularity of G® at z = 2/, and verifies in R,

— 47

(A4 EHGy(r,7") = (6(r—1r") +
+8(r — 1) + 2ikge™ U (2 + 2)6(x — 2)6(y — ) (32)

where v, = (2',y/, — 2'), 6(r) = 6(x)6(y)6(2).
This will be our choice for the Green's function below the plane, except in the vicinity of
g =1 (where J_, is singular) and on the cut of J_, (the case with Re(ikcosf;) = 0 has
to be taken in the sense of the limit). Let us notice that it satisfies the usual radiation

conditions at infinity, similar to (b) but in lower space instead of upper space.

Remark 3 :
In the case of a cavity €2y filled with a material, we can consider the wave number ko
instead of k, and g2 = kg/ks in place of g, so that (G, continues to satisfies the

impedance boundary condition (3) on the plane z = 0.
3.2.2.2) A suitable choice for G, when g ~ 1, regular on the cut of J_,
The function J_,(p, z) is singular at ¢ = 1. However, considering the equations (19) and

the domain of regularity of .7, [3], the function [J_,(p, z) + 2Ky (a) is regular for p # 0

in vicinity of g = 1, as g = sinf; varies, with a = ikepcosf;, € = sign(Re(ikcosd;)). We
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can then use that
Koy(a) + In(a)ly(a) (33)
is an entire function of a [17], and
(A + k) (e*sn9= [ (ikepcoshy) = 0, (34)

and choose to add the term

Dy(r, ") = 4igIn(ikdcost; ) Iy (ikcosti/(x — /)% + (y — y)2)e*9C+) | (35)
to Gy, for g ~ 1, where d is an arbitrary constant. So defined,
Gb(’l“, T/) = GO('T - ZL‘/, Y- yla 2 Z/) + qu(x - SL‘/, Y- y/v Z+ Z/) + Db(’l“, T,)7(36)

becomes regular for Reg > 0, and presents, as g varies, the same cut and singularities as
G, for Reg < 0.

This function continues to satisfy the impedance boundary condition (3) on the plane
z = 0, is regular for z + 2’ < 0 except for the singularity of G°, and verifies (32). The
corrective term Dy (r, ") does not satisfy the usual radiation conditions at infinity but it
will be of no consequence for our demonstration in further sections, and this function can

be used when |ikepcos(#1)| < 1 is verified in the whole cavity.

Remark 4 :

For g — 1, we notice [3] that

ik(1+ g)(|r| + 2)

Tolp.2) = B (PO, o a) 4
FO(ik(L — g)(r| — 2o L)) 37)
and thus
e—ik|r| )
G® (1) + Dy(r) — — 2ie"™ (B (ik(|r| + 2)) + 2In(p/d)), (38)

klr|
which is regular for p = 0, z < 0, since, || + z = ‘rf—iz and F1(v) = — In(v) + O(1).

3.2.3) Some additional properties of Ggp(7,7")

From the derivative of 7, given in (21), we have
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(-
= (i)(GO(T ")+ Gr — 7

az/ m

ikg)Goap(r, ')

)) = ikg(G(r —1') = G*(r —riy)),  (39)

where 7, = (2/,y, — 2’). This leads us to write, when z = 0,

0

(557~ )2G°(r = 1)) |0, (40)

) 0.
Zkg)Ga,b(raT,”z:O = (%

and, when 2’ — 0, 2z # 0,

(% —ikg)Gap(r,r') — 0. (41)
These properties will be particularly useful to prove the continuity of the normal
derivative of the field, deduced from our solution, through the aperture of the cavity.

Moreover, for our choice of G, in section 3.2.2.1 (for g # 1), we have

Gb('f’y T/) =G, (Ta T‘/) + 4igeikg(z+z,)KO(a)
Gb(’f’, T/)lg:y - Ga (Tima T;m) |9:_U

(Ga(r, 1) + Go(r, 7)) s = 4(=

—ikp
kp

+1i9(Ty(p, 0) + Ko(a))), (42)

while, for our choice of G}, in section 3.2.2.2 (for g ~ 1),

Gy(r, 1) = Gu(r,7") + 4ige™=) (Ko (a) + In(ikdcos(0;))Iy(ikpcos(6;)))

—ikp
(Galrs1') + Goltr:1)|amsrmo = A=+ 19(, 0, 0) + Kofa) +
+ In(ikdcos(601))Iy(ikpcos(61)))), (43)
where
b .
Ty(p,0) + Ko(a) = —i/ e g0 b = = iin( ¢ E S0y (44)
0 cosb

with g = sinfy, a = eikpcost;, € = sign(Re(ikpcos)). Let us also notice that, in

agreement with the reciprocity principle [8], we have G, (7, 7) = Gap (7', 7).

Remark 5 :
We can use (24) in (43) for ¢ — 1, and notice that,

efikp

(Galr1") + Gl 1) | = A

— i(Ex(ikp) +In(p/d))), (45)
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which is regular for p = 0 since F4(v) = — In(v) + O(1).

Remark 6 :

For ' — = 00, 1 — i, = 22(2.7), we have

[~

~
P ys . R

—([eik(r.r')/|r’|(1 + e—Qik('z“,‘/‘)z.r( )

+9g

X

)] +o(1)) (46)

[~

-~
A
P

4) Integral representation of the field with G, and G,
4.1) The representation of the field from the second Green's theorem

Let us consider the pressure fields p and G, satisfying the Helmholtz equation

(A+E)p=W,
(A + kG = Wg, (47)

in the domain 2, bounded by the surface 0f2, piecewise analytic. If the functions p and G
have the regularity which permit the application of the second Green's theorem, we can

write
/W(r) G(r)dV — /Wg(r) p(r)dV = / n.(grad(G)p — grad(p)G)dS, (48)
Q Q ot

where 001 denotes the internal surface to €2, 7 is the unit normal, piecewise defined,
directed inside €2, and the surface integral is taken in the sense of principal value of
Cauchy. Thereafter, we omit the sign for 9Q", and we write S instead of 9Q".

4.2) The case Wg(r) = — wb(r — ')

Let us consider W (r) as a generalized function in (48), with Wg(r) = — wé(r — '), w

being a constant. In this case, we have
1
lo(r)p(r') — pi(r') = — / n.(grad(G(r,r"))p — grad(p)G(r,1"))dS,  (49)
99

w

for ' € Q, where
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1

w

/W(r) G(r,r')dV,

Q
1
1o(r") —/(5(r—r’)dr — [ 7 grad(
Q

bi = —
N ~dr o

1 (r'—r) _
= n
A Joq |r' —r[?

