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summary :

The problem of the field scattered by a cavity embedded in an impedance (or Robin) plane is considered for

the 3D Helmholtz equation in acoustics. Its resolution is more complex than for a scatterer above the plane,

in particular because the Green's function for the unperturbed plane has a singular part unsuitable for

applications below the plane. It is why the free space Green's function is commonly used in boundary

integral equations for the cavity, and three unknowns are necessary. We propose here to use a novel Green's

function below the impedance plane, which has the advantage to reduce the number of unknowns, and to

simplify the problem. This specific Green's function derives from our recent study for passive and active

unperturbed impedance planes. The  uniqueness property is studied in passive case. The application to small

cavity leads us to new analytical results.

1) Introduction

This paper presents novel integral equations for the field scattered by a cavity embedded
in an imperflectly reflective plane with impedance boundary conditions, for the three-
dimensional Helmholtz equation.
The development of boundary integral equation methods, in 2D and 3D, for this
scattering problem is rather recent [1], [2], seemingly because of specific difficulties due
to the representation of the field in the cavity Green's function , defined as. Indeed, the K+

the field of a monopole in presence of the unperturbed impedance plane, that is well
adapted for solving , has a logarithmic singularity inthe case of a perturbation in relief
lower half space, which prevents it from being applied below the plane. It is why another
representation is necessary in the cavity, and, until now, the Green's function in free
space was used, which implies three distinct integral equations for three surface field
unknowns [1] : the field and its normal derivative on the aperture of the cavity, and the
field on the surface of the cavity.
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To reduce the number of unknowns and simplify the system of integral equations, we
here develop an original way, consisting in the definition of a new Green's function that
we name the 'below' Green's function . Both functions  and  satisfy theK K K, ,+

impedance condition on the unperturbed surface, but the scattered fields attached to them
are respectively regular above and below the plane. They derive from the solution for an
arbitrary constant impedance plane (passive or active) given in [3]-[4].
Morever, our system of two novel integral equations has the property of uniqueness of
the solution. It is an important point, particularly if we notice that most of the boundary
integral equation methods in the related problem of electromagnetism, which use the
generalized network formulation [5], are not uniquely solvable at some discrete
frequencies [6]. Otherwise, other methods verify uniqueness, in particular the one
developed by Chandler-Wilde in acoustics, with a system of three integral equations [1],
and the one used by Xu for perfectly conducting surface in electromagnetism, with a
system of two vectorial integral equations [6]. It is worth noticing that, in [6], the
generalized network formulation is corrected by the image theory, which is equivalent to
using a specific Green's function in the cavity that takes account of the plane.
This scattering problem can be also analyzed in complex spectral domain in 2D, or by
asymptotic methods in 2D and 3D. So, integral equations with smooth kernels, which
permit various approximations for large or small polygonal cavity in 2D [7], or
asymptotic expressions for a large cavity [8]-[9], have been developed.
The paper is organized as follows. In section 2, we define the properties of the acoustic
field, and analyze the uniqueness of the boundary value problem. We present in section 3,
the expressions of the Green's functions  and , derived from the solution for anK K+ ,

unperturbed impedance plane. In section 4, we use the second Green's theorem and give a
representation of the field above the plane and in the cavity. We then deduce the system
of integral equations in section 5 and show the property of uniqueness in section 6. In
section 7, this new system is considered for small cavity and original analytical results
are derived.

2) Formulation of the boundary value problem and uniqueness

2.1) Boundary value problem

We consider the pressure field  scattered by an imperfectly reflective plane that is:=

perturbed by a cavity (figure 1), when it is illuminated by the incident pressure field ,:38-
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radiated by a bounded source  above the plane, and satisfying the Helmholtz equation,[

Ð  5 Ñ: œ [ Ð Ñ? #
38- 1

in , with .V l Ð35Ñl Ÿ Î#$ arg 1

The plane  is defined by  in Cartesian coordinates . The domain of theW D œ ! ÐBß Cß DÑ!

cavity with , and the half-space above the plane with , are respectivelyD  ! D   !

denoted  and . The aperture and the surface of the cavity, respectively denoted H H# " "W

and , are assumed to be piecewise analytic W# (with no zero exterior angles, i.e. no points
of  inside a cusp)H# , bounded by a Jordan curve .G"

figure 1 : geometry and definition of the cavity

For any plane wave of incidence angle  composing , " :38- the infinite plane, when it is
unperturbed, has given bya reflection coefficient  ,VÐ Ñ"

VÐ Ñ œ ß
 1

 1
"

"

"

cos
cos

Ð Ñ2

so that  verifies the impedance (or Robin) boundary condition,: œ :  := 38-

Ð  351Ñ: œ ! Ð Ñ
`

`D
3

on the plane , except on the aperture  of the cavity. The term  is W W 1 œ! " "sin) denoted
the impedance parameter. In (3), it is a constant, with Re( )  when Re .35 Á ! Ÿ !cos) )" "

This condition on  is due to the presence of a cut in the solution for an unperturbed1

plane [3]-[4], along the path Re( )  as Re . Therefore, the 35 œ ! Ÿ !cos) )" " surface waves,
which radiate without exponential decay at infinity, can only be considered in the sense
of the limit for Re( ) or  when Re35 œ ! ! Ÿ !cos) )" "

  .

Some general properties are considered for the scattered field in  and :H H" #

(a) , which satisfies the Helmholtz equation: ÐDÑ=

Ð  5 Ñ: œ ! l Ð35Ñl Ÿ Î#ß Ð Ñ? 1#
= with 4arg
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is regular in , except at edges and corners of  whereH H" # # W

: œ SÐ"Ñ Ð: Ñ œ SÐl<l Ñß  "  Ÿ != = and grad ,! ! Ð Ñ5

as the distance  to the edge or corner vanishes [8], and  is continuous on thel<l :=

scatterer;
(b)  is constituted of outgoing waves, with guiding waves exponentially vanishing at:=

infinity ( and, the field at , with , verifies,Re( )  as Re ), 35 Á ! Ÿ !cos) )" " Q < œ SQ

: œ SÐ/ Ñß=
 l<l$ Ð Ñ6

$ 3 1 ! D œ B  C Ä _ D  ! l Ð35Ñl  Î#, as  or  , , when , andÈ # # arg

`
Ð Ñ

:

` <
 35: œ 9Ð < Ñß : œ SÐl<l Ñß

=
= =

" "

| |
| | 7

as  , , when .l<l œ B  C  D Ä _ D   ! l Ð35Ñl œ Î#È # # # arg 1

In addition, an impedance boundary condition is assumed on the surface of the cavity,

Ð  351 Ñ:l œ !ß Ð Ñ
`

`8
- W#

8

where  is the normal to  directed inside .8s W 1 W# # - #H ,  is a function piecewise analytic on 

Remark 1 :
Let us notice that the definitions of the 'acoustic impedance' ( ´ E!:Î E`:

`8 !,  a constant)
generally used in physics [20], and of our 'impedance parameter' ( ), are´ ÎÐ35:Ñ`:

`8

different.

2.2) Uniqueness of the solution of the boundary value problem from [10, sect.7]

In [10], Levine develops an uniqueness theorem, i.e. a proof that  implies ,: ´ ! : ´ !38-

in the case of a scatterer with impedance boundary conditions. He considers piecewise
G  !Ð# Ñ-  surface (with no zero exterior angle), , without auxiliary 'edge conditions' at-

edges or corner points, except that  is continuous. He studies at first bounded scatterers,:

but he also gives, in section 7 of his paper, the elements to generalize his results to
scatterers with infinite boundaries, in particular by the use of Jones' uniqueness theorem
[11], that we follow.
We begin to notice first that the conditions given by Levine to apply the Green's first
theorem are satisfied : the cavity is piecewise analytic (with no zero exterior angle), the
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field is countinuous on the scatterer, it satisfies impedance boundary conditions and the
conditions (b) at infinity. So, we can write,

( (
(

H

Ð: Ð<Ñ Ð<Ñ  Ð<Ñ Ð<ÑÑ.Z Ð<Ñ 8 .W s

 Ð<Ñ .Wß Ð Ñ
:Ð<Ñ

‡ ‡ ‡

‡

?: : : œ  : :

:

grad grad grad  

9

W

+Ä_ <œ+ß D !

Ð Ñ

Ð Ñ
`

`<
lim

where ,  is the inward normal to , and from (3)-(8),H H H H´  ß W ´  ÐW ÏW Ñ" # ! "W 8s#

Re Re  
grad

Re 10

Ð  35l Ð<Ñl  .Z Ñ Ð1 Ñl Ð<Ñl .W 
l Ð<Ñl

 35

 Ð1Ñl Ð<Ñl .W  M ß Ð Ñ

( (
(
H

: œ :
:

:

# #
#

W
-

#
_

#

W ÏW! "

where

M œ œ ! Ð35Ñl  Î# ß

M œ l Ð<Ñl .W  ! Ð35Ñl œ Î# Ð Ñ

_
+Ä_

_
+Ä_ <œ+ß D !

#

Re  for 

  for 11

lim arg

lim arg

SÐ/ Ñ +$ l

l

1

1( :

For ,Re , Re  and  the left-hand term is negative sinceÐ1Ñ   ! Ð1 Ñ   !- largÐ35Ñl Ÿ Î#1

Re , while the right-hand term is positive, and thus both terms vanish.Ð35Ñ   !

Consequently, we have ,ß Ð35Ñl  Î#when larg 1

: œ ! Ð ÑÐ<Ñ ß 12in for H Re ReÐ1Ñ   !ß Ð1 Ñ   !ß-

and, ,when largÐ35Ñl œ Î#1

: œ !

` : œ ! Ð Ñ

Ð<Ñ Wß

Ð<Ñ Wß
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on for 
on for 

Re Re  
Re Re or 
Ð1Ñ  !ß Ð1 Ñ  !ß

Ð1Ñ  !ß Ð1 Ñ  !ß 1 œ 1 œ !Þ
-

- -8

In the latter case, we can use, as suggested by Levine, the Jones' uniqueness theorem [11]
for surfaces conical at infinity, when Neumann boundary condition (  is` : œ !8 Ð<ÑlW )
satisfied, which implies  in the entire domain , and thus completes the proof of? ´ ! H

uniqueness. Let us notice, that another proof has been independently developed in [1]
when  is smooth.W

3) The 'above' Green's function  and the 'below' Green's function K K+ ,

The integral representations of the field with single and double layers potentials generally
derive from the use of free space Green's function [8], but more complex Green's



                                                                                                                                 6

functions, verifying particular boundary conditions, can be used. In this latter case, a
particular attention must be paid to the regularity of these functions.
So, when we consider a perturbation, due to a scatterer above an impedance plane, we
can use the solution  for a monopole above this plane to express the field everywhere,K+

while it is generally not possible when we have a cavity, because of the logarithmic
singularity of  below the plane.K+

Therefore, we here develop an original way consisting in using another Green's function
that we name the 'below' Green's function . Both functions  and  derive from theK K K, ,+

solution for an unperturbed plane, respectively with the impedances  and .1  1

In this section, the solution for active and passive plane [3]-[4] are briefly presented, then
K K+ , and  are developed.

