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Abstract

The problem of the field scattered by a cavity embedded in an impedance (or
Robin) plane is considered for the 3D Helmholtz equation in acoustics. Its resolu-
tion is more complex than for a scatterer above the plane, in particular because the
Green’s function for the unperturbed plane has a singular part unsuitable for appli-
cations below the plane. It is why the free space Green’s function is commonly used
in boundary integral equations for the cavity, and three unknowns are necessary.
We propose here to use a novel Green’s function below the impedance plane, which
has the advantage to reduce the number of unknowns, and to simplify the problem.
This specific Green’s function derives from our recent study for passive and active
unperturbed impedance planes. The uniqueness property is studied in passive case.
The application to small cavity leads us to new analytical results.

1 Introduction

This paper presents novel integral equations for the field scattered by a cavity embedded
in an imperflectly reflective plane with impedance boundary conditions, for the three-
dimensional Helmholtz equation, and analytical approximations for small cavities.

The development of boundary integral equation methods, in 2D and 3D, for this
scattering problem is rather recent [1],[2], seemingly because of specific difficulties due to
the representation of the field in the cavity. Indeed, the Green’s function G,, defined as
the field of a monopole in presence of the unperturbed impedance plane, which is perfectly
adapted to reduce the radiation of an aperture in the plane to an expression depending
only on one unknown, has a defect: it has a logarithmic singularity (a logarithmic branch
cut) in lower half space that prevents it from being applied below the plane. It is why,
until now, the Green’s function in free space was preferred for the representation of the
field in the cavity. That induces an additional unknown to characterize the radiation of
the aperture below the plane, and finally implies three distinct integral equations for three
surface field unknowns [1].

To reduce the number of unknowns and simplify the system of integral equations,
we here develop an original way, consisting in the definition of a new Green’s function
that we name the 'below’ Green’s function G,. Both functions G, and G, satisfy the
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impedance condition on the unperturbed surface, but the scattered fields attached to
them are respectively regular above and below the plane. They derive from the solution
for an arbitrary constant impedance plane (passive or active) given in [3]-[4].

Morever, our system of two novel integral equations has the property of uniqueness of
the solution. It is an important point, particularly if we notice that most of the boundary
integral equation methods in the related problem of electromagnetism, which use the
generalized network formulation [5], are not uniquely solvable at some discrete frequencies
[6]. Otherwise, other methods verify uniqueness, in particular the one developed by
Chandler-Wilde in acoustics, with a system of three integral equations [1], and the ones
used by Xu [6], Asvestas et al. [7], or Wood et al. [8], for perfectly conducting surface in
electromagnetism, with a system of two vectorial integral equations. It is worth noticing
that, in [6] (see also [9]-[10]), the generalized network formulation is corrected by the image
theory, which is equivalent to using a specific Green’s function in the cavity that takes
account of the plane, while, in [7] and [8], the Green’s functions for Dirichlet and Neumann
plane are combined in an original way to derive novel boundary integral equations.

This scattering problem can be also analyzed in complex spectral domain in 2D, or by
asymptotic methods in 2D and 3D. So, integral equations with smooth kernels in 2D [11],
which permit various approximations for large or small polygonal cavity, or asymptotic
expressions for a large cavity [12]-[13], have been developed.

The paper is organized as follows. In section 2, we define the properties of the acoustic
field, and analyze the uniqueness of the boundary value problem. We present in section
3, the expressions of the Green’s functions G, and Gy, derived from the solution for an
unperturbed impedance plane. In section 4, we use the second Green’s theorem and give
a representation of the field above the plane and in the cavity. We then deduce the system
of integral equations in section 5 and show the property of uniqueness in section 6. In
section 7, this new system is considered for small cavity and original analytical results
are derived. Some particular developments concerning applications to 2D cases, filled
cavities, protuberances, and electromagnetism are also given in remarks and appendices.