)dS ds, (50)

=

and the integrals are considered in the sense of the principal value of Cauchy. The reader

can easily recover 1q, by letting k = 0, G(r, ') = —+— and p = 1.

T x| —r]

remark 7 :
lo=1inQ, =0 in R?’\ﬁ, is fractional on 02 ( = % when 02 is smooth), = 0 if
Q) = 0. For an external problem in R3\(Y', the surface can be considered to be closed at

infinity so that 1gs\ (') = 1 — 1o (r"), where 7 is the outward normal to €2'.

remark & :

Considering the continuity of the single-layer potential in (50), we notice that

% aﬂ(ﬁ.grad(G(r, T/))pe (T) - Qe(T)G(ry r/))d5|7"69—>7"0€89

— (1 = La(ro))pe(ro) +

+ lp.V./ (n.grad(G(r,r9))pe(r) — qe(r)G(1,70))dS (51)
w o0

when p, is continuous on 92, g.(r)G(r,r’) is summable and its integral is continuous.
4.4) Integral representation of the field above the plane and in the cavity
4.4.1) Integral representation of the field above the plane

From the definitions of GG, and p = ps + pine, We can use the second Green's theorem for
(2 tending to the infinite half-space €2; above the plane. Indeed, considering the condition
(b), and the impedance boundary condition (3), satisfied by p and GG, on the plane z = 0,

the surface integral at infinity and on S\ S; vanishes, so that we obtain,
—k

(o, (') + Lo, (rip))p(r') = pi (') = —— g Ga(r,r)(0:p(r) — ikgp(r))dsS (52)

for z >0, where (1o, (r") + 1q,(r},,)) =1, and p; = Z—ﬁleW(T) Ga(r,r')dV is the

field in presence of the plane without cavity.
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4.4.2) Integral representation of the field in the cavity

From the definitions of GG} and p = ps + pine, We can use the second Green's theorem in

the domain 25 of the cavity, which gives us,

k
(Lo, (") + Lo, (1)) p(r") + ey W(r) Gy(r,r") dV
k Iy
= n.(grad(Gy)p — grad(p)Gb)dS (53)
T J o,
where 1q,(r fQ r—r)dr = fanz f;::'?ﬁdS, and 7 is the unit normal to So

directed inside Q2. Considering that the source W is above the plane, and that G (resp.
p) satisfies the impedance boundary condition (3) (resp. (8)), the equation (53) becomes

(Lo, (r') + Lo, (riy))p(r) = 4]; Gb(?‘ r')(9:(p(r)) — ikgp(r))dS
+ ﬁ YOG — g Gl )05 (54)

where, we notice that,

(192( /) + 1Qz(r;m)) =1in ﬁ2\§2
192( Lm) 0 when ' € ﬁg\gl (55)

Remark 9 :
even if 0,,(Gy(r,7")|,es, diverges when 1’ ¢ 9y — r, it is continuous when 7’ belongs

to smooth parts of So.
5) The integral equations on the aperture S, and on the surface of the cavity Ss

On the aperture S;, we can substract the equation (52) from (54), and obtain

(Lo, (r") + 1, (75) — Dp(r') 4+ pi ()] es, =

= ﬁ g (Ga(rv ’I“/) + Gb(ra T’))(az(p(r)) - Zk’gp(?“))ds
+ Ll p(r)(a,,,(Gb(r, ")) —ikg.Gy(r,7"))dS, (56)

4
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where we notice that (1o, () + 1q,(7},,)) = 1 on S, except possibly on S; N Sy, while,
on the surface S5 of the cavity, we can write, from (54),

k

(T, (") + Loy (i )P(r) ves, = 1 : Gy(r,')(0:(p(r)) — ikgp(r))dS
k
+ 17 s p(r)(@n(Gb(r,r’)) — ikg.Gy(r,r"))dS, (57)
where 1q,(r') = [0, 6(r — r')dr = £ [40,. 7. grad(‘ 1)dS (= 1 on smooth parts), and

the surface 1ntegrals are taken in the sense of principal value of Cauchy.

The integral equations (56)-(57) represent a system for two unknowns,

q(r) = (0.(p(r)) — ikgp(r))|res
p2(r) = p(r)],es,; (58)

respectively on the aperture and on the surface of cavity, whose solution permits to
express the field everywhere.

6) Uniqueness property of the integral equations

We consider the solutions of our integral equations, ¢;(r) on the aperture, and ps(7) on
the surface of the cavity, which satisfy the conditions (a), so that ¢; = O(r%),
— 1 < a <0, as the distance to edges or corners vanishes, and ps is continuous. We then
study the uniqueness of ¢; and p» when Reg > 0 and Reg,. > 0, or g = g. = 0, and verify
that ¢; and p, vanish when p; = 0.

For this, we show that we can define a field p.(r’), derived from ¢, po and p;, which
verifies po(r') = p.(r’) on Sy and q;(r') = 0,p.(1") — ikgp.(r') on Sy, and satisfies the
boundary value problem with the conditions of uniqueness given in section 2.

6.1) A field p.(r') derived from ps and q;

We consider the field p, derived, from ¢; and po, following

plo) = [ Galra (1) + i (), (59)
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in the domain (2; above the plane, and,

pe(r') = (1 = (La,(r') + 10,(rin))) p2(r') + % Gl ) (r)ds +

+ % Sng(r)(anGb(r,r') —ikg.Gy(r,7"))dS, (60)
in the domain €2y of the cavity, where the surface integrals are taken in the sense of
principal value of Cauchy.

The expression (60) verifies, like GGy, the Helmholtz equation in 29, while (59) satisfies,
like GG, the Helmholtz equation in €2; with the radiation conditions at infinity given in
(b), and the impedance conditions on Sy\.S;. Moreover, from the equation of continuity
(51), the function p.(r’) is continuous up to Ss.

It then remains to analyze the continuity through the aperture S; of the cavity, the
impedance boundary condition on S5, and the expressions of ¢; and p, with p,.
Therefore, we show that we have,

- pe(r") = po(r’) on the surface of the cavity So;

- the continuity of p.(r’) through the aperture Si;

- the continuity of 0. p. (') — ikgp.(r') through Sy;

- 0.pe(r') — ikgpe(r') = qi(r") on Sy;

- Onpe = ikgeps on Sy,

in the case p; = 0, considered for the uniqueness.