3.1) The solution for an unperturbed impedance plane with arbitrary impedance

3.1.1) Solution for a monopole

The incident field radiated at  by a monopole at (figure 2) isQÐBß Cß DÑ < ÐB ß C ß D œ 2Ñw w w w

given by , with .: œ / Î5VÐDÑ VÐDÑ œ ÐB  B Ñ  ÐC  C Ñ  ÐD  D Ñ38-
35VÐDÑ w # w # w #È

   
figure 2 : geometry and definition of  for the radiation at : Q

From [3]  scattered by the impedance plane is given by, the field :=

: œ  / Ð Ñ
/

5VÐ  DÑ
=

35VÐDÑ
351ÐD2Ñ#31 Ð ß  D  2Ñ ß] 31 14

where , , , and,VÐ  DÑ œ  ÐD  2Ñ D  2 œ VÐ  DÑ œ VÐ  DÑÈ3 : 3 :# # cos sin
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] 31Ð ß  DÑ œ .
/

#  1

/351D 35D(
W

"L Ð5 Ñ
Ð#Ñ
! 3sin

sin
"

"
" "

cos

cos
ß Ð Ñ15

for , , with Re  on  from  to .D  ! 1 œ Ð35 Ñ œ !  3_ Ð35Ñ 3_ Ð35Ñsin sin arg arg) " W"

This function is a Fourier-Bessel integral commonly encountered in scattering theory [12,
p.234], also called a Sommerfeld-type integral [13], which has a cut described by
Re  when Re  and a .Ð35 Ñ œ ! Ð1Ñ Ÿ !cos)" singularity at 1 œ  "

A correct definition of  for arbitrary , ] )1 "1 œ sin active (Re ) or passive (Re ),1  ! 1  !

except on the cut, is also given [3] by,

] 3 !1
3, ,

_ 3_
+ > +Ð ß  D  2Ñ œ  / .> œ 3 / . Ð Ñ( (cosh cos! 16

where , sign Re  (Re  is on a cut of + œ 35VÐ  DÑ œ Ð Ð35 ÑÑ Ð+Ñ œ !% : ) % ) ]sin cos cos" " 1

and it can be only considered in the sense of the limit), and  satisfies,

/ œ Ð" „ ÑÐ" „ Ñß Ð Ñ
35VÐ  DÑ

+
…3,

"sin cos) : 17

with Re , ,  l ,l  / œ Þ1 #3, Ð" ÑÐ" Ñ
Ð" ÑÐ" Ñ

sin cos
sin cos
) :
) :
"

"
l Ð Ñl Ÿ Î# 1Re As  varies, this expression has) 1"

a correct cut as  changes of sign for Re , and is regular elsewhere (note: for% 1  !

Re , the change of sign of  does not induce a cut as  varies). The figure 3 shows1  ! 1%

the agreement of  given by (16) and by Fourier-Bessel expansion (15).]1

    l l l l] ]1 1

      Re1 Re1
figure 3) Comparison of  given by (16) and by Fourier-Bessel expansion when (15) is used]1 Ð   Ñ

Ð  ‰  Ñ 1 l l Ð1Ñ œ  !Þ% D  2 œ Þ# œ Þ$ 35 œ Þ!"  3"Þ, when Re  varies; left :  when Im , , , ; right :]1 3

l l Ð1Ñ œ "Þ# D  2 œ "Þ œ "Þ 35 œ Þ!"  3"Þ]1  when Im , , , 3
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3.1.2) Some properties of ]1

Some general propert  (16), are worth noticing. Using the integralies of , derived from]1

expression of the modified Bessel function  [17], we can write,O!

] 3 ! !1 !
! ,

, !
+ +Ð ß  D  2Ñ O Ð+Ñ œ  3 / . œ  3 / . ß Ð Ñ( (cos cos! ! 18

which implies, by definition of  and , that, +

] 3 ] 31 ! 1 !Ð ß  D  2Ñ O Ð+Ñ œ  Ð ß D  2Ñ O Ð+Ñ Ð Ñ19

where , sign Re . + œ 35 œ Ð Ð35 ÑÑ% 3 ) % )cos cos" " From the regularity of  for] 3„1Ð ß  DÑ

D  ! , Ð ß  DÑ and the expression of , we deduce that  has a logarithmic singularities] 31

when  at . So, when , and thus, when  vanishes, we have [3]D Ÿ ! œ ! +3 3

] 3

] 3

] 3

1 !

1 !

1 "

Ð ß  DÑ µ  #O Ð+Ñ D  !ß 1 Á  "ß

Ð ß  DÑ µ O Ð+Ñ D œ !ß 1 Á  "Þ

Ð ß  DÑ µ  I Ð Ðl<l  DÑÑ Ð Ñ
35Ð"  1Ñ

#

 when 
 when 

20

Moreover, the reader can verify by inspection that,

`

`D
ß Ð Ñ

]1Ð ß  D  2Ñ
œ

/

VÐ  DÑ

3 35ÐVÐDÑ1DÑ

21

and,

Ð  5 ÑÐ œ %? # / Ð ß  DÑÑ / Y Ð  DÑ ÐBÑ ÐCÑ351D 351D]1 3 1 $ $ Ð Ñ22

where Y  is the unit step function,  is the Dirac function.$

Remark 2 :
Let us notice [3] that, for Re  and ,1  ! argÐ35Ñ œ Î#1

] 31 "
3_

!
351ÐD D2Ñ

35VÐD DÑ

"
Ð ß  D  2Ñ œ / 5 .D ß Ð Ñ

/

5VÐ  D  DÑ
( 1

1

23

where , and that, for ,VÐ  DÑ œ  ÐD  2Ñ 1 œ "È3# #

] 31œ"Ð ß  D  2Ñ œ  I Ð35ÐVÐ  DÑ  ÐD  2ÑÑÑ Ð Ñ" 24

where  is the exponential integral [17].I"
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3.2) The functions  and K K+ ,

3.2.1) The Green's functions  above the planeK+

The Green's function  is given K+ by the solution for a monopole above the plane with
impedance parameter  . From the previous section, it is given 1 by

K Ð<ß < Ñ œ K ÐB  B ß C  C ß D  D Ñ  K ÐB  B ß C  C ß  D  D Ñ Ð Ñ+
w ! w w w = w w w

1 ß 25

where  is the free space Green's function,K!

K Ð<Ñ œ ß Ð Ñ
/

5 <l
!

35 <l|

|
26

and  is the scattered Green's function,K=
1

K Ð<Ñ œ  / ß Ð Ñ
/

5 <l1
= 351D

35 <l|

|
27#31 Ð ß DÑ] 31

with | and .<l œ  D œ B  CÈ È3 3# # # #

Because

Ð  5 ÑK Ð<Ñ œ ÐBÑ ÐCÑ ÐDÑß Ð Ñ
 %

5
? $ $ $

1# ! 28

and the equation (22) satisfied by the function  verifies in ,]1Ð ß  DÑ3 , K V+
$

Ð  5 ÑK Ð<ß < Ñ œ Ð Ð<  < Ñ 
 %

5

 Ð<  < Ñ  #351 Y Ð  D  D Ñ ÐB  B Ñ ÐC  C ÑÑ Ð Ñ

? $
1

$ $ $

# w w
+

37
w w w w/351ÐDD Ñw 29

where , < ´ ÐB ß C ß  D Ñw w w w
37  . It satisfies correct radiation conditions$ $ $ $Ð<Ñ ´ ÐBÑ ÐCÑ ÐDÑ

at infinity for  (condition (b)), and will be our choice for the Green's function aboveD   !

the plane for arbitrary , except for Re  when Re  (i.e.1 œ Ð35 Ñ œ ! Ð1Ñ Ÿ !sin cos) )" "

except on the cut of )]1 Þ

3.2.2) The Green's functions  below the impedance planeK,

The function  cannot be used to describe the field in the cavity, when it is influencedK+

by fictitious sources on the aperture, in particular because of the presence of a
logarithmic singularity of ] 3 31Ð ß  DÑ D œ ! for negative  when .
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However, we can consider  instead of , and obtain an original] 3 ] 31 1Ð ß DÑ Ð ß  DÑ

Green's function in the K,, which is suitable for an integral representation of the field 
cavity, and continues to satisfy the impedance boundary condition . This choice will(3)
be corrected in the vicinity of  to take account of the singularity of  at this point.1 œ " ]1

3.2.2.1) The function  for K 1 Á ",

We remark that, below the plane where , the functionD  D  !w

K Ð<ß < Ñ œ K ÐB  B ß C  C ß D  D Ñ  K ÐB  B ß C  C ß D  D Ñ Ð Ñ,
w ! w w w = w w w

1 ß 30

with

K Ð<Ñ œ  / ß Ð Ñ
/

5 <l1
= 351D

35 <l|

|
31#31 Ð ß DÑ] 31

continues to satisfy the impedance boundary condition (3) on the plane , is regularD œ !

for D  D  ! K D œ D Vw ! w $, except for the singularity of at , and verifies in ,

Ð  5 ÑK Ð<ß < Ñ œ Ð Ð<  < Ñ 
 %

5

 Ð<  < Ñ  #351 Y ÐD  D Ñ ÐB  B Ñ ÐC  C ÑÑ Ð Ñ

? $
1

$ $ $

# w w
,

37
w w w w/351ÐDD Ñw 32

where , < ´ ÐB ß C ß  D Ñw w w w
37  .$ $ $ $Ð<Ñ ´ ÐBÑ ÐCÑ ÐDÑ

This will be our choice for the Green's function below the plane, except in the vicinity of
1 œ " Ð35 Ñ œ ! (where  is singular) and on the cut of  (the case with Re  has] ] )1 1 "cos
to be taken in the sense of the limit)  Let us notice that it satisfies the usual radiationÞ

conditions at infinity, similar to (b) but in lower space instead of upper space.

Remark 3 :
In the case of a cavity  filled with a material  we can consider the wave number H# #ß 5

instead of , and  in place of , so that  continues to satisfies the5 1 œ 51Î5 1 K# # ,

impedance boundary condition (3) on the plane .D œ !

3.2.2.2) A suitable choice for  when , regular on the cut of K 1 ¶ ", 1]

The function  is singular at . However, c] 31Ð ß DÑ 1 œ " onsidering the equations (19) and
the domain of regularity of  is regular for ] ] 31 1 ! [3], the function Ð ß DÑ  #O Ð+Ñ 3 Á !

in vicinity of , as , with , sign Re . We1 œ " 1 œ + œsin)" varies 35 œ Ð Ð35 ÑÑ%3 ) % )cos cos" "
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can then use that

O Ð+Ñ  +! lnÐ+ÑM Ð Ñ Ð Ñ! 33

is an entire function of [17] and+ , 

Ð  5 ÑÐ/ M Ð Ñ œ !ß Ð Ñ? # 35 D
!

sin)" 35%3 )cos " 34

and choose to add the term

H Ð<ß < Ñ %31 Ð . ÑM Ð B  B Ñ  ÐC  C Ñ Ñ/ ß Ð Ñ, " "
1Ðw 35 DD Ñ

!
w # w #œ 35 35 Ðln cos) )cos È w

35

to where  is an arbitrary constant  So defined,K 1 ¶ ", for , ..

K Ð<ß < Ñ œ K ÐB  B ß C  C ß D  D Ñ  K ÐB  B ß C  C ß D  D Ñ  Ð<ß < ÑßÐ Ñ,
w ! w w w = w w w w

1 H, 36

becomes regular for Re , and presents, as  varies, the same cut and singularities as1   ! 1

K 1 Ÿ !+ for Re .
This function continues to satisfy the impedance boundary condition (3) on the plane
D œ !, is regular for TheD  D  ! Kw ! except for the singularity of , and verifies (32). 
corrective term does not satisfy the usual radiation conditions at infinity but itH,Ð<ß < Ñw  
will be of no consequence for our demonstration in further sections, and this function can
be used when  is verified in the whole cavity.l35 Ð Ñl ¥ "%3 )cos "

Remark 4 :
For we notice [3] that1 Ä "ß

] 31Ð ß DÑ œ I Ð Ñ  #O Ð+Ñ 
35Ð"  1ÑÐl<l  DÑ

#

 SÐ35Ð"  1ÑÐl<l  DÑI Ð ÑÑ Ð Ñ
35Ð"  1ÑÐl<l  DÑ

#

" !