2 Formulation of the boundary value problem and
uniqueness

2.1 Boundary value problem

We consider the pressure field p, scattered by an imperfectly reflective plane that is
perturbed by a cavity (figure 1), when it is illuminated by the incident pressure field pj,.,
radiated by a bounded source W above the plane and satisfying the Helmholtz equation,

(A +E*)pine =W (2.1)

in R3, with |arg(ik)| < 7/2.
The unperturbated plane Sy is defined by z = 0 in Cartesian coordinates (z,y, 2).
The domain of the cavity with z < 0, and the half-space above the plane with z > 0, are



respectively denoted 25 and ;. The aperture and the surface of the cavity, respectively
denoted S; and Ss, are assumed to be piecewise analytic (with no zero exterior angles,
i.e. no points of €2y inside a cusp), bounded by a Jordan curve C}.
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Figure 1: geometry and definition of the cavity

For any plane wave of incidence angle 8 composing p;,., the infinite plane, when it is
unperturbed, has a reflection coefficient R(f) given by,

cosff—g
R = J 2.2
(8) cosB+g’ (22)
so that p = ps + pine verifies the impedance (or Robin) boundary condition,
o .
(57 —ikg)p =0, (2.3)

0z

on the plane Sy, except on the aperture Sy of the cavity. The term g = sin #, is denoted
the impedance parameter. In (2.3), it is a constant, with Re(ik cos 6;)# 0 when Ref; < 0.
This condition on ¢ is due to the presence of a cut in the solution for an unperturbed
plane [3]-[4], along the path Re(ik cosf;)= 0 as Ref; < 0. Therefore, the surface waves,
which radiate without exponential decay at infinity, can only be considered in the sense
of the limit for Re(ik cos#;)= 0Tor 0~ when Ref; < 0.

Some general properties are considered for the scattered field in 2; and €25:

(a) ps, which satisfies the Helmholtz equation

(A + E*)p, = 0 with |arg(ik)| < 7/2, (2.4)
in ; Uy, is regular in this domain, except at edges and corners of Sy where
ps = O(1) and grad(ps) = O(|r|¥),—1 < a <0, (2.5)

as the distance |r| to the edge or corner vanishes [12], and p; is continuous on the scatterer;

(b) ps is constituted of outgoing waves, with guiding waves exponentially vanishing at
infinity (Re(ik cos6;)# 0 as Ref; < 0), and, the field at M, with r = OM, verifies,

bs = O<€_5|r|)a (26)
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d>0,as zor p=+/224+y? = 00, z > 0, when |arg(ik)| < 7/2, and

Ips | - _
A T kas = O<|T| 1)7 bs = O(|T| l)a (27)
Olr|

as |r| = /22 +y% + 22 — 00, z > 0, when | arg(ik)| = /2.

In addition, an impedance boundary condition is assumed on the surface of the cavity,

0 .
(a_n - Zkgc)p’& = 07 (28)

where n is the normal to Sy directed inside €25, g. is a function piecewise analytic on Ss.

Remark 1. Let us notice that the definitions of the “acoustic impedance’ (= Aop/%, Ag a

constant) generally used in physics [14], and of our “impedance parameter’ (= %/(ikp)),
are different.

Remark 2. The demonstrations concerning the Holder reqularity of the field near surfaces
with general boundary conditions like (2.8) are lengthy, and some authors often assume
that ikg. is a positive real number to simplify the development (see the remark of Levine
in [15] after lemma 5.2).

2.2 Uniqueness of the solution of the boundary value problem
from [15, sect.7]

In [15], Levine develops an uniqueness theorem, i.e. a proof that p;,. = 0 implies p = 0, in
the case of a scatterer with impedance boundary conditions. He considers piecewise C'?+2)
surface (with no zero exterior angle), A > 0, without auxiliary ’edge conditions’” at edges
or corner points, except that p is continuous. He studies at first bounded scatterers, but
he also gives, in section 7 of his paper, the elements to generalize his results to scatterers
with infinite boundaries, in particular by the use of Jones’ uniqueness theorem [16], that
we follow.