6.2) pe(r') = p2(r') on Sy

Substracting the integral equation (57) from (60) for 7’ € Ss, we obtain
pe(r’) + (Lo, (r') + Lay(rip) — 1) po(r') = (Lo, (') + 1oy (ri))pa(r’),  (61)
on S5, and thus,
P es, = po(r"). (62)

6.3) Continuity of p.(r') through S,

The integrals in the expressions (59) and (60) of p.(r’) remain convergent when the point
of observation approaches the aperture respectively above and below S;. Morever,
(1g,(r") 4+ 10,(7%,)) = 1 in Q5\ Sy, and, from the integral equation (56) with p; = 0, the
expressions (59) and (60) tend to the same limit, which proves the continuity of p.(r’)

through the aperture S;.
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6.4) Continuity of 8, p.(r') — ikgp.(r'), equal to q:(r") on S1

Using (40) in the expressions (59) and (60) of p.(r’), we can write

. k: 0.
0pe(r') = ikgpe(r')2=i>0 = —(57) / 2G°(r, ") q1(r)dS =,
/ . / k 0. 0
az’pe(r ) - Zkgpe(T )lz’:—h<0 - _<82 ) 2G (’f’ r )QI( )dslz’:—h +
k , 0. .
+ (57 Zkrg)/ 2 (1) (0n (G (r,77)) = Z/fchb(m’))dSh/:w (63)
47 8 Sy
We then apply that,
(88/ ikg)Gy(r,r") — Owhen 2’ — 0,2 # 0
0. 0.
(52)6 (@9, 017 = = ()G (@ p. 0 )o—n (64)

This implies that the contribution of the integral term along S> vanishes when h — 0,
and that we have the continuity of 0,p.(r') — ikgp.(r’) through the aperture .S;. Indeed,

we then have

£ (0o () = ihap (i — (55 [ 26°0 (S e, (69

when h — 0, while, by application of the discontinuity property of the normal derivative
of the single-layer potential [14], substracting the relations in (65) for plus and minus

signs, we can write

0. (pe(r")) — ikgpe(r') = qi(r") on S;. (66)

6.5) 8, p.(r') = ikg.p. on Ss

The field p.(r'), defined by (60), satisfies the Helmholtz equation in 2y, and we can

write in this domain, from the second Green's theorem,

(Lo, (") + Loy (1) )pe (') = 41; Gb(?“ ')(0-(pe(r)) — ikgpe(r))dsS +
+ L ( (1) 0n Gy (1, 7") — Gy(1,7") O, pe (1))dS . (67)

47
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We have proved that 0, (p.(r)) — ikgp.(r) = qi(r) on Sy and p.(r) = po(r) on Sy, and
substracting (67) from (60), we obtain

k
— [ Gy(r,)u(r)dS =0, (68)
47 S5
for ' € Qq, with u(r) = 0, pe(r) — ikgepe(r).
The surface S5, bounded by the curve C}, is open, and, considering the domain of
analyticity of G,(r,r’), we can use the analytic continuation principle through S;. So,

the potential
PY) = 1= [ Gl ur)as, (69)
Sa

vanishes in the domain = Q, U QY, where QY (resp. S3) is the symmetric of )y (resp.
Sy) relative to the plane z = 0. From the properties of G, P is also regular in
R3\(Q U ,.), where €. is the upper part of the cylinder along z-axis bounded by Si.

It is then possible to prove that y = 0. For this, two distinct proofs are detailed in

appendix A, successively for g = 0 or ¢ — o0, and, for g # 0, |g| < co.

7) Some simplifications of the integral equations for a shallow cavity

—e,;hk‘_;,,‘) terms, in the equations (56)-(57), becomes difficult to

im

The integrals with 9, (

calculate when |r — 7,,| — 0 and the depth vanishes. Therefore, we develop our integral

equations in a new form, and analytical expressions are derived.
7.1) A new form of the integral terms for shallow cavity

For a shallow cavity, we let
Gos(r, ") = Gy(r,r") — Gy (r,7")
1 1
G, "=
(77 klr — /| * klr—ri .
ry(r)) =r1 +a(r)z € So,ry € Sy, a(r) € R (70)

where 7 (rq) is the projection of r; € S; on Sy along z. We then consider the domain €2
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defined so that 1o(r') = 1q,(r") + 1q,(7},,), and notice that

Lo(r")pa(r)
pQ(T’)/ N
= d
i 69ngrad(|r_r,|) S
zﬁ ngrad(Gy(r,r"))p2(r')dS (71)
Sa

We can use this equation, and derive a new form of integrals along S5 in our system of

equations. So, we obtain, for ' € Sy,

k

pi (r') = pa(ry(r)) /S (Ga(r,r) + Gi(r, 1) qa (r)dS

T an
* % s p2(r)(On(Gis (r, 1)) — ikgeGo(r,"))dS
T ﬁ ; (p2(r) — p2(rhy(r"))) (G (7, ")) dS (72)

while, for /' € S5,

- k/SQ(pZ(r) - pQ(T/))an(Gst(rvr/))dS = k/S Gb(ra r/)Q1(T)dS

1

+ k:/s 2(1) (O, (Gos(r, 7)) — ikg.Gy(r,7"))dS (73)

Comparing with previous integral equations system, we notice that the term &xﬁ)
is multiplied by terms that vanish as |r — 7}, | — 0, so that the difficulty of calculus for a
small cavity depth has disappeared. Let us remark that this modification can be applied

whenever a part of S, is close to 5.
7.2) The limit case of an impedance patch

In the limit case where Sy = S;, the integral with 0,Gg(r,r’) vanishes, and
On, (Gps(r,7")) = ikg Gy(r, "), so that we obtain, for 7’ € Sy,

k / Gl 7Y (a1 (r) + k(g — go)pa(r))dS |y = 0
S1
k

pi (r') — p(r') = po ; Go(r,")q1(r)dS|. =+ (74)

where ¢ (r) and po(r) are O(1). The first equation implies ¢ (r) = ik(g. — g)p2(r) (see
appendix C), which leads us to recover the well-known integral equation [18] for an
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impedance patch,

k

p2(r') = pi (r) = 1 Js Ga(r,7")ik(g — gc)p2(r)dS (75)

Remark 10 :

Let us notice that

k| Gu(r,")u(r)dS|.—o+ =0 (76)
S

when u(r) = q1(r) + ik(g — g.)p2(r) = O(1), implies u(r) = 0 (see appendix C).
7.3) On some Approximations for a small cavity, and validation.
7.3.1) Approximate expressions for a small cavity

For small dimensions of the cavity, we assume that

fSZPQdS
fSQdS ’