# 37

and thus

K Ð<Ñ  Ð<Ñ Ä  / ÐI Ð35Ðl<l  DÑÑ  # Ð Î.ÑÑß Ð Ñ
/

5 <l1
= 35D

35 <l

"H,

|

|
38#3 ln 3

which is regular for , , since,  and 3 œ ! D  ! l<l  D œ I Ð@Ñ œ  Ð@Ñ  SÐ"Ñ3#

l<lD " ln Þ

3.2.3) Some additional properties of  K Ð<ß < Ñ+ß,
w

F  given in , we haverom the derivative of (21)]1
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Ð  351ÑK Ð<ß < Ñ
`Þ

`D

œ Ð ÑÐK Ð<  < Ñ  K Ð<  < ÑÑ  351ÐK Ð<  < Ñ  K Ð<  < ÑÑß Ð Ñ
`Þ

`D

w +ß,
w

w
! w ! w ! w ! w

37 37 39

where . This leads us to write, when ,< ´ ÐB ß C ß  D Ñ D œ !w w w w
37

Ð  351ÑK Ð<ß < Ñl œ Ð ÑÐ#K Ð<  < ÑÑl ß Ð Ñ
`Þ `Þ

`D `Dw w+ß, Dœ! Dœ!
w ! w 40

and, when  ,D Ä ! D Á !w ,

Ð  351Ñ Ð<ß < Ñ Ä !Þ Ð Ñ
`Þ

`Dw
wK+ß, 41

These properties will be particularly useful to prove the continuity of the normal
derivative of the field, deduced from our solution, through the aperture of the cavity.
Moreover, for our choice of  in section 3.2.2.1 (for ), we haveK 1 Á ",

K Ð<ß < Ñ œ K Ð<ß < Ñ  %31/ O Ð+Ñ

ÐK Ð<ß < Ñ  K Ð<ß < ÑÑl œ %Ð  O Ð+ÑÑÑß Ð Ñ
/

5

, + !
w w 351ÐDD Ñ

+ , DœD œ! !
w w

35

w

w

K Ð<ß < Ñl œ K Ð< ß < Ñl, 1œ@ + 37 1œ@
w w

37
3

3
31Ð Ð ß !Ñ ] 31 42

while, for our choice of  in section 3.2.2.2 ( ),K, for 1 ¶ "

K Ð<ß < Ñ œ K Ð<ß < Ñ  %31/ ÐO Ð+Ñ  Ð35. ÑM Ð ÑÑ, + ! !
w w 351ÐDD Ñw ln cosÐ Ñ 35 Ð Ñ

ÐK Ð<ß < Ñ  K Ð<ß < ÑÑl œ %Ð  O Ð+Ñ 
/

5

 Ð35.

) 3 )

3

" "

+ , DœD œ! !
w w

35

cos

ln

w

3

31Ð Ð ß !Ñ ] 31

cos cosÐ ÑÑM Ð35 Ð ÑÑÑÑß Ð Ñ) 3 )" ! " 43

where

] 3 ! %
)

)
1 !

!

,
+ "

"
Ð ß !Ñ  O Ð+Ñ œ  3 / . ß , œ … 3 Ð Ñß Ð Ñ

Ð" … Ñ( cos! ln
sin

cos
44

with , 1 œ sin)" + œ 35 œ Ð Ð35 ÑÑ% 3 ) % 3 )cos cos" ", sign Re . Let us also notice that, in
agreement with the reciprocity principle [8], we have K K+ß, +ß,Ð<ß < Ñ œ Ð< ß <Ñw w .

Remark 5 :
We can use (24) in (43) for , and notice that,1 Ä "

ÐK Ð<ß < Ñ  K Ð<ß < ÑÑl %Ð 
/

5
+ , DœD œ!

w w
35

w Ä ÐI Ð35 Ñ  Ð Î.ÑÑÑß Ð Ñ
3

3
3 " 3 3ln 45
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which is regular for  since .3 œ ! I Ð@Ñ œ  Ð@Ñ  SÐ"Ñ" ln

Remark 6 :
For , , we have< Ä „_ <  < œ #DÐDÞ<Ñs sw

37 

K Ð<ß < Ñ œ ÐÒ/ Ð"  / Ð ÑÑÓ  9Ð"ÑÑ Ð Ñ
/

5l< l

D  1s

D  1s
+

w 35Ð<Þ< ÑÎl< l
35l< l

w

#35ÐD ÑDÞ<s s
<
l< l

<
l< l

w

w w <w

l< lw

w

w

w

w

46

4) Integral representation of the field with  and K K+ ,

4.1) The representation of the field from the second Green's theorem

Let us consider the pressure fields  and , satisfying the Helmholtz equation: K

Ð  5 Ñ: œ [ß

Ð  5 ÑK œ [ ß Ð Ñ

?

?

#

#
K 47

in the domain , bounded by the surface , piecewise analytic. If the functions  and H H` : K

have the regularity which permit the application of the second Green's theorem, we can
write

( ( (
H H H

[Ð<ÑKÐ<Ñ .Z  [ Ð<Ñ :Ð<Ñ .Z œ 8ÞÐ ÐKÑ:  Ð:ÑKÑ.Wß Ð ÑsK
` 

grad grad 48

where  denotes the internal surface to ,  is the unit normal, piecewise defined,` 8sH H

directed inside , and the surface integral is taken in the sense of principal value ofH

Cauchy. Thereafter, we omit the sign for , and we write  instead of .` ` `H H H 

4.2) The case [ Ð<Ñ œ A Ð<  < ÑK
w$

Let us consider  as a generalized function in (48), with , [ Ð<Ñ [ Ð<Ñ œ  A Ð<  < Ñ AK K
w$

being a constant. In this case, we have

" Ð< Ñ:Ð< Ñ  : Ð< Ñ œ 8ÞÐ ÐKÐ<ß < ÑÑ:  Ð:ÑKÐ<ß < ÑÑ.Wß Ð Ñ
"

A
sH

H

w w w w w
3

`
( grad grad 49

for , where< −w H
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: œ  [Ð<ÑKÐ<ß < Ñ .Z ß
"

A

" Ð< Ñ œ Ð<  < Ñ.< œ 8 Ð Ñ.W œ 8.Wß Ð Ñ
" " " Ð<  <Ñ

% l<  <l % l<  <l
s s

3
w

w w

` `
w w $

w

(
( ( (

H

H
H H H

$
1 1

 grad 50

and the integrals are considered in the sense of the principal value of Cauchy. The reader
can easily recover , by letting ,  and ." 5 œ ! KÐ<ß < Ñ œ : ´ "H 1

w A
% l< <lw

remark 7 :
" œ " œ ! V Ï ` œ ` œ !H  in ,  in , is fractional on  (  when  is smooth),  ifH H H H$ "

#

H H´ V Ï0. For an external problem in , the surface can be considered to be closed at$ w

infinity so that , where  is the outward normal to ." Ð< Ñ œ "  " Ð< Ñ 8sR$ w wÏ
w w w

H H H

remark 8 :
Considering the continuity of the single-layer potential in (50), we notice that

"

A
Ð8Þ ÐKÐ<ß < ÑÑ: Ð<Ñ  ; Ð<ÑKÐ<ß < ÑÑ.Wls

Ä Ð"  " Ð< ÑÑ: Ð< Ñ 

 Ð8Þ ÐKÐ<ß < ÑÑ: Ð<Ñ  ; Ð<ÑKÐ<ß < ÑÑ.W Ð Ñ
"

A
s

(

(
`

w w
/ / < − Ä< −`

! / !

`
! / / !

H
H H

H

H

grad

p.v. grad 51

w
!

when  is continuous on ,  is summable and its integral is continuous: ` ; Ð<ÑKÐ<ß < Ñ Þ/ /
wH

4.4) Integral representation of the field above the plane and in the cavity

4.4.1) Integral representation of the field above the plane

From the definitions of  and we can use the second Green's theorem forK :+ œ :  := 38- , 
H H tending to the infinite half-space  above the plane. Indeed, considering the condition"

(b), and the impedance boundary condition (3), satisfied by  and  on the plane ,: K D œ !+

the surface integral at infinity and on  vanishes, so that we obtain,W ÏW! "

Ð" Ð< Ñ  " Ð< ÑÑ:Ð< Ñ  : Ð< Ñ œ K Ð<ß < ÑÐ` :Ð<Ñ  351:Ð<ÑÑ.W Ð Ñ
 5

%
H H1 1

w w w w w
37 3 + D

W1
(

"

52

for , where , and  is theD   ! Ð" Ð< Ñ  " Ð< ÑÑ œ " : œ [Ð<ÑK Ð<ß < Ñ .ZH H 1 H1 1
w w w

37 3 +
5
%

'
"

field in presence of the plane without cavity.
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4.4.2) Integral representation of the field in the cavity

From the definitions of  and we can use the second Green's theorem inK : ß, œ :  := 38-

the domain  of the cavity, which gives us,H#

Ð" Ð< Ñ  " Ð< ÑÑ:Ð< Ñ  [Ð<ÑK Ð<ß < Ñ .Z
5

%

œ 8ÞÐ ÐK Ñ:  Ð:ÑK Ñ.W Ð Ñ
5

%
s

H H
H

H

# #

#

#

w w w w
37 ,

`
, ,

1

1

(
( grad grad 53

where , and  is the unit normal to " Ð< Ñ œ Ð<  < Ñ.< œ 8.W 8 Ws sH H H1# # #

w

w $
w w "

% l< <l`
Ð< <Ñ

#' '$

directed inside . Considering that the source  is above the plane, and that  (resp.H# ,[ K

:) satisfies the impedance boundary condition (3) (resp. (8)), the equation (53) becomes

Ð" Ð< Ñ  " Ð< ÑÑ:Ð< Ñ œ K Ð<ß < ÑÐ` Ð:Ð<ÑÑ  351:Ð<ÑÑ.W
5

%

 :Ð<ÑÐ` K Ð<ß < Ñ  351 K Ð<ß < ÑÑ.W Ð Ñ
5

%

H H# #

"

#

w w w w
37

W
, D

W
8 , - ,

w w

1

1

(
( 54

where, we notice that,

Ð" Ð< Ñ  " Ð< ÑÑ œ " ÏW

" Ð< Ñ œ ! < − ÏW Ð Ñ

H H

H

# #

#

w w
37 # #

37
w w

# "

in
when 55

H

H

Remark 9 :
even if  diverges when , it is continuous when  belongs` ÐK Ð<ß < Ñl < Â ` Ä < <8 , <−W #

w w w
#

H

to smooth parts of .W#

5) The integral equations on the aperture  and on the surface of  the cavity W W" #

On the aperture , we can substract the equation (52) from (54), and obtainW"

Ð" Ð< Ñ  " Ð< Ñ  "Ñ:Ð< Ñ  : Ð< Ñl œ

œ ÐK Ð<ß < Ñ  K Ð<ß < ÑÑÐ` Ð:Ð<ÑÑ  351:Ð<ÑÑ.W
5

%

 :Ð<ÑÐ` ÐK Ð<ß < ÑÑ  351 K Ð<ß < ÑÑ.Wß Ð
5

%

H H# # w
"

"

#

w w w w
37 < −W3

W
+ , D

w w

W
8 , - ,

w w

1

1

(
( 56Ñ
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where we notice that  on , except possibly on , while,Ð" Ð< Ñ  " Ð< ÑÑ œ " W W  WH H# #
w w

37 " " #

on the surface  of the cavity, we can write, from (54),W#

Ð" Ð< Ñ  " Ð< ÑÑ:Ð< Ñl œ K Ð<ß < ÑÐ` Ð:Ð<ÑÑ  351:Ð<ÑÑ.W
5

%

 :Ð<ÑÐ` ÐK Ð<ß < ÑÑ  351 K Ð<ß < ÑÑ.W ß Ð Ñ
5

%

H H# # w
#

"

#

w w w w
37 < −W

W
, D

W
8 , - ,

w w

1

1

(
( 57

where grad  (  on smooth parts), and" Ð< Ñ œ Ð<  < Ñ.< œ 8Þ Ð Ñ.W œsH H H1# # #
w

w w " " "
% l< <l #`

' '$

the surface integrals are taken in the sense of principal value of Cauchy.
The integral equations (56)-(57) represent a system for two unknowns,

; Ð<Ñ œ Ð` Ð:Ð<ÑÑ  351:Ð<ÑÑl ß

: Ð<Ñ œ :Ð<Ñl ß Ð Ñ
" D <−W

# <−W

"

#
58

respectively on the aperture and on the surface of cavity, whose solution permits to
express the field everywhere.