We begin to notice first that the conditions given by Levine to apply the Green’s first
theorem are satisfied: the cavity is piecewise analytic (with no zero exterior angle), the
field is countinuous on the scatterer, it satisfies impedance boundary conditions and the
conditions (b) at infinity. So, we can write,

/ (p"(r)Ap(r) + gradp*(r)gradp(r))dV = — / p*(r)(mgrad(p(r)))dS +
Q S

+ lim /_ >Op*(r)(8p(r))d5, (2.9)

a—00 87’

where Q = Q; UQy, S = S,U (Sp\51), 1 is the inward normal to €, and from (2.3)-(2.8),

Re( [ —itlp(r) + B ay) [ ety ypto) s +

N / Re(g)p(r)2dS + I, (2.10)
So\S1
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where
I = lim e =0 for |arg(ik)| < 7/2,

a—r 00

I, = lim Ip(r)|?dS > 0 for | arg(ik)| = 7 /2. (2.11)
a—r00 r=a,z>0

For Re(g) > 0, Re(gc) > 0 and |arg(ik)| < /2, the left-hand term is negative since
Re(ik) > 0, while the right-hand term is positive, and thus both terms vanish. Conse-
quently, we have, when |arg(ik)| < 7/2,

p(r) =01in Q, for Re(g) > 0, Re(g.) > 0, (2.12)
and, when |arg(ik)| = /2,

p(r) =0 on S, for Re(g) > 0,Re(g.) > 0,
Onp(r) =0 on S, for Re(g) > 0,Re(g.) > 0, or for g = g. = 0. (2.13)

In the latter case, we can use, as suggested by Levine, the Jones’ uniqueness theorem
[16] for surfaces conical at infinity, when Neumann boundary condition (9,p(r)|s = 0) is
satisfied, which implies p = 0 in the entire domain €2, and thus completes the proof of
uniqueness. Let us notice, that another proof has been independently developed in [1]
when S is smooth.

3 The ’above’ Green’s function G, and the ’below’
Green’s function G,

The integral representations of the field with single and double layers potentials gener-
ally derive from the use of free space Green’s function [12], but more complex Green’s
functions, verifying particular boundary conditions, can be used. In this latter case, a
particular attention must be paid to the regularity of these functions.

So, when we consider a perturbation, due to a scatterer above an impedance plane,
we can use the solution G, for unperturbed case to express the field everywhere, while it
is generally not possible for a cavity, because of the logarithmic singularity of G, below
the plane.

Therefore, we here develop an original way consisting in using another Green’s function
in the cavity that we name the ’below’ Green’s function G,. Both functions G, and G,
satisfy the impedance boundary condition (2.3) at z = 0, and derive from the solution for
an unperturbed plane, respectively with the impedances g and —g.

In this section, the solution for active and passive plane [3]-[4] are briefly presented,
then G, and G} are developed.



3.1 The solution for an unperturbed impedance plane with ar-

bitrary impedance

3.1.1 Solution for a monopole

We consider the incident field, radiated by a monopole at r'(z/,y', 2" = h) (figure 2),

Dine = e~ *EE JER(2) at M (z,y, 2), with R(2) = \/(z — 2/)2 + (y — ¢/)? —:(z — /)2,

A M(z,y,z
R(2) (z,y,2)

R(-2)

Figure 2: geometry and definition of ¢ for the radiation at M

From [3], the field p, scattered by the impedance plane is then given by
—ikR(—z)
e

Ps = G R(—2)

+ 2ige™ I 7y (p, =2 — h),

where R(—z) = \/p?+ (2 +h)?, 2+ h = R(—z) cos , p = R(—2z)sin ¢, and,

—zkgz H k —ikz cos B3
e (psin fe ™ i pas,

cosf+yg

(3.1)

(3.2)

for z > 0, g = sin 6y, with Re(ik smﬁ = 0 on D from —ioco—arg(ik) to ico+arg(ik). This
function is a Fourier-Bessel integral commonly encountered in scattering theory [17, p.234],
also called a Sommerfeld-type integral [18], which has a cut described by Re(ik cos ;) = 0

when Re(g) < 0 and a singularity at g = —1.

A correct definition of J; for arbitrary g = sin#;, active (Reg < 0) or passive (Reg >

0), except on the cut, is also given [3] by,

%(p7 s h) — _/ efacoshtdt — Z/ efacosocdoé7
- b

ib
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where a = eikR(—z)sin ¢ cos 0y, € =sign(Re(ik cosb;)) (Re(a) = 0 is on a cut of J, and
it can be only considered in the sense of the limit), and b