/S (22(r) = 1.) [ (Gl ))aSaS" = o(1),

/ ' f qi(r)dS
/ <Q1(T’) - QC)/ Gb(ﬂ)(r,?“ )dS dS = 0(1)7 ge = Sl—
Si Sa1) fslds

In this case, we can calculate ¢, and p., by integration of our integral equations over Sy

pQ(r) P = 0(1)7 De =

(77)

and S, and define an approximate expression of the field radiated above the plane. For

this, we use that,
(A + k3 Ghs(r,r") = — E*Gy(r,r'), ' € Sy, 7 € S1,
Oy G (r,17)dS = k* / Gy(r,r')dV, r' € 8,,
8(:2*2;,3(7“, r') = ikgG;,(r,r’)ibr' € Sy, 7 €5, (78)

and,

0 Gys(r,7")dS = /

ikg Gy(r,r)dS + k* / Gy(r,”)dV,r' € S,.  (79)
S1

Sa Q9

So, summing the integral equation (73) over Sy, we obtain
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qc/ / Gb(r,r’)dS’dSzikpc(/ gc—/g)/ Gy(r,r")dS'dS

Sl SQ 52 Sl S?

2 / Go(r, )V + o(1) (80)
0,5,

and deduce that
G = thpe[(re(ge) — g) + ikle] + o(1) (81)
where
J5,9¢J5,Go(r,1")dS"dS  [g g.dS
el = T G rydsds [ dS

. fQQ.[SQGSt(Tvrl)dV szdV
 Jo Jo,Gu(r,1)dS"dS [ dS”

le

We then use the integral equation (72) for »’ € Sp, and sum it over S;. This gives us,

(7 — = Fge r.r')dS’ )
/Slpz( S pc/ as = 1 /S [ Gufr.r)ds'as (1-+ o(h) (83)

Sy

so that we can write, for the approximate expressions of p. and g,

D = fslpi (r)dS/fSldS
c i . k[s, [g, Galr')dS'dS
1+ ﬁ[(rc(gc) - g) + 'Lk’lc] 75 fsldS

The expression of g. can be used, for the field radiated by the cavity above the plane,

—k

p(r') —pi (r') = o & Go(r,r)dS + o(1). (85)
S1

when 7' ¢ Sy and k [ (q1(r) — gc)Ga(r,7")dS = o(1), in particular for the far field.

Remark 11 :
In the case of a cavity {2, filled with a homogenous material, we can consider GG;, with ks

instead of k, and g, = kg/k> in place of g, and write
e = ikape[(re(ge) — g2) + ikalc] 4+ o(1) (86)
Remark 12 :

To our knowledge, our approximate expressions are original, but a similar low frequency

analysis could also be done with the integral equations given in [1].
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7.3.2) Validation in the case of a small cylindrical cavity with impedance wall

For the validation, we choose to compare the impedance on the aperture, expressed, from
(81)-(82), by

Jdp
Sla_]zds/fSldS o qC

_ Js,9:dS ik Jo,dV
ikpe ikpe

fsldS fSIdS ’

with the impedance given for a cavity with well-tabulated results.

+9= 7’(:(9(;) + Zkl( ~

(87)

a —

For this, we consider the particular case of a cylindrical cavity of radius a and depth d
with an imperfectly reflective surface, characterized by impedances g.,, on the wall and
gee ON the bottom, with ka = o(1) andd/a = O(1). So, we have, from (87),

2 2mad 2d 29cwd
~ GeeTQ” + .ch Ta + ik Ta == Gee + Jeu
Ta Ta a

a

+ikd (88)

while, from the modal expansion of the field [19],

(Yl .
dp (1 + W;QTG—%ald)
& et g . od 20cwd .
Nm = Zakz ‘Sl =~ ?1 Z*ﬁ : Ngce“i_ZOé%E ~ oo + cw _'_de,
D (1 _ qijJré 6—21,()41(1)
' 2ikgey
- Zkagcwjo(él) + glJl(él) = 0, a% = k;2 — (%)2 ~ k2 _ % , (89)

As expected for a small cavity, 7, perfectly recovers 7,, and the expression (87) is
validated.

Remark 13 :
For a perfectly rigid small cavity, we have g. = 0 and thus 7, = ¢kl., and we recover the
result given in [20, equ. (3)-(6)].

8) Conclusion

We have developed novel integral equations which permit to simplify the calculus of the
field scattered by a cavity in an impedance plane. For this, a new Green's function is used
for the expression of the field in the cavity which leads to reduce the number of
unknowns. Moreover, a particular attention is paid to the uniqueness of the solution. In

the case of a small cavity, our equations are detailed and developed in a new form. In this
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case, analytical results are derived and our expression for approximate aperture

impedance is validated.

Appendix A :
Ssutopey Go(r, ) (r)dS = 0 in Q@ = Q U 2} implies p(r) = 0

This appendix concerns the study of the solution zi(r) of

k/Gb(r ru(r)dsS, (90)

P(r') = 0 where P(r') = 1
s

when S, is open, and the proof that (7) (in some function class) vanishes.
A.1) p = 0 in the cases g = 0 (Neumann) or g — oo (Dirichlet)

In the respective cases g = 0 (Neumann boundary condition) and g — oo (Dirichlet

boundary condition), we have

Gy(r,1")]g=0 = [G"(r — ") + G*(r — 1i,,)]

Gy(r, 1) g = [GO(r = 1") = G*(r = 7},,)] (91)
and thus,
/ k 0 A
P(r')g=0 = — [ G (r—1")E(r)dS
47T o0
Pr')|gmoo = L GO(r — )2 (r)dS (92)
471' o0
where Z¢(7i,) = Zo(r) = p(r) and ZEoo(1im) = — ZEoo(r) = — p(r). We assume that p

is a function, piecewise continuous (except possibly for singularities of p at the edge of
0f1?), so that P is continuous on 0f). We then use a proof similar to the ones given by
Colton and Kress in [14] to prove that p(r) = 0.
The potential P vanishes in €2, and thus, by continuity, on 9€). Moreover, P satisfies the
Helmholtz equation and the Sommerfeld radiation condition at infinity in R3. Hence by
Rellich's uniqueness theorem generalized by Levine for non smooth domain [10], P(r’)
also vanishes outside (2. We can then conclude, from the discontinuity property of the
normal derivative of the single layer potential [14],

OP(r") N 873( "

on

- = —E2("), (93)
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at any non singular points of Sy, that Z = 0 and thus p = 0.
A.2) A proof'that p = 0 for g # 0, |g| < oo

When g # 1, we notice that G (7,7")|g=y = G4 (Tim, T, )| g=—v, and the problem is then
equivalent to a boundary value problem in the upper half-space, concerning a
perturbation in relief on a plane of impedance — g, with a field vanishing inside and on
the surface of the perturbation. For Re( — g) > 0, the uniqueness theorem of Levine [10,
sect.7] applies, and we can deduce that . = 0.