6) Uniqueness property of the integral equations

We consider the solutions of our integral equations,  on the aperture, and  on; Ð<Ñ : Ð<Ñ" #

the surface of the cavity, which satisfy the conditions (a), so that ; œ SÐ< Ñ"
! ,

 "  Ÿ ! :! , as the distance to edges or corners vanishes, and  is # continuous. We then
study the uniqueness of  and  when , verify; :" # Re  and Re , or  and 1  ! 1  ! 1 œ 1 œ !- -

that  and  vanish when ; :" # : ´ !3 .
For this, we show that we can define a field , derived from , which: Ð< Ñ :/ 3

w ; :" #,  and 
verifies  on  and  on , and satisfies the: Ð< Ñ œ : Ð< Ñ W ; Ð< Ñ œ ` : Ð< Ñ  351: Ð< Ñ W# / # " D / / "

w w w w w

boundary value problem with the conditions of uniqueness given in section 2.

6.1) A field  derived from  and : Ð< Ñ : ;/ # "
w

We consider the field  derived, from  and , following: ; :/ " #

: Ð< Ñ œ K Ð<ß < Ñ; Ð<Ñ.W  : Ð< Ñß Ð Ñ
 5

%
/ + " 3

w w w

W1
(

"

59
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in the domain  above the plane, and,H1

: Ð< Ñ œ Ð"  Ð" Ð< Ñ  " Ð< ÑÑÑ : Ð< Ñ  K Ð<ß < Ñ; Ð<Ñ.W 
5

%

 : Ð<ÑÐ` K Ð<ß < Ñ  351 K Ð<ß < ÑÑ.Wß Ð Ñ
5

%

/ # , "
w w w w w

37
W

W
# 8 , - ,

w w

H H# #

"

#

1

1

(
( 60

in the domain  of the cavity, where the surface integrals are taken in the sense ofH#

principal value of Cauchy.
The expression (60) verifies, like , the Helmholtz equation in , while (59) satisfies,K, #H

like , the Helmholtz equation in  with the radiation conditions at infinity given inK+ "H

(b), and the impedance conditions on . Moreover, rom W ÏW! " f the equation of continuity
(51),  function  .the : Ð< Ñ/

w is continuous up to W#

It then remains to analyze the continuity through the aperture  of the cavity, theW"

impedance boundary condition on , and the expressions of  and  with .W ; : :# " # /

Therefore, we show that we have,
-  on the surface of the cavity ;: Ð< Ñ œ : Ð< Ñ W/ # #

w w

- the continuity of  through the aperture ;: Ð< Ñ W/ "
w

- the continuity of  through ;` : Ð< Ñ  351: Ð< Ñ WD / / "
w w

-  on ;` : Ð< Ñ  351: Ð< Ñ œ ; Ð< Ñ WD / / " "
w w w

-  on ,` : œ 351 : W8 / - # #

in the case , considered for the uniqueness. : ´ !3

6.2)  on : Ð< Ñ œ : Ð< Ñ W/ # #
w w

Substracting the integral equation (57) from (60) for , we obtain< − Ww
#

: Ð< Ñ  Ð" Ð< Ñ  " Ð< Ñ  "Ñ : Ð< Ñ œ Ð" Ð< Ñ  " Ð< ÑÑ: Ð< Ñß/ # #
w w w w w w w

37 37H H H H# # # #
Ð Ñ61

on , and thus,W#

: Ð< Ñl œ : Ð< ÑÞ/ < −W #
w w

w
#

Ð Ñ62

6.3) Continuity of  through : Ð< Ñ W/ "
w

The integrals in the expressions (59) and (60) of  remain convergent when the point: Ð< Ñ/
w

of observation approaches the aperture respectively above and below . Morever,W"

Ð" Ð< Ñ  " Ð< ÑÑ œ " ÏW : ´ !H H# #
w w

37 # # 3in , and, from the integral equation (56) with , theH

expressions (59) and (60) tend to the same limit, which proves the continuity of : Ð< Ñ/
w

through the aperture .W"
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6.4) Continuity of , equal to  on ` : Ð< Ñ  351: Ð< Ñ ; Ð< Ñ WD / / " "
w w w

w

Using (40) in the expressions (59) and (60) of , we can write: Ð< Ñ/
w

` : Ð< Ñ  351: Ð< Ñl œ Ð<ß < Ñ; Ð<Ñ.W ß
 5

%

` : Ð< Ñ  351: Ð< Ñl œ Ð<ß < Ñ; Ð<Ñ.W 
5

%



D / / D œ2! "
w w w

W

D / / D œ2! "
w w w

W

w w

"

w w

"

1

1

Ð Ñ #K l
`Þ

`D

Ð Ñ #K l
`Þ

`D

w
!

D œ2

w
!

D œ2

(
(

w

w

5

%
: Ð<ÑÐ` ÐK Ð<ß < ÑÑ  351 K Ð<ß < ÑÑ.W Ð Ñ

1
Ð  351Ñ l
`Þ

`Dw
D œ2(

W
# 8 , - ,

w w

#

w 63

We then apply that,

Ð  351Ñ Ð<ß < Ñ Ä ! D Ä ! D Á !
`Þ

`D

Ð Ñ Ð<ÐBß Cß !Ñß < Ñl œ  Ð Ñ Ð<ÐBß Cß !Ñß < Ñl Ð Ñ
`Þ `Þ

`D `D

w
w w

w w
w w

D œ2 D œ2

K

K K

,

! !

when  

64

,

w w

This implies that the contribution of the integral term along  vanishes when ,W 2 Ä !#

and that we have the continuity of  through the aperture . Indeed,` : Ð< Ñ  351: Ð< Ñ WD / / "
w w

we then have

„ Ð` : Ð< Ñ  351: Ð< ÑÑl Ä K Ð<ß < Ñ; Ð<Ñ.Wl ß Ð Ñ
 5

%
D / / D œ2! " D œ„2

w w ! w

W

w w w

"
1

Ð Ñ #
`Þ

`Dw
( 65

when , while, by application of the discontinuity property of the normal derivative2 Ä !

of the single-layer potential [14], substracting the relations in (65) for plus and minus
signs, we can write

` Ð: Ð< ÑÑ  351: Ð< Ñ œ ; Ð< Ñ W ÞD / / " "
w w w on Ð Ñ66

6.5)  on ` : Ð< Ñ œ 351 : W8 / - / #
w

The field , defined by (60), satisfies the Helmholtz equation in , and we can: Ð< Ñ/ #
w H

write in this domain, from the second Green's theorem,

Ð" Ð< Ñ  " Ð< ÑÑ: Ð< Ñ œ K Ð<ß < ÑÐ` Ð: Ð<ÑÑ  351: Ð<ÑÑ.W 
5

%

 Ð: Ð<Ñ` K Ð<ß < Ñ  K Ð<ß < Ñ` : Ð<ÑÑ.WÞ Ð Ñ
5

%

H H# #

"

#

#

w w w w
37 / , D / /

W

W
/ 8 , , 8 /

w w

1

1

(
( 67
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We have proved that ` Ð: Ð<ÑÑ  351: Ð<Ñ œ ; Ð<Ñ W : Ð<Ñ œ : Ð<Ñ WD / / " " / # # on  and  on , and
substracting (67) from (60), we obtain

5

%
K Ð<ß < Ñ Ð<Ñ.W œ !ß Ð Ñ

1
.(

W
,

w

#

68

for , with .< − Ð<Ñ ´ ` : Ð<Ñ  351 : Ð<Ñw
# 8 / - /H .

The surface , bounded by the curve , is open, and, W G# " considering the domain of
analyticity of  analytic continuation principle  through . So,K Ð<ß < Ñ,

w , we can use the W"

the potential

c .
1

Ð< Ñ œ K Ð<ß < Ñ Ð<Ñ.Wß Ð Ñ
5

%
w w

W
,(

#

69

vanishes in the domain , where  (resp. ) is the symmetric of  (resp.H H H H H´  W# #
3 3 3
# # #

W D œ ! K# ,) relative to the plane . From the properties of ,  is also regular inc

V ÏÐ  Ñ D W$ 3
- - #H H H, where  is the upper part of the cylinder along -axis bounded by .

It is then possible to prove that 0. For this, two distinct proofs are detailed in. ´

appendix A, successively for  or , and, for , .1 œ ! 1 Ä _ 1 Á ! l1l  _

7) Some simplifications of the integral equations for a shallow cavity

The integrals with  terms, in the equations (56)-(57), becomes difficult to` Ð Ñ8
/
5l<< l

35l<< l37
w

37
w

calculate when  and the depth vanishes. Therefore, we develop our integrall<  < l Ä !37
w

equations in a new form, and analytical expressions are derived.

7.1) A new form of the integral terms for shallow cavity

For a shallow cavity, we let

K Ð<ß < Ñ œ K Ð<ß < Ñ  K Ð<ß < Ñ

K Ð<ß < Ñ œ 
" "

5l<  < l 5l<  < l

< Ð< Ñ œ <  Ð< ÑD − W < − W Ð< Ñ − V Ð Ñs

,= , =>
w w w

=>
w

w
37
w

w
# " " " # " " "! !, , 70

where  is the projection of  on  along . We then consider the domain < Ð< Ñ < − W W Dw
# " " " # H
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defined so that , and notice that" Ð< Ñ œ " Ð< Ñ  " Ð< ÑH H H
w w w

37# #

" Ð< Ñ: Ð< Ñ

œ 8 Ð Ñ.W
: Ð< Ñ "

% l<  < l
s

œ 8 ÐK Ð<ß < ÑÑ: Ð< Ñ.W Ð Ñ
5

%
s

H

H

w w
#

#
w

`
w

W
=> #

w w

 
grad

grad 71

1

1

(
(

#

We can use this equation, and derive a new form of integrals along  in our system ofW#

equations. So, we obtain, for ,< − Ww
"

: Ð< Ñ  : Ð< Ð< ÑÑ œ ÐK Ð<ß < Ñ  K Ð<ß < ÑÑ; Ð<Ñ.W
5

%

 : Ð<ÑÐ` ÐK Ð<ß < ÑÑ  351 K Ð<ß < ÑÑ.W
5

%

 Ð: Ð<Ñ  : Ð< Ð< ÑÑÑ` ÐK Ð<ß
5

%

3 # + , "
w w w w w

#
W

W
# 8 ,= - ,

w w

W
# # 8 =>#

w w

1

1

1

(
(
(

"

#

#

< ÑÑ.W Ð Ñw 72

while, for ,< − Ww
#

 5 Ð: Ð<Ñ  : Ð< ÑÑ` ÐK Ð<ß < ÑÑ.W œ 5 K Ð<ß < Ñ; Ð<Ñ.W

 5 : Ð<ÑÐ` ÐK Ð<ß < ÑÑ  351 K Ð<ß < ÑÑ.W Ð Ñ

( (
(
W W

# # 8 => , "
w w w

W
# 8 ,= - ,

w w

# "

#

#
73

Comparing with previous integral equations system, we notice that the term ` Ð Ñ8
"

5l<< l37
w

is multiplied by terms that vanish as , so that the difficulty of calculus for al<  < l Ä !37
w

small cavity depth has disappeared. Let us remark that this modification can be applied
whenever a part of  is close to .W W# "

7.2) The limit case of an impedance patch

In the limit case where , the integral with  vanishes, andW ´ W ` K Ð<ß < Ñ# " 8 =>
w

` ÐK Ð<ß < ÑÑ œ 351K Ð<ß < Ñ < − W8 ,= , "
w w w

#
, so that we obtain, for ,

5 K Ð<ß < ÑÐ; Ð<Ñ  35Ð1  1 Ñ: Ð<ÑÑ.Wl œ !

: Ð< Ñ  : Ð< Ñ œ K Ð<ß < Ñ; Ð<Ñ.Wl Ð Ñ
5

%

(
(

W
, " - # D œ!

w

3 # + " D œ!
w w w

W

"

w 

"

w 

1
74

where  and  are . The first equation implies  (see; Ð<Ñ : Ð<Ñ SÐ"Ñ ; Ð<Ñ œ 35Ð1  1Ñ: Ð<Ñ" # " - #

appendix C), which leads us to recover the well-known integral equation [18] for an
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impedance patch,

: Ð< Ñ  : Ð< Ñ œ K Ð<ß < Ñ35Ð1  1 Ñ: Ð<Ñ.W Ð Ñ
5

%
# 3 + - #

w w w

W1
(

"

75

Remark 10 :
Let us notice that

5 K Ð<ß < Ñ Ð<Ñ.Wl œ ! Ð Ñ(
W

+ D œ!
w

"

w . 76

when , implies  (see appendix C).. .Ð<Ñ œ ; Ð<Ñ  35Ð1  1 Ñ: Ð<Ñ œ SÐ"Ñ Ð<Ñ ´ !" - #

7.3) On some Approximations for a small cavity, and validation.

7.3.1) Approximate expressions for a small cavity

For small dimensions of the cavity, we assume that

: Ð<Ñ  : œ 9Ð"Ñß : œ ß
: .W

.W

Ð: Ð<Ñ  : Ñ ` ÐK Ð<ß < ÑÑ.W.W œ 9Ð"Ñß

Ð; Ð<Ñ  ; Ñ K Ð<ß < Ñ.W .W œ 9Ð"Ñß ; œ
; Ð<

# - -
W #

W

W W
# - 8 ,=Ðß=>Ñ

w w

W W
" - -,Ðß+Ñ

w w W "

'
'

( (
( ( '

#

#

# #

" #Ðß"Ñ

"
Ñ.W

.W
Þ Ð Ñ'

W"

77

In this case, we can calculate  and , by integration of our integral equations over ; : W- - #

and , and define an approximate expression of the field radiated above the plane. ForW"

this, we use that,

Ð  5 ÑK Ð<ß < Ñ œ  5 ß

ß Ð Ñ

? # w #
,= K Ð<ß < Ñß < − W < − W ß

` K Ð<ß < Ñ.W œ 5 K Ð<ß < Ñ.Z ß < − W ß

` K Ð<ß < Ñ œ 351K Ð<ß < Ñß < − W < − W ß

=> # "
w w

`
8 ,= =>

w # w w
#

D ,= , # "
w w w

( (
H H# #

#

78

and,

( ( (
W W

8 ,= , =>
w w # w w

#
# " #

` K Ð<ß < Ñ.W œ 351K Ð<ß < Ñ.W  5 K Ð<ß < Ñ.Z ß < − W Þ Ð Ñ
H

79

So, summing the integral equation (73) over , we obtainW#
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; K Ð<ß < Ñ.W .W œ 35: Ð 1  1Ñ K Ð<ß < Ñ.W .W

 5 : K Ð<ß < Ñ.Z  9Ð"Ñ Ð Ñ

- , - - ,
W W W W W

w w w w

# w
- =>

W

( ( ( ( (
( (

" # # " #

# #H

80

and deduce that

; œ 35: ÒÐ< Ð1 Ñ  1Ñ  356 Ó  9Ð"Ñ Ð Ñ- - - - - 81

where

< Ð1 Ñ œ µ ß
1 K Ð<ß < Ñ.W .W 1 .W

K Ð<ß < Ñ.W .W .W

6 œ µ Þ Ð Ñ
K Ð<ß < Ñ.Z .Z

K Ð<ß < Ñ.W .W .W

- -
W W W- , -

w w

W W W,
w w

-
W =>

w

W W W,
w w

' ' '
' ' '

' ' '
' ' '

# # #

" # "

# # #

" # "

H H 82

We then use the integral equation (72) for , and sum it over . This gives us,< − W Ww
" "

( ( ( (
W W W W

3 - +
- w w

" " " "

: Ð<Ñ.W  : .W œ K Ð<ß < Ñ.W .W Ð"  9Ð5ÑÑ Ð Ñ
5;

%1
83

so that we can write, for the approximate expressions of  and ,: ;- -

: œ ß
: Ð<Ñ.WÎ .W

"  ÒÐ< Ð1 Ñ  1Ñ  356 Ó

; œ 35: ÒÐ< Ð1 Ñ  1Ñ  356 Ó ß Ð Ñ

-
W W3

35
% - - -

5 K Ð<ß< Ñ.W .W

.W

- - - - -

' '
" "

W W" "
+

w w

W"
1

' '
'

84

The expression of  can be used, for the field radiated by the cavity above the plane,;-

:Ð< Ñ  : Ð< Ñ œ ; K Ð<ß < Ñ.W  9Ð"ÑÞ Ð Ñ
 5

%
w w w

3 - +
W1

 85(
"

when < Â W 5 Ð; Ð<Ñ  ; ÑK Ð<ß < Ñ.W œ 9Ð"Ñw w
" " - +W and , in particular for the far field.'

"

Remark 11 :
In the case of a cavity  filled with a homogenous material, we can consider  with H# , #K 5

instead of , and  in place of , and write5 1 œ 51Î5 1# #

; œ 35 : ÒÐ< Ð1 Ñ  1 Ñ  35 6 Ó  9Ð"Ñ Ð Ñ- # - - - # # - 86

Remark 12 :
To our knowledge, our approximate expressions are original, but a similar low frequency
analysis could also be done with the integral equations given in [1].
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7.3.2) Validation in the case of a small cylindrical cavity with impedance wall

For the validation, we choose to compare the impedance on the aperture, expressed, from
(81)-(82), by

 87(+ - - -
W W W

`:
`D

- -

- -

W W

œ œ  1 œ < Ð1 Ñ  356 µ  35 ß Ð Ñ
.WÎ .W 1 .W .Z

35: 35:

;

.W .W

' ' ' '
' '" " # #

" "

H

with the impedance given for a cavity with well-tabulated results.
For this, we consider the particular case of a cylindrical cavity of radius  and depth + .

with an imperfectly reflective surface, characterized by impedances  on the wall and1-A

1 5+ œ 9Ð"Ñ .Î+ œ SÐ"Ñ-/ on the bottom, with  and . So, we have, from (87),

 88(
1 1 1

1 1
+ -/

-/ -A -A
# #

# #
µ  35 œ 1   35. Ð Ñ

1 +  1 # +. + . #1 .

+ + +

while, from the modal expansion of the field [19],

( !
!

0 0 0 !
0

7 W -/ -/

`:
`D " -A

1 

1 
#3 .

1 

1 
#3 .

#
"

-A ! " " " "
# #
"

œ ¶ µ 1  3 ¶ 1   35.ß
35: 5 5 +

Ð"  / Ñ

Ð"  / Ñ

. #1 .

 35+1 N Ð Ñ  N Ð Ñ œ !ß œ 5  Ð

|
"

-/
"
5

-/
"
5

"

-/
"
5

-/
"
5

"

!

!

!

!

!

!

" # #

+
Ñ ¶ 5  ß Ð Ñ

#351

+
-A  89

As expected for a small cavity,  perfectly recovers , and the expression (87) is( (7 +

validated.

Remark 13 :
For a perfectly rigid small cavity, we have  and thus 1 œ !- (+ -œ 356 , and we recover the
result given in [20, equ. (3)-(6)].

8) Conclusion

We have developed novel integral equations which permit to simplify the calculus of the
field scattered by a cavity in an impedance plane. For this, a new Green's function is used
for the expression of the field in the cavity which leads to reduce the number of
unknowns. Moreover, a particular attention is paid to the uniqueness of the solution. In
the case of a small cavity, our equations are detailed and developed in a new form. In this
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case, analytical results are derived and our expression for approximate aperture
impedance is validated.

Appendix A :'
W , #

w 3
##(open)K Ð<ß < Ñ Ð<Ñ.W œ ! ´  Ð<Ñ ´ !. H H H . in  implies 

This appendix concerns the study of the solution of.Ð<Ñ

c c .
1

Ð< Ñ œ ! Ð< Ñ œ K Ð<ß < Ñ Ð<Ñ.Wß Ð Ñ
5

%
w w w

W
, where 90(

#

when  is open  and the proof that  (in some function class) vanishes.W ß Ð<Ñ# .

A.1)  in the cases  (Neumann) or  (Dirichlet). ´ ! 1 œ ! 1 Ä _

In the respective cases  (Neumann boundary condition) and  (Dirichlet1 œ ! 1 Ä _

boundary condition), we have

K Ð<ß < Ñl œ Ò Ó

K Ð<ß < Ñl œ Ò Ó Ð Ñ

, 1œ!
w

, 1Ä_
w

K Ð<  < Ñ  K Ð<  < Ñ

K Ð<  < Ñ  K Ð<  < Ñ

! w ! w
37

! w ! w
37 91

and thus,

c B
1

c B
1

Ð< Ñl œ Ð<Ñ.W
5

%

Ð< Ñl œ Ð<Ñ.W Ð Ñ
5

%

w
1œ! !

`

w
1Ä_ _

`

(
(
H

H

K Ð<  < Ñ

K Ð<  < Ñ

! w

! w 92

where  and . We assume that B B . B B . .! 37 ! _ 37 _Ð< Ñ œ Ð<Ñ œ Ð<Ñ Ð< Ñ œ  Ð<Ñ œ  Ð<Ñ

is a function, piecewise continuous (except possibly for singularities of  at the edge of.

` `H c H), so that  is continuous on . We then use a proof similar to the ones given by
Colton and Kress in [14] to prove that ..Ð<Ñ ´ !

The potential  vanishes in , and thus, by continuity, on . Moreover,  satisfies thec H H c`

Helmholtz equation and the Sommerfeld radiation condition at infinity in . Hence byV$

Rellich's uniqueness theorem generalized by Levine for non smooth domain [10], cÐ< Ñw

also vanishes outside . We can then conclude, from the discontinuity property of theH

normal derivati single layer potential [14],ve of the 

` Ð< Ñ ` Ð< Ñ

`8 `8
l  l œ  Ð< Ñ ß Ð Ñ

c c
B

w w

 
w 93
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at any non singular points of ,  that  and thus .W ´ ! ´ !# B .

A.2) A proof that  for . ´ ! 1 Á !ß l1l  _

When , we notice that , and the problem is then1 Á " K Ð<ß < Ñl œ K Ð< ß < Ñl, 1œ@ + 37 1œ@
w w

37

equivalent to a boundary value problem in the upper half-space, concerning a
perturbation in relief on a plane of impedance , with a field vanishing inside and on 1

the surface of the perturbation. For Re , the uniqueness theorem of Levine [10,Ð  1Ñ  !

sect.7] applies, and we can deduce that .. ´ !

For Re , this demonstration is no more valid, and we develop here a more general1  !

proof which uses that  is an open surface.W#

A.2.1) Definition of the function c"

For this, we begin to define new functions  and , and we write,c c! "

c c c

c .
1

c i .
1

Ð œ Ð  #31 Ñ

Ð œ Ð Ð<Ñ.W
5

%

Ð œ Ð<Ñ.W Ð Ñ
5

%

< Ñ

< Ñ K Ð<  < Ñ  K Ð<  < ÑÑ

< Ñ Ð<  < Ñ

w

w ! w ! w
37

w w
, 37

! "

!
W

"
W

(
(

#

#

94

where, from (21), the function i,
351DÐ<Ñ œ  / ] 31Ð ß DÑ satisfies

` Ð<  < Ñ

`D <  < l
Ð<  < Ñ

K Ð<  < Ñ Ð<  < ÑÞ Ð Ñ

i
i

i

,
,

,

37
w << l

w
37

37
w

! w w
37 37

œ  351
/

l

œ 5  351

35l w
37

95

We notice  is regular for , and , that has a weak singularity, like  at i 3,Ð<Ñ D  ! ln 3 œ !

for . Thus, the potential  is an analytic function in , i.e. everywhereD   ! Ð V Ïc H" -
$< Ñw

except at points above the surface  , which is the image of .W W3
# #

A.2.2) A problem for  equivalent to the problem c c" ´ !

Since  vanishes in , and , we can write that  in thisc H c c c c! ! " "Ð Ñ œ Ð Ñ Ð Ñ œ Ð Ñ< < < <w w w w
37 37

domain. So, we have
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c i .
1

c c H H H

c H

"
W

" " #
3
#

" -
$

Ð œ Ð<Ñ.W
5

%

Ð Ñ œ Ð Ñß ´ 

V Ï

< Ñ Ð<  < Ñ

< < < −

Ð  5 Ñ Ð Ñ

w w
, 37

w w w
37

#

(
#

? œ ! ß in 96

where  is an open surface. This implies reciprocally that . Indeed, we haveW ´ !# c

` K Ð<  < ÑD
! w

37c c .
1

" "
w w

W

Ð< Ñ Ð< Ñ œ Ð<Ñ.WÞ Ð Ñ
5

%
 351 5(

#

97

Therefore, using the parity of  in , we have ,c H H H c c" # " "
3 w w
# 37´  Ð< Ñ  Ð< ÑÑ œ !` ÐD

and we can write, as ,< −w H

"

5
Ð` ` Ð ÑD Dc c .