For Reg > 0, this demonstration is no more valid, and we develop here a more general

proof which uses that .S, is an open surface.
A.2.1) Definition of the function P,

For this, we begin to define new functions P, and P;, and we write,
P(r') = (Py + 2igP1)
k
Pur) = 42 [ (G 1)+ G = v, )u(r)ds

47 S5
k
Pi(r') = = | Vo(r —riy)u(r)dS (94)
47 S
where, from (21), the function V(1) = — ¢*9* 7_,(p, 2) satisfies

/

aVb(/r‘ — /r‘;m) . e_ik‘r_,"im‘
0z lr =l

= kGOr — 1) ) +ikgVy(r — 7l ). (95)

+ ikgVy(r — rl,,)

We notice that V,(r) is regular for z < 0, and has a weak singularity, like Inp, at p =0
for z > 0. Thus, the potential Py (r’) is an analytic function in R*\(),., i.e. everywhere

except at points above the surface S% , which is the image of S,.
A.2.2) A problem for P; equivalent to the problem P = 0

Since P vanishes in €2, and Py(r,,) = Po(r’), we can write that Py (r,,,) = P1 (') in this

domain. So, we have
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k
Pr) = 4 [ Vlr = s ucr)as
Pi(rh,) =Pi(r'), 7" € Q= QU
(A +E*)Py = 0in R\Q,, (96)

where S5 is an open surface. This implies reciprocally that P = 0. Indeed, we have

k

O.PAr) — ikgPu(r") = - [ KGO =, ur)dS. 07)
Sa

Therefore, using the parity of P; in Q = Qy U QY, we have 9,(Pi (') + Pi(r},,)) = 0,

and we can write, as 1’ € ),

%(82731(7“') + 0, Pi(r},,)) = % Gy(r,mu(r)dS =0 (98)
s S

where we have used that Py(r),,) = Pi(r") and Pi(r},) + Pi(r") = 2P (r’). This

im

implies, by definition of P, that P = 0 in {2, which shows the equivalence.
A.2.3) a proof'that . = 0, by the analysis of the singularities at the ends of S5

The singularities of the field at the ends of S, i.e. in vicinity of the curve (', depends on
the geometry. For this, we denote 7, the unit vector, normal to ' at ry and orthogonal
to the normal 7 to S5, and ¢ the unit vector tangent to C4, so that (¢,7,7,) is an
orthonormal basis (figure 4), and (p, ¢) the cylindrical coordinates associated to (72, 1),
with pcosp = nig.(r — ry), psing = —n.(r —ry). We also denote 3 the unit vector

(~

perpendicular to Z and to ¢ so that (¢,7,Z) is an orthonormal basis.

figure 4 : definitions of unit vectors on the curve C limiting the aperture

Let us consider S, a part of Sy bounded by an analytic arc C{ of C, and consider to

simplify, without losing generality, that the function y(r) satisfies
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plr) = pup(r) + pra(r)

T) - Zap']a,, (kp)a

p>1

— mepWL (99)
m>0
on S5 where the o, are not entire numbers, o, < a1, o1 > — 1, a3 # 0 except if

pr=0,and J,(z) = (5 ) T T}Hl is the bessel function of order v [17]. The terms

with powers of Inp could be con31dered in the method but are omitted for simplification.
Thereafter, we prove that the conditions on P; implies the vanishing of s and y, on S5,
and that, by the continuation principle through a hole and the nullity of P in €y, =0
on Sy. To simplify the analysis, we will only detail the demonstration in the case where
(y.np) = cos®’ # 0.

A.2.3.1) p, = 0 on S when §.1ig = cos®’ # 0 on C|

Let us consider the analytic part of 4 in vicinity of C and the singularities of P; induced

by it. Since we have

(0.9, Pu(r")) — ikg(d,P1()) = B, é KGY(r — ! )u(r)dS  (100)

Ydm

a singularity appears (see [15] or appendix B), following

0, —/ k’GO(r — 7l Ju(r)dS = — %;T(ro)u(ro)lnw —rol + O(1) (101)
Sa

Yqr

as r’ tends normally to gy € C]. This implies, from 0,P; (') = O(1), that

_ kcos®'(ro)

0.(0,Pu(r) = — =57

p(ro)n|r’ — rol + O(1) (102)

Considering the parity of P;(r’), this equality is impossible except if p(qy) = 0. In the
same manner, the case of higher order terms of p,, bip', bap?, ... can be considered

successively with higher order y-derivatives of P;(r'), so that b,,, = 0, m > 0.
A.2.3.2) ug = 0 on S, for arbitrary cos®’ on C|

Let us consider the fractional part ;1; of 11 and the single layer potential induced by it, in
the expression (97) of 0, P (') — ikgPi(r'), when S; is assumed to simplify with null
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curvature. From the appendix B, the potential has a fractional part of order 1+ o
(~ p'T® as p — 0), which is thus the fractional order of 9,P; (7). We then deduce that
P, has a fractional order 2 + «;. Since J,, (kp) radiates, for its fractional part, like
,CS%%JHal(kzp)cos((l + a1)¢') + O(J310,(kp)), which does not contains p?+t% terms
in its expansion, the order 2+ a3 of P; comes from the next term asJ,,(kp). This

implies as = a3 + 1, and as # 0 if a; # 0. Consequently, when a; # 0, we can write,

k

s kGO(T - Tg,m),LL(T)dS =

47 S )

1
= ————(a1J110,(kp)cos((1 + a1)¢’) — asJora, (kp')cos((2 + ar)¢’))
sin(o )

+ O(J350,(kp")) + O(J140,(kp')) + entire function of p’ (103)

as p) — 0, p'cosp’ =ng.(r' — 1), p'sing’ = —n.(r' —ry), az > as = ay + 1. Then,

from (97), we have

(0:P1(r")) — ikgPi(r'))

1
= —————(a1J14q, (kp')eos((1 + a1)¢") — azJaia, (kp')cos((2 + 1))
sin(aq )
+ O(J310,(kp")) + O(J140,(kp')) + entire function of p’ (104)

From the parity of P; and 0,P;, we then derive

arcos((1+ ap)® + ) = —ajcos((1 + ap)® — ),
a2c08((2 + a1)®' + ) = ascos((2+ a1)®' — ). (105)

Thus, when a; # 0, we can write,
cos((1+ a1)®') =0
sin((2 4+ a1)®') =0 (106)

This implies cos®’ = 0, and «; is entire, which is impossible. We then deduce that the

first order coefficient a; of i is null, which implies, by definition, that 1y = 0.
A.2.3.3) p vanishes on S} implies p = 0

From the previous results, it exists a subdomain S of Sy where 1 = 0, that we can
substract of the support of p, assuming without losing generality, that |cos®’| # 1 along
C]. In this case, we can use the continuation principle through the hole S, and the field

P(r'"), null in Q,, also vanishes outside the cavity below the plane z = 0.
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Noticing the regularity of P;(r’) for 2’ < 0, and thus the continuity of the normal
derivative of P;(r’") through Sy, we can apply the discontinuity property of the normal
derivative of single-layer potentials with free space Green's function [14],

IP(r") oP(r'),
)| P ) (107

at any non singular points of Ss, then deduce, from the vanishing of the left side, that

w=0.
A.2.4) elements of proof for the particular case 7.7y = cos®’ = 0 on C;

From the previous analysis, the fractional part 11y vanishes, and we can assume that f is

analytic. In this case, we can choose to study the function,

P'(r") = (0, — ikg)P(r') = % s Gy (r, " u(r)dS (108)

where, from (39),

Gy(r,r') = 0(G*(r — 1) + G*(r = riy,)) — ihg(G°(r — ') = G°(r —1},,))
= (= 0. —ikg)(G*(r —r') = G°(r = 1},)) (109)

The function P’ and its derivatives vanish in €, since P = 0 in ). Let us show that it is
also the case for P’ outside €2, then for P, and thus for p.

Since P’ vanishes along the plane z = 0, (2.grad)?"P’ = 0 along C. Using integration
by parts and continuity, we have (Z.grad)?*!P’ = 0 along C;. Considering to simplify
that the cylinder S, along z-axis defined with a section C'; does not have common points
with Sy, except on C, we then deduce that P’ vanishes on S. and thus, by uniqueness
principle, everywhere. Since P and all z-derivatives of P’ vanishes on S5, P vanishes
below S5, and, by continuation principle, everywhere below the plane z = 0.

We can then use the discontnuity property of the normal derivative of single layer
potential (107), and deduce that p = 0.

Appendix B :

behaviour of single layer potentials on open surfaces

Let .S be an open analytic, orientable surface in three-dimensional space bounded by a
Jordan curve C, and C' an arc belonging to it. Let 7’ and r be two points, and p(r) an

analytical function defined for all » € S except possibly for a singularity on the edge C’.



30

We study the behaviour of single potentials

—ik|r—r'|

Uo(r'):/S p(r) ds,, Uk(r’):/MdSq (110)

=7 s 7]

B.1) Principal part of grad(Uy(r')) when p(r) = O(1) on C’

If () is finite on C’, we can write, from Rolf Leis [15], in vicinity of C’

grad(Uy(r')) = _/M(T)A o 1 dSq+/Sgrads('u(r))dsq—|—2/SﬁHM(T)dSq

g n%\r—ﬂ lr — 7| |r — |

- / Roplr) 4. (111)
C

=

where 7 is a unit vector, normal to C' and orthogonal to the normal 7, grads is the
surface gradient, H is a function depending on the characteristics of the surface. The line
integral becomes logarithmically singular, while the other surface integrals are regular.

The singularity, as ' ¢ C' — r(, 7o being the projection of 7 on C’, can be described by

[ e = —sruputrails’ - | + 0) (1)

where ¢ is the unit vector, tangent to C" at r, and (¢, 72, 1) is an orthonormal basis.
B.2) Principal fractional part of Uy (r') when u(r) is of fractional order

In the case of u(r) of fractional order (with fractional power of |r — 7| near ry € C"), it
is possible to analyze the fractional part of the field, letting the curvature of the edge C’

tending to 0. In this case, we can write,

. 91— —
Ur') ~ i [ us(p) B (Hlp = 7)o
+i00 00 ) .y ,
~ — / Mf(p)efzkpcosadpeﬂkp cos(a—y )d(l/ (1 13)
—i00 J0
when p' — 0, p’ denoting the radial distance to the edge of the point 7/, with
p'cos(¢’) =M (r' —ro), p'sin(¢’) = —a(r' —ry), ro € C’, and ps(p) = p(r).
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So, for puf(p) = J,(kp) ~ (g)—vgl%fy(ﬁp), v> —1,v#0,1,2, ..., we obtain Uy (1),

from [16, eq. 6.611.1], following

: —i(l+v)T/2  ptico 1 A
ie , /
U(r')y ~ — ——— - - 77zkpCOS(Oéfgp)d
K k2 /—ioo (cosa)HV ¢ @
s —i(14v)m/2 +100
~ — M/ ( 1 + 1 )efikplcosada
k2v 0 (cos(a + @) " (cos(a — ')+
4 —i(l"rV)ﬂ'/Q +ioc0 . o
~ - 2 cos((1 + y)gf)/ pi(ltv)a —ikp'cosa g
0
4
~ k—zr) cos((1+ v)¢")(J11w(kp") + an entire function of p') (114)
sin(vm

Then, we can rewrite (114), using the discontinuity property of the normal derivative of
Uy, through S [14], and 2(1 + v) i, (kp") /kp' = J,(kp') + Jo1u(kp') [17], following

47

Ur(r) = ksin(v)

Jivar (kp")cos((1 + a1)@) + O(Jssa, (kp")) + Ua(p) (115)
where U, (1) is an entire function of p'.

Remark 14 :
In the case of logarithmic behaviour, we can let u(p) = $In(5) = lim 9, (K, (p)/T(v)),

2 v—0+t

and derive, from [16, eq. 6.611.3],

e (1 — w)si o :
Uk(p) ~ Z/ 8,,( ( V)Slnya)b:()efzkpcos(aﬂo)da

ioo sina

+Fioo (8% A ’
~ — z/ (yoo + ——)e heosla= g v = 577...
oo sina

+ico )
~ — i'ygo’/ e~ kreosa g 1 o(Inp) = 2v¢' Ko (ikp) + o(Inp) (116)

100

Remark 15 :
Let to(ro) = ang(ro) + bn(re) when tyny # 0. Considering higher derivatives of Uy, we

can write
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(to.grad)" (Uy(r')) = — /S(to,gradg)”_l(u(r))(to.ﬁ)%(‘T _1 |

(to-R)H (to-grads)" ! (u(r)) (to-grads)" ((r))
+ 2/5 as —|—/S ds

)dS

lr — 77| | — ']
to.Mo) (to.gradg)" !
- to/ (to-70)( o|gra s,)| W) ge v R (117)

when (Rggrads)’(u(rg)) = 0 (or (to(ro)grads)’(u(ro)) = 0 when tyfy # 0) on C’, for
j<n—1, (Rograds)" ! (u(rg)) = O(1), and, in this case, R,, is continuous on C’. This
result also applies if we replace U, by Uy since the behaviour of highest rank is the same
for U}, and Uj,.