1
" " ,

w w w
37

W

Ð< Ñ  Ð< ÑÑ œ K Ð<ß < Ñ Ð<Ñ.W œ !
5

%
(

#

98

where we have used that  and . Thisc c c c c" " " " "Ð Ñ œ Ð Ñ Ð Ñ  Ð Ñ œ # Ð Ñ< < < < <w w w w w
37 37

implies, by definition of , that  in , which shows the equivalence.c c Hœ !

A.2.3) a proof that ,  the analysis of the singularities at the ends of . ´ ! ,C W#

The singularities of the field at the ends of , i.e. in vicinity of the curve , depends onW G# "

the geometry. For this, we denote , the unit vector, normal to  at  and orthogonal8 G <s! " !

to the normal  to , and  the unit vector tangent to , so that , ,  is an8 W - G Ð- 8 8 Ñs s s s s# " !

orthonormal basis (figure 4), and  the cylindrical coordinates associated to , ,Ð ß Ñ Ð8 8 Ñs s3 : !

with , . We also denote  the unit vector3 : 3 :cos sinœ œ 8 ÞÐ<  < Ñ 8ÞÐ<  < Ñ Cs s s! ! !

perpendicular to  and to  so that , ,  is an orthonormal basis.D - Ð- C DÑs s s s s

  
figure 4 : definitions of unit vectors on the curve  limiting the apertureG"

Let us consider , a part of  bounded by an analytic arc  of , and consider toW W G Gw w
# "# " 

simplify, without losing generality, that the function  satisfies.Ð<Ñ
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. . .

.

. 3

Ð<Ñ œ Ð<Ñ  Ð<Ñ

Ð<Ñ œ

Ð<Ñ œ , Ð Ñ

0 +

0

+ 7
7

"
": "

7 !

+ N Ð5 Ñß: !:
3

99

on  where the  are not entire numbers, , , W    "w
# : : :" "! ! ! ! + Á !"  except if

. /0 ´ 0, and  [17]. The terms N ÐDÑ œ Ð Ñ/
/

> /
D
# 5x Ð 5"Ñ

5 !

ÐDÎ%Ñ! 5

 is the bessel function of order 

with powers of  could be considered in the method but are omitted for simplification.ln3
Thereafter, we prove that the conditions on  implies the vanishing of  and  on ,c . ." 0 +

w
#W

and that  by the continuation principle through a hole and the nullity of  in , ß ´ !c H .#

on . To simplify the analysis, we will only detail the demonstration in the case whereW#

ÐCÞ8 Ñ œ Á !s s!
wcosF .

A.2.3.1)  on  when   on . F+ !
w w w
# "œ ! W CÞ8 œ Á ! Gs s cos

Let us consider the analytic part of  in vicinity of  and the singularities of  induced. cG"
w

"

by it. Since we have

Ð ` Ð< ÑÑ  ` Ð< ÑÑÑ œ Ð<Ñ.W
5

%
` Ð ` K Ð<  < Ñ Ð ÑD C

! w
37C " C "

w w

W

c c .
1

351Ð 5(
#

100

a singularity appears (see [15] or appendix B), following

` K Ð<  < Ñ Ð ÑC
! w

37

5 5 Ð< Ñ

% #
Ð<Ñ.W œ  Ð< Ñ l<  < l  SÐ"Ñ

1 1
. .

F(
W

w
!

! !
w

#

5
cos

ln 101

as This implies, from < ; − G ` Ð< Ñ œ SÐ"Ñw w w
! C "" tends normally to . , thatc

` Ð Ð ÑD ` Ð< ÑÑ œ  Ð< Ñ l<  < l  SÐ"Ñ
5 Ð< Ñ

#
C " ! !

w w
w

!
c .

F

1

cos
ln 102

Considering the parity of c ." !
wÐ< Ñ Ð; Ñ œ !, this equality is impossible except if . In the

same manner, the case of higher order terms of , , ,  can be considered. 3 3+ " #
" #, , ÞÞÞ

successively with higher order -derivatives of , so that , .C Ð< Ñ , œ ! 7   !c" 7
w

A.2.3.2)  on  for arbitrary  on . F0
w w w
# "œ ! W Gcos

Let us consider the fractional part  of  and the single layer potential induced by it, in. .0

the expression (97) of , when  is assumed to simplify with null`Dc c" "
w w w

#Ð< Ñ Ð< Ñ W 351  
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curvature. From the appendix B, the potential has a fractional part of order "  !"

(  as ), which is thus the fractional order of . We then deduce thatµ Ä ! Ð< Ñ3 3 c" w
"

!" `D

c !" " has a fractional order . Since #  N Ð5 Ñ!"
3  radiates, for its fractional part, like

%
5 Ð Ñ "

w1
/1 ! !sin N Ð5 Ñ  SÐN Ð5 ÑÑ" $

#
" "

3 3 3cosÐÐ"  Ñ Ñ! : , which does not contains  terms!"

in its expansion, the order the next term . This#  ! c" " of  comes from + N Ð5 Ñ# !#
3

implies ! !# " # " "œ  " + Á ! + Á ! + Á !, and  if . Consequently, when , we can write,

5

%
Ð<Ñ.W œ

œ Ð N Ð5 Ñ ÐÐ"  Ñ Ñ  N Ð5 Ñ ÐÐ#  Ñ ÑÑ
"

Ð Ñ

1
.

! 1
3 ! : 3 ! :

(
W

"
" " # "

w w w w

#

" "

" $

5K Ð<  < Ñ



! w
37

sin
cos cos+ +

SÐN Ð5 ÑÑ  SÐN Ð5 ÑÑ 

" #

$ "
w w

! !

! !3 3 entire function of 3w Ð Ñ103

as 0, . Then,3 3 : 3 :w w w w wÄ œ œ cos sin8 ÞÐ<  < Ñ 8ÞÐ<  < Ñ  œ  "s s! ! ! $ # "
w w, , ! ! !

from (97), we have

Ð Ð< ÑÑ  Ð< ÑÑ

œ Ð N Ð5 Ñ ÐÐ"  Ñ Ñ  N Ð5 Ñ ÐÐ#  Ñ ÑÑ
"

Ð Ñ

`



Dc c

! 1
3 ! : 3 ! :

" "
w w

"
" " # "

w w w w

351

sin
cos cos+ +

SÐN Ð5 ÑÑ  SÐN Ð5 ÑÑ 

" #

$ "
w w

! !

! !

" "

" $
3 3 entire function of 3w Ð Ñ104

From the parity of  and , we then derivec c" D "`

+ +

+ +
" "

# #

cos cos
cos cos

ÐÐ"  Ñ  Ñ œ  ÐÐ"  Ñ  Ñß

ÐÐ#  Ñ  Ñ œ ÐÐ#  Ñ  ÑÞ

! F : ! F :

! F : ! F :
" "

w w

" "
w w Ð Ñ105

Thus, when , we can write,+ Á !"

cosÐÐ"  Ñ Ñ œ !

ÐÐ#  Ñ Ñ œ !

! F

! F
"

w

"
wsin Ð Ñ106

This implies , and  is entire, which is impossible. We then deduce that thecosF !w
"œ !

first order coefficient  of  is null, which implies, by definition, that + ´ !" 0 0. . Þ

A.2.3.3)  vanishes on  implies . .W ´ !w
#

From the previous results, it exists a subdomain  of  where , that we canW W œ !w
# # .

substract of the support of , assuming without losing generality, that  along. Fl l Á "cos w

G Ww w
" #. In this case, we can use the continuation principle through the hole , and the field

c HÐ< Ñ D œ !w
#, null in , also vanishes outside the cavity below the plane .
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Noticing the regularity of  for , and thus the continuity of the normalc"
w wÐ< Ñ D  !

derivative of  through , we can apply the discontinuity property of the normalc" #
wÐ< Ñ W

derivative of single-layer potentials with free space Green's function [14],

` Ð< Ñ ` Ð< Ñ

`8 `8
l  l œ  Ð<Ñ Ð Ñ

c c
.

w w

  107

at any non singular points of , then deduce, from the vanishing of the left side, thatW#

. ´ !.

A.2.4) elements of proof for the particular case   on CÞ8 œ œ ! Gs s! "
wcosF

From the previous analysis, the fractional part  vanishes, and we can assume that  is. .0

analytic.  In this case, we can choose to study the function,

c c .
1

w w w w w
D

W
,Ð< Ñ œ Ð`  351Ñ Ð< Ñ œ K Ð<ß < Ñ Ð<Ñ.W Ð Ñ

5

%
w

#

( 108

where, from (39),

K Ð<ß < Ñ œ ` Ð

œ Ð  `  351Ñ Ð Ñ

w w
, D

D

w K Ð<  < Ñ  K Ð<  < ÑÑ  351ÐK Ð<  < Ñ  K Ð<  < ÑÑ

ÐK Ð<  < Ñ  K Ð<  < ÑÑ

! w ! w ! w ! w
37 37

! w ! w
37 109

The function  and its derivatives vanish in , since  in . Let us show that it isc H c Hw œ !

also the case for  outside , then for , and thus for .c H c .w

Since  vanishes along the plane , grad  along . Using integrationc cw #8 w
"D œ ! ÐDÞ Ñ œ ! Gs

by parts and continuity, we have grad  along . Considering to simplifyÐDÞ Ñ œ ! Gs #8" w
"c

that the cylinder  along -axis defined with a section  does not have common pointsW D G- "

with , except on , we then deduce that  vanishes on  and thus, by uniquenessW G W# " -
wc

principle, everywhere. Since  and all -derivatives of  vanishes on ,  vanishesc c cD Ww
#

below , and, by continuation principle, everywhere below the plane .W D œ !#

We can then use the discontnuity property of the normal derivative of single layer
potential (107), and deduce that .. ´ !

Appendix B :
behaviour of single layer potentials on open surfaces

Let  be an open analytic, orientable surface in three-dimensional space bounded by aW

Jordan curve , and  an arc belonging to it. Let  and  be two points, and  anG G < < Ð<Ñw w .

analytical function defined for all  except possibly for a singularity on the edge < − W G Þw
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We study the behaviour of single potentials

Y Ð< Ñ œ .W ß Y Ð< Ñ œ .W Ð Ñ
Ð<Ñ Ð<Ñ/

l<  < l l<  < l
! 5

w w

W W
w w; ;

35l<< l( (. .
w

110

B.1) Principal part of  grad  when  on ÐY Ð< ÑÑ Ð<Ñ œ SÐ"Ñ G!
w w.

If  is finite on , we can write, from Rolf Leis [15], in vicinity of .Ð<Ñ G Gw w

grad
grad

111

ÐY Ð< ÑÑ œ  Ð<Ñ8 .W  .W  # .Ws
` " Ð Ð<ÑÑ 8L Ð<Ñ

`8 l<  < l l<  < l l<  < l

s

 .- Ð Ñ
8 Ð<Ñs

l<  < l

! ; ; ;
w

W W W
w w w

W

G

!

w

( ( (
(

.
. .

.

where  is a unit vector, normal to  and orthogonal to the normal , grad  is the8 G 8s s! W

surface gradient,  is a function depending on the characteristics of the surface. The lineL

integral becomes logarithmically singular, while the other surface integrals are regular.
The singularity, as ,  being the projection of  on , can be described by< Â G Ä < < < Gw w w

! !

(
G

!

w ! ! ! !
w8 Ð<Ñs

l<  < l
.- œ  #8 Ð< Ñ Ð< Ñ l<  < l  SÐ"Ñ Ð Ñs

.
. ln 112

where  is the unit vector, tangent to  at , and , ,  is an orthonormal basis.- G < Ð- 8 8 Ñs s s sw
! !

B.2) Principal fractional part of   when  is of fractional orderY Ð< Ñ Ð<Ñ5
w .

In the case of  of fractional order (with fractional power of  near ), it.Ð<Ñ l<  < l < − G! !
w

is possible to analyze the fractional part of the field, letting the curvature of the edge Gw

tending to . In this case, we can write,!