Appendix C :
Js,Go(a) (T, 7" ) pu(1)dS|.=0- = 0 on Sy implies p(r) = 0 when p(r) = Ao + o(1)

Let us show that

Ur') = | Gy (r, 7" )u(r)dS|.—o- = 0 on S; (118)
S1

implies p(r) = 0, when u(r) = Ag 4+ o(1) asr — r. € 351 = C4, Ay is a constant.
C.1) the case with G

From the analysis of Rolf Leis (see [15] or appendix B), u(r)= Ao+ o(1) as
r — r. € 057 = C induces a singularity of tangential derivative in vicinity of C of the
form Agln|r — r.|. This implies, from U(r")|s, = 0, that Ay = 0.

We then choose to define the following functions u and w,

u(r') = ;—Wk/s Gy(r,r")u(r)dS with u(r') = 0 on S,
Y N | ) ,
w(r') = (55 —kgu(r’) = —— /Sl(@)GO(’f’,T Ju(r)dsS (119)

where we have used that

(% — 1kg)Gy(r, ")
= (LG =) + G = 1)) — kg GO 1) = e =7, (120)
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Considering the property of the double layer potential with free space Green's function

G", and F the radiation pattern (or scattering diagram) of w, we can write

w(r') = — p(r') = O(1) on Sy, w(r') = 0 on S\ S,

w(r') = & o (F(|:—/|) +0(1)) when ' — oc. (121)
From Leis's second theorem [15],
grad(w(r)) = o(1/|r — r.|) (122)

when r — 7. € C, and, from u(r) = 0 on S7, we have

_ow(r)y ., O 0? , _
Z{h_)ngf 5 (k= — 92 a—y2)u(r) —ikgw(r) — —ikgw(r)onS; (123)

Thus, we can apply the Green's first theorem on the domain z < 0, and we obtain
d 2
Re( [ —ibluP+ E0Day) = ([ Re(glutr)as +
2<0~ - z=0~

27 pm
2 .
4+ Re( /O /7r/2|F(®,gz5)| §in0dOdg) (124)

For Re(g) > 0 and |arg(ik)| < 7/2, the left-hand term is < 0, while the right-hand term

is > 0, and thus both terms vanish. So, we have,

w(r) = 0as z < 0, when |arg(ik)| < m/2,Re(g) > 0
w(r) = 0as z = 0", when |arg(ik)| = 7/2, Re(g) > 0 (125)
which implies in these cases, from w(r’) = — p(r') on S, that y vanishes.

In the case ¢ =0, G, can be replaced by 2G, in the definition of u, and the
demonstration of Colton and Kress [14, sect. 2], can be directly used to conclude that

uw=0.

Remark 16 :

the same property can be deduced for Reg < 0, except along the branch-cut of GG, with
Re(itkcos#,) = 0, g = sinf;. For this, we can directly use the first Green's theorem with u
instead of w, and deduce that ;4 = 0.

C.2) the case with G,
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If we consider in the definitions of u, (G, instead of ¢y, and the domain z > 0 instead of
the domain z < 0, we can directly use the first Green's theorem with u instead of w, and
deduce that p(r") = 0 when Re(g) > 0 or g = 0.

Appendix D :

The Green's tensors for an impedance plane in electromagnetism

In our method, a key point is the use of the 'below' Green's functions in the cavity which
derives from our solution for an arbitrary impedance plane (passive or active). In a
similar manner, an extension of our work to electromagnetism is based primarily on the
Green's tensors for an arbitrary impedance plane, which are now developed from [3]-[4].
We consider, the electromagnetic field (F, H) that satisfies the Maxwell equation,

curl(E) = —ik(ZyH) — M, curl(ZyH) = ikE + ZyJ (126)

above the plane, and the impedance boundary conditions,

/2/\E|Z:0=ge (/Z\ /\/Z\«'/\(ZOH))’Z:Q, (127)

or

(0, —ikg)E,|.—0 =0, (0, —ik/¢°)H | .—0 = 0, (128)
The incident field, radiated by the sources J and M in free space, is given by

Eine = curl(GxM) + %(grad(div(.)) + EH(GxZyJ)

= (= MR (1] Z [ (7))
ZoHipe = — curl(GxZyJ ) + %(grad(div(.)) + k3 (G+M)
= o (oT* Dy (0 )]+ ML, (1)) (129)

where G = — %m, Ir| = /2? + y?> + 22, and * is the convolution product.
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Developing the expressions of potentials given in [3]-[4] for the scattered field (E, H),
we can write, when M = M.6(r — ') and J = J.6(r — 1),

E,(r) = —ikcurl(H,2) + (grad(div(.)) + k%) (£,2)

— #([ﬁhc(r,w)],zojr, — [Qhe(rﬂ"/)].Mr/)
-3 1/4:2 (Zodw | F, (7' 7)) — My [ D,y (r',7)])
— o (BT peurl (D)) = M [Py 0, ) (130)

and

ZoH,(r) = ikeurl(£,2) + (grad(div(.)) + k%) (H,2)

= (D) 2o+ [ Fo () M)

= o o2 a7 1))+ M [ (7,1
= 873 7 (ZoJw [Py (', 7)] +Mrr.[%curlw([gm(r',7“)])] (131)

where Fj,( oy (7', 7) and D, ) (7', ) are dyadic tensors. In these notations, we have

~

D.Jabl=(D.a)b,[abl.D=a(b.D)and
G(r, )] — G0, )] i (2,y,2) < (2',y,2) and (2,9, 2) < @7, Z). (132)

The tensors verify the impedance boundary conditions,

ZA Dy + Dy ) () ()]0 = = " GAZA[(Eep + Lo i) (1, 7)]]2=0,
ZA(Epe + Ep ) (rm)]l=0 = °E AZ A (Do, + Do) (r,7)]) =0 (133)

and can be written,

fhe( eh) - B(Bh ) + ‘A( )
Qhe(,eh = B<— (,e) ) + A(—e (,h ) (134)

where

[A(Be ) (r,1)] =
= [ik(Z0, + YO, + 20.)(§ 0y — T'0,)(0:Se( ) (r,7")) +
+ ik*Z(Y' 0y — 2'0,) (Se( iy (r, )] (135)
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[B(A.(p)(r,7")] =
= [ik(Z20, — 90,)(@'0, + U0, +Z'€0. )(€0:Se( iy (r,7")) +
+ik* (20, — 90,)2'(S. ()] (136)