Y Ð< Ñ µ  3 Ð ÑL Ð5l  lÑ.

µ  3 Ð Ñ/ . / . Ð Ñ

5 0
w w

P

Ð#Ñ
!

3_ !

3_ _

0
35 35 Ð  Ñ

1 . 3 3 3 3

. 3 3 !

(
( ( 3 ! 3 ! :cos cosw w

113

when ,  denoting the radial distance to the edge of the point , with3 3w w wÄ ! <

3 : 3 : . 3 .w w w w w w w
! ! ! ! 0cos sinÐ Ñ œ 8 Ð<  < Ñ Ð Ñ œ  8Ð<  < Ñ < − G Ð Ñ œ Ð<Ñs s, , , and .
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So, for , , , we obtain ,. 3 "3 / /0 55
 w

Ä!
Ð Ñ œ Ð Ñ N Ð Ñ   " Á !ß "ß #ß ÞÞÞ Y Ð< ÑN Ð5 Ñ µ/ 3 " /

"
/lim

from [16, eq. 6.611.1], following

Y Ð< Ñ µ  / .
3/ "

5 # Ð Ñ

µ  Ð  Ñ/ .
3/ " "

5 # Ð Ð  ÑÑ Ð Ð  ÑÑ

µ 
3 %

5
w 35 Ð  Ñ

3Ð" Ñ Î#

3_

3_

"

3Ð" Ñ Î#

!

3_

w " w "
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/ 1

/ /
3 ! :

/ 1

/ / /
3 !

(
(

cos

cos cos

!
!

! : ! :
!

w w

w

cos

cos

/

5
ÐÐ"  Ñ Ñ / / .

µ ÐÐ"  Ñ ÑÐN Ð5 Ñ  Ð Ñ
%

5 Ð Ñ

3Ð" Ñ Î#
w 3Ð" Ñ 35

!

3_

w w
"

/ 1
/ ! 3 !

/

cos

sin
cos

/ : !

1

/1
/ : 3

( wcos

an entire function of 3wÑ 114

Then, we can rewrite (114), using the discontinuity property of the normal derivative of
Y W #Ð"  ÑN Ð5 ÑÎ5 œ N Ð5 Ñ  N Ð5 Ñ5 " #

w w w w through  [14], and  [17], following/ 3 3 3 3/ / /

Y Ð< Ñ œ ÐÐ"  Ñ Ñ Ð Ñ
%

5 Ð Ñ
5 "

w w1

/1
! :

sin
cosN Ð5 Ñ  SÐN Ð5 ÑÑ  Y Ð:Ñ" $ +

w w
! !" "

3 3 115

where  is an entire function of .Y Ð< Ñ+
w w3

Remark 14 :
In the case of logarithmic behaviour, we can let ,. 3 3 > /Ð Ñ œ Ð Ñ œ ` ÐO Ð ÑÎ Ð ÑÑ"

# # Ä!
ln lim3

/
/ /



and derive, from [16, eq. 6.611.3],

Y Ð:Ñ µ  3 ` Ð Ñl / .
Ð"  Ñ

µ  3 Ð  Ñ/ . ß œ Þ&((ÞÞÞ

µ  3 / . 

5 œ!
3_

3_
35 Ð  Ñ

3_

3_
35 Ð  Ñ

w 35

3_

3_

(
(

(

/ /
3 ! :

3 ! :

3 !

> / /!

!
!

#! ! #
!

!

#: !

sin
sin

sin

w w

w w

w

cos

cos

cos 9Ð Ñ œ # O Ð35 Ñ  9Ð Ñ Ð Ñln ln3 #: 3 3w
! 116

Remark 15 :
Let  when . Considering higher derivatives of , we> Ð< Ñ œ +8 Ð< Ñ  ,8Ð< Ñ > 8 Á ! Ys s s! ! ! ! ! ! ! !

can write
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Ð> Þ Ñ ÐY Ð< ÑÑ œ  Ð> Þ Ñ Ð Ð<ÑÑÐ> Þ8Ñ Ð Ñ.Ws
` "

`8 l<  < l

 # .W  .
Ð> Þ8ÑLÐ> Þ Ñ Ð Ð<ÑÑ Ð> Þ Ñ Ð Ð<ÑÑs

l<  < l l<  < l

! ! ! W !
8 w 8"

W
w

W W

! ! W ! W
8" 8

w w

grad grad

grad grad

(
( (

.

. .
W

 > .-  Ð Ñ
Ð> Þ8 ÑÐ> Þ Ñ Ð Ð<ÑÑs

l<  < l
! 8

G

! ! ! W
8"

w( grad
117

.
e

when grad  (or grad  when ) on , forÐ8 Ñ Ð Ð< ÑÑ œ ! Ð> Ð< Ñ Ñ Ð Ð< ÑÑ œ ! > 8 Á ! Gs s! W ! ! ! W ! ! !
4 4 w. .

4  8  " Ð8 Ñ Ð Ð< ÑÑ œ SÐ"Ñ Gs, grad , and, in this case,  is continuous on . This! W ! 8
8" w. e

result also applies if we replace  by since the behaviour of highest rank is the sameY Y! 5

for  and .Y Y5 !

Appendix C :'
W ,Ð+Ñ

w
Dœ! " !

"
K Ð<ß < Ñ Ð<Ñ.Wl œ ! W Ð<Ñ ´ ! Ð<Ñ œ E  9Ð"Ñ. . . on  implies  when 

Let us show that

h .Ð< Ñ œ K Ð<ß < Ñ Ð<Ñ.Wl œ ! W Ð Ñw w

W
,Ð+Ñ Dœ! "(

"

  on 118

implies , when  as ,  is a constant.. .Ð<Ñ ´ ! Ð<Ñ œ E  9Ð"Ñ < Ä `W ´ G E! " " !< −-

C.1) the case with K,

From the analysis of Rolf Leis (see [15] or appendix ),  asF Ð<Ñ œ E  9Ð"Ñ. !

< Ä `W œ G G< −- " " " induces a singularity of tangential derivative in vicinity of  of the
form E Ð< Ñl ´ !! W

wlnl<  < l E œ !- !. This implies, from , that .h
"

We then choose to define the following functions  and ,? A

?Ð< Ñ œ K Ð<ß < Ñ Ð<Ñ.W ?Ð< Ñ œ ! W
 5

%

Ð< Ñ ?Ð< Ñ œ K Ð<ß < Ñ Ð<Ñ.W Ð Ñ
 #5

%

w w w

W
, "

w w ! w

W

1
.

1
.

(
(

"

"

 with  on , 

 119A œ Ð  351Ñ Ð Ñ
`Þ `Þ

`D `Dw w

where we have used that

Ð  351ÑK Ð<ß < Ñ
`Þ

`D

œ Ð ÑÐK Ð<  < Ñ  K Ð<  < ÑÑ  351ÐK Ð<  < Ñ  K Ð<  < ÑÑ Ð Ñ
`Þ

`D

w ,
w

w
! w ! w ! w ! w

37 37 120
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Considering the property of the double layer potential with free space Green's function
K A!, and  the we can writeJ radiation pattern (or scattering diagram) of , 

A AÐ< Ñ œ  Ð< Ñ œ SÐ"Ñ Ð< Ñ œ !

Ð< Ñ

w w w

w

.  on   on W W ÏW

Ð Ñ

" ! ",

121A œ ÐJÐ Ñ  9Ð"ÑÑ < Ä _Þ
/ <

l< l l< l

35l< l w

w w

w

 when '

From Leis's second theorem [15],

grad 122Ð œ 9Ð"Îl<  < lÑ Ð ÑAÐ<ÑÑ -

when , and, from < Ä < − G- ?Ð<Ñ œ ! W on , we have"

lim
D Ä!

# #

# #w 

` ` `

`D `B `C
œ  Ñ 351 351 Ð Ñ

A
A A

Ð<Ñ
Ð5  ?Ð<Ñ  Ð<Ñ Ä  Ð<Ñ W#

" on 123

Thus, we can apply the Green's first theorem on the domain , and we obtainD  !

Re Re  
grad

Re 124

Ð  35l Ð<Ñl  .Z Ñ Ð1Ñl Ð<Ñl .W 
l Ð<Ñl

 35

 Ð lJÐ ß Ñl . . Ñ Ð Ñ

( (
( (

DŸ! Dœ!

# #
#

! Î#

#
#

 

A œ Ð A
A

1 1

1

@ @ @9 9sin

For ,Re  and  the left-hand term is , while the right-hand termÐ1Ñ   ! Ÿ !largÐ35Ñl Ÿ Î#1

is , and thus both terms vanish. we have  ! So, ß

A Ð1Ñ   !

A Ð1Ñ  !

Ð<Ñ D  !ß Ð35Ñl  Î#ß

Ð<Ñ D œ ! ß Ð35Ñl œ Î#

œ ! l

œ ! l Ð Ñ

 when 
 when 125
as 
as , 

arg
arg

1

1

Re
Re

which implies in these cases, from , that  vanishes.AÐ< Ñ œ  Ð< Ñw w.  on W" .

In the case ,  can be replaced by  in the definition of , and the1 œ ! K #K ?, !

demonstration of Colton and Kress [14, sect. 2]  can be directly used to conclude thatß

. ´ !.

Remark 16 :
the same property can be deduced for Re , except 1  ! along the branch-cut of  withK,

Re( ) , . For this, 35 œ ! 1 œcos sin) )" " we can directly use the first Green's theorem with ?
instead of , and deduce that .A ´ !.

C.2) the case with K+
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If we consider in the definitions of ,  instead of , and the domain  instead of? K K D  !+ ,

the domain , we can directly use the first Green's theorem with  instead of , andD  ! ? A

deduce that  when Re  or ..Ð< Ñ œ ! Ð1Ñ  ! 1 œ !w

Appendix D :
The Green's tensors for an impedance plane in electromagnetism

In our method, a key point is the use of the 'below' Green's functions in the cavity which
derives from our solution for an arbitrary impedance plane (passive or active). In a
similar manner, an extension of our work to electromagnetism is based primarily on the
Green's tensors for an arbitrary impedance plane, which are now developed from [3]-[4].
We consider, the electromagnetic field  that satisfies the Maxwell equationÐIßLÑ ß

curl curl 126ÐIÑ œ  35Ð^ LÑ Qß Ð^ LÑ œ 35I  ^ N Ð Ñ! ! !

above boundary conditions,the plane, and the impedance 

D • Il œ 1 ÐD • D • Ð^ LÑÑl ß Ð Ñs s sDœ! ! Dœ!
/ 127

or

Ð`  351 ÑI l œ !ß Ð`  35Î1 ÑL l œ !ß Ð ÑD D Dœ! D D Dœ!
/ / 128

The incident field, radiated by the sources  and  in free space, is given byN Q

I œ ÐK‡QÑ  Ð Ð ÐÞÑÑ  5 ÑÐK‡ N Ñ
3

5

L œ  ÐK‡ N Ñ  Ð Ð ÐÞÑÑ  5 ÑÐK‡QÑ
3

5

38-
#

38-
#

curl

curl

grad div

grad div

^

œ Q‡Ò Ó  ^ N‡ ÓÑ
"

^ ^

œ
"

!

! 2ß3

! !

) 5
Ð Ð< ß <Ñ Ò Ð< ß <Ñ

)

1
W

# /ß3
w wY

1
W

5
Ð N Ò Ð< ß <Ñ Ð< ß <Ñ

# 2ß3
w w^ ‡ Ó Q‡Ò ÓÑ! /ß3Y Ð Ñ129

where , , and   is the convolution product.K œ  l<l œ B  C  D/
% l<l

# # #
35l<l

1
È ‡
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Developing the expressions of potentials given in [3]-[4] for the scattered field ,ÐI ßL Ñ= =

we can write,  and ,when Q œ Q Ð<  < Ñ N œ N Ð<  < Ñ< <
w w

w w$ $

I Ð<Ñ œ  35 Ð DÑ  Ð Ð ÐÞÑÑ  5 ÑÐ DÑs s

œ ÓÞ^ N  Ò ÓÞQ Ñ
"

œ ^ N Þ Ó Q ÞÒ ÓÑ
"

œ
"

= = =
#

2/ ! < <

! < <2/

curl grad div[ X

Y

Y

) 5
ÐÒ Ð<ß < Ñ Ð<ß < Ñ

) 5
Ð Ò Ð< ß <Ñ Ð< ß <Ñ

)

1
W

1
W

#
w w

2/

#
w w

/2

w w

w w

1
W W

5
Ð Ð< ß <Ñ Ð< ß <Ñ

# /2 /2
w w^ N ÞÒ ÐÒ ÓÑÓ Q ÞÒ ÓÑ Ð Ñ

"

35
! < < <w w wcurl 130

and

^ L Ð<Ñ œ 35 Ð DÑ  Ð Ð ÐÞÑÑ  5 ÑÐ DÑs s

œ ÓÞ^  Ò ÓÞQ Ñ
"

œ ^ Ó Q ÞÒ ÓÑ
"

œ
"

! = = =
#

! </2

! < /2

curl grad divX [

Y

Y

) 5
ÐÒ Ð<ß < Ñ N Ð<ß < Ñ

) 5
Ð N ÞÒ Ð< ß <Ñ Ð< ß <Ñ

1
W

1
W

# /2
w w

<

# < 2/
w w

w

w

w

w

) 5
Ð N ÞÒ Ð< ß <Ñ Ð< ß <Ñ

1
W W

# < 2/ 2/
w w^ Ó Q ÞÒ ÐÒ ÓÑÓ Ð Ñ

"

35
! < <w w wcurl 131

where  are dyadic tensors. In these notations, we haveY 2/Ðß/2ÑÐ< ß <Ñ Ð< ß <Ñw w
/2Ðß2/Ñ and W

HÞÒ+ HÞ + Ò+ H œ + HÑs s s s,Ó œ Ð Ñ , ,ÓÞ Ð , Þs s s s ,  and

Ò Ð<ß < ÑÓ Ä Ò Ð< ß <ÑÓ ÐBß Cß DÑ Ç ÐB ß C ß D Ñ Ð ß ß ÐB ß C ß Ds s s s s sZ Zw w w w w w w w  if  and B C DÑ Ç Ñ Ð Ñ. 132

The tensors verify the impedance boundary conditions,

D • ÒÐ Ól œ  1 ÐD • D • ÒÐ  Ñ Ól ßs s s

D •  Ñ Ól œ 1 ÐD • D • ÓÑl Þs s s

W W

W W

2/ 2ß3
w w w

w w
/2 /ß3

 ÑÐ<ß < ÑÐ<ß < Ñ Ð<ß < Ñ

ÒÐ Ð<ß < Ñ ÒÐ  ÑÐ<ß < Ñ Ð

Dœ! Dœ!
/

/2 /ß3

2/ 2ß3 Dœ! Dœ!
/

Y Y

Y Y 133Ñ

and can be written,

Y U T

U T

2/Ðß/2Ñ ´  Ð Ñ  Ð Ñ

Ð Ñ  Ð Ñ

F E

´ E F Ð Ñ

2Ðß/Ñ /Ðß2Ñ

2/Ðß/2Ñ 2Ðß/Ñ /Ðß2ÑW 134

where

Ò F ÑÐ<ß < ÑÓ œ

œ Ò35 ` ` ` ÑÐ `  ` ÑÐ` Ð<ß < Ñ

 35 Ð `  ` ÑÐ Ð<ß < Ñ Ð Ñ

TÐ

ÐB  C  D C Bs s s s s

D C Bs s s

/Ðß2Ñ
w

B C D B C D
w

$ w
B C

w w

w w

f

f

/Ðß2Ñ

/Ðß2Ñ

Ñ 

ÑÓ 135
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Ò

35ÐB C B C Ds s s s s

3 ÐB C Ds s s

UÐE ÑÐ<ß < ÑÓ œ

œ Ò `  ` ÑÐ `  `  ` ÑÐ ` Ð<ß < Ñ 

 5 `  ` Ñ Ð Ð<ß < ÑÑÓ Ð Ñ

/Ðß2Ñ
w

C B B C D D
w

$ w
C B

w w w

w

% % f

f

/Ðß2Ñ

/Ðß2Ñ

Ñ

136

Ò E ÑÐ<ß < ÑÓ œ

œ Ò ` `  ` ÑÐ `  `  ` ÑÐ ` Ð<ß < ÑÑ 

 5 Ð `  `  ` ÑÐ ` Ð<ß < ÑÑ 

 5 `

TÐ

ÐB  C D B C Ds s s s s s

D B C Ds s s s

ÐB  Cs

/Ðß2Ñ
w

B C D B C D D
w

# w
B C D D

#
B

w w w

w w w

% %

% %

#f

f

/Ðß2Ñ

/Ðß2Ñ

s s sD D

D Dss

`  ` ÑÐ ÑÐ` Ð<ß < ÑÑ 

 5 Ð Ð<ß < ÑÑÓ Ð Ñ

C D D
w

% w

w

w

f

f

/Ðß2Ñ

/Ðß2Ñ 137

Ò

5 Ð  B  C B Cs s s s

UÐF ÑÐ<ß < ÑÓ œ

œ Ò  ` ` ÑÐ `  ` ÑÐ Ð<ß < ÑÑÓß Ð Ñ

/Ðß2Ñ
w

C B C B
w# w w f/Ðß2Ñ 138

with , , , . The functions verify the conditions [3],% œ  " B ´ C ´ D ´s s s s s sw w wB C D f/Ðß2Ñ

Ð`  351 Ñ Ð`  351 Ñ l ß Ð ÑD D Dœ!
/Ðß2Ñ /Ðß2Ñf f/Ðß2Ñ 3Ð<ß < Ñ œ Ð< ß < ÑÑw w

37 139

where  , 1 œ "Î1 < < œ # Ð<ß < Ñ œ Ð< ß < Ñ2 / w w
37 3737, , andDÞ<s f f3 3

f3Ð<ß < Ñ œw Ð/ I Ð35Ðl l  l lÑ 

 / ÐI Ð35Ðl l  l lÑÑ  # l lÑÑß Ð Ñ

35l l

35l l

DÞÐ<< Ñ w ws

DÞÐ<< Ñ w w ws

w

w

1

1

Ð<  < Ñ DÞÐ<  < Ñs

Ð<  < Ñ DÞÐ<  < Ñ D • Ð<  < Ñs sln 140

Their expressions are given by [3], [4],

f f

f f

/ 3

2 3

Ð<ß < Ñ < ß < Ñ 

Ð<ß < Ñ < ß < Ñ 

w w
37

w w
37

œ Ð Ð  ÑÑÐB  B ß C  C ß  D  D Ñß
 #1

Ð1  Ñ

œ Ð  Ð  ÑÑÐB  B ß
#1

Ð1  Ñ

Ð

Ð

"
"

%

%

%

%

w

w /

w

w 2

œ"ß"

/

/ w
w w w w

1

œ"ß"

/

/ w
w w

1

%
i % ^

%
i % ^ C  C ß  D  D Ñß ÑÐw w141

for , D   ! D   !w
1. The functions  and , which satisfy the Helmholtz equation abovei ^%w

the plane, are given by

i%w ÐBß Cß  DÑ œ / ÐI Ð35Ðl<l  DÑÑ  Ð"  Ñ Ñß

ÐBß Cß  DÑ œ / Ð ß  DÑß Ð Ñ

%w35D w w

1 1
351D

1 % % 3

^ ] 3

ln
142

for , , D   ! œ B  C3 È # #   or , 1 œ 1 1 œ 1/ 2 1 œ "Î12 /. Let us notice that we have

`

`D
/ I Ð35Ðl<l  DÑÑ  / ÐI Ð35Ðl<l  DÑÑ  # ÑÑß

` /

`D l<l
œ  5 Ð Ñ

f

f f

3

3 3

Ð  DÑ œ 35Ð

Ð  DÑ  #35 Ð  DÑß

35D 35D

# 35l<l

#
#

1 1 ln3
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and

`

`D
Ð  ÑÐBß Cß  DÑ œ 35 Ð  1 ÑÐBß Cß  DÑß

` /

`D l<l
Ð  Ñ œ  35 ÐÐ  1Ñ  35Ð  1 ÑÑß
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#
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/ w #
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i % ^

%
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i % ^

i % ^

w #
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œ"ß"

/ w / #
1

/ w

œ"ß" œ"ß"

/ # 35l<l

/ w # / w
w #

1

/ w 2
1

/

w

w /
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w 2

w 2

Ñ œ #5 ß
1 Ð  Ð1 Ñ Ñ

Ð1  Ñ

#1 ` /

Ð1  Ñ `D l<l Ð1  Ñ
Ð  Ñ œ  %35  #5 ß

Ð1  1 Ñ

"

" "
%

%

% %

%
%

Ð Ñ144

for . D   ! The term  does not contribute to the field, except to suppress a singularityln3
due to | |  at  [3]. From the behaviour of ,I Ð35Ðl<l  D ÑÑ œ !1 3 ]1   remainsf/Ðß2ÑÐ< ß <Ñw

definite for  because 1 œ "/ i ^%w /œ" 1
/ Ä ! 1 Ä " when , while it is singular for

1 œ  " 1 œ Ð1 Ñ Ä _/ 2 / "Þ 1 Ä  .  Moreover, when , we have 2
1

/
35l<l^ 2

35l<l In a similar

manner, the functions  and  andY Y2ß3Ð/ß3Ñ 2/Ðß/2ÑW2ß3Ð/ß3Ñ can be also expressed like 

W2/Ðß/2Ñ
w w, if we take f f %3 /Ðß2ÑÐ<ß < Ñ Ð<ß < Ñ in place of , and .œ "

Remark 17 :
In a free domain  bounded by , the field is the radiation of the surface sources [8],H W

Q œ  8 • I N œ 8 •L$ $W W, ß Ð Ñ145

with

^ ÐN Ñ œ ^ Ð8 • L Ñ œ  358ÞI  ^ Ð8 • LÑÞ@

ÐQÑ œ  Ð8 • I Ñ œ  35^ 8ÞL  Ð8 • IÑÞ@ ß
! ! W W ! `W

W W ! W `W

div div
div div  

$ $ $

$ $ $

ß

Ð Ñ146

where  is the normal to  directed inside , is the geodesic normal to  directed8 W `WH @ 
outside , and .W $W  is the Dirac surface function

Remark 18 :
We notice that

curl
curl

< /2Ðß2/Ñ

< 2/Ðß/2Ñ

ÐÒ ÓÞ œ 35Ð ÓÞ

ÐÒ ÓÞ œ  35Ð ÓÞ

W

W

2/Ðß/2Ñ
w w

< <

w w
< </2Ðß2/Ñ

Ð<ß < Ñ G Ñ Ò Ð<ß < Ñ G Ñß

Ð<ß < Ñ G Ñ Ò Ð<ß < Ñ G Ñß Ð Ñ

w w

w w

Y

Y 147
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and

H ÞÒ Ð<ß < ÑÓÞG œ G ÞÒ Ð< ß <ÑÓÞH ß

H ÞÒ Ð<ß < ÑÓÞG œ G ÞÒ Ð< ß <ÑÓÞH ß Ð Ñ

< < < <
w w

< < < <2/Ðß/2Ñ /2Ðß2/Ñ
w w

Y Y2/Ðß/2Ñ 2/Ðß/2Ñw w

w wW W 148

with , being two constant vectors.G œ - - C - D H œ . C D< B C D < B C Dw B   B  .  .s s s s s sw w w  

Remark 19 :
The tensors also satisfy,

Ò F ÑÐ<ß < ÑÓÞG œ

œ Ð Ð ÑÑ  5 ÑÐ Ð Ð<ß < ÑÑ

œ Ò35 ` ` ÑÐ `  ` ÑÐ` Ð<ß < Ñ
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ÐB  C C Bs s s s

D C Bs s

/ß2
w

<

# w
<

B C B C D
w

B

w

wgrad div grad

 

>

w w

w

f

f

/ß2

/ß2 Ñ 

sw` ÑÐ`  5 Ñ Ð<ß < ÑÓÞG ß Ð ÑC <D
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