[A(A (1)) (r, )] =

= [(@0, + YO, +20.)(T'0, + 7§ 0, +2'€D.)(€0,2Se 1y (1, 7)) +
+ k°2(Z'0, + 70y +2'€0.)(0:Se iy (r, 7)) +

+ kX220, + 90, +’282)(2’)(8286(,h)(r,r’)) +

+ 22K (S ny(r,7)] (137)
[B(B,(p))(r,7")] =
= [ = k(= 20y + §0,)(T'0y =T 0:)(Se( (r, 7)), (138)
withe = —1,2' = 2,7 = J,2 = 2. The functions S,( ) verify the conditions [3],

(0. — kg™ ™S,y (r,7) = (. + ikg™ M) S (rim, )| s=0 (139)

where g" = 1/¢°, ripy—1 = 22.7, Si(r,7%,) = S;(Tim, '), and

Si(r,1") = (™ B k(| (r = )] + [2.(r = )]) +
+ e FECTNE (iR (|(r =) = [2.r = 7)) + 22 A (r = 1)])),  (140)

Their expressions are given by [3], [4],

Se(r, 1) = (Si(rim, ") + > T V + €K ))(x—2',y—y, —z—2),
=119 —
Sh(r77n/) - ( sz7 + Z + € ,C ))( ./I/'/,y - y/7 -z Z(/Dél'l)

e=—1, 1 )

for z > 0, 2/ > 0. The functions V. and KC,, which satisfy the Helmholtz equation above

the plane, are given by

Vo(z,y, —2) = e€/ikz(E1(ik(|r| +€2))+ (1 —€)lnp),
ng(I‘,y, - Z) = eingJ‘I(p? - Z)? (142)

forz > 0,p= /22 +9y2, g=g°org=g", g" =1/¢° Let us notice that we have

%Sz’( — 2) = ik(e" E(ik(Jr| + 2)) — e (E1(ik(|r] = 2)) + 2Inp)),

52 e—ik|r\

@Si(—z) = — 2k = — k’S;( - 2), (143)
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and

0
8_(V6' + G/Kg)(x7 Yy, — Z) = Z']{JEI(VE/ + g’Cg)(lL‘,y, - Z)a
82 eiik‘ﬂ

o / . / 2
o 5 (Ve + €'K,) = —ike'((e —g)W—zk(EVg—l—g Ky)),

—2¢° 07 9 —I—E(g) Kg)
— Ve + € Ky) =2k
5/;71@6_6)82( 1:2_11 (g —¢)
2° 02 o iklr] (§Ve +€g"K )

(Ve + €K ) = — 4ik"

—2k?
R T

27— o (144)

for z > 0. The term Inp does not contribute to the field, except to suppress a singularity
due to E)(ik(|r| — |2])) at p =0 [3]. From the behaviour of Jy, S, ;) (r',7) remains

definite for g =1 because Vo—; + Ky — 0 when ¢° — 1, while it is singular for
-1 e~ tklr|
B zk\r|

manner, the functions F, ;. and Dy ;. ; can be also expressed like F, ., and

e

g° = — 1. Moreover, when ¢" = (¢°)~' — oo, we have ghICgh In a similar

Dye( en)» if we take S;(r, ") in place of Se( 5y (r,7'), and € = 1.

Remark 17 :

In a free domain 2 bounded by S, the field is the radiation of the surface sources [8],
M= —nANFEbs,J =nANH bg, (145)

with

Zodiv(J) = Zpdiv(n A Hég) = — ikn.E 6s — Zy(n A H).vbyg,
le(M) = — diVS(TL ANFE (55) = —ikZyn.H 65 + (n A E).U(Sas, (146)

where n is the normal to S directed inside €2, v is the geodesic normal to 95 directed

outside S, and g is the Dirac surface function.

Remark 18 :
We notice that

curlr([zhc(,eh) (r? T,)]'Cr’) = ik([zeh(ﬁe) (7‘, T/)].Cr/)7
curly ([ o(.en) (r,7)].C) = = ik([Dep( ey (r,7)]-Cr), (147)
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and

Dr-[£he(,eh)(7“a ')].Cv = Cy [:Fhe eh) (r'sr)].Dy,
DT'[th(,eh)(rvT,)]'CT’ = C [Qch(hc)( ,,’I“)].Dr, (148)

with C = ¢, 7’ + cy@’ +c¢.2, D, =d, T+ d,y + d.z being two constant vectors.

Remark 19 :

The tensors also satisfy,

[AB.1)(r,7)].Cp =

= ik(grad(div(Z.)) + k22.)((CL A Z)grad(S. (r,7"))

= [ik(Z0; + 90,) (Y 0 — T'0,)(0:Sen(r, 7)) +

+ ik 2(9 0, — 2'0,) (0.2 + k*)Sep(r,7")].Chr, (149)

[B(A, ) (r,1")].Cr =

= ikcurl(Z(ed.(Cl grad(S. 1 (r,7"))) +

+ . ((02 + K*)Sep(r', 7))

= [ik((20, — 90,)(@' 0, + U 0,)€d.Scn(r,r") +

+ (@0, — 90,07 (022 + K)Sup(r,7))].Crr, (150)

[A(A, ) (r,m)].Cr =

= (grad(div(Z.)) + k*2.)(Cp.(ed.grad(S ;, (r,1"))) +

+ (02 + K*)Sen(r, 1))

= [€8.(20, + 90,) (@0 + 7 y) Sen(r,7') +

+ 8.(20, + 90,)(Z) (0.2 + kDS (r, 1) +

+ 2@ 0, +70,) (0.2 + k) (€.Sep(r, 7)) +

+22'(0.2 + k) (0.2 + k) Sep(r,7")].C, (151)

[B(B.;)(r,m)].Cr =
= ikcurl(Z(ik(C! A 2)grad(S. ;. (r,7))))
— [ K= 30, + DO, — 10.)(Sun(r, 7)) Cor (152)

where Cy = C’f./ + ¢.2', and, from the Helmholtz equation satisfied by Se.hs

[B(B,,)(r,r")].Crv =
= — k*((c0; + ¢,0,) (20, + 10,) +
+ (2T 4+ ¢, 9) (0,2 + k> N(Sen(r,r)). (153)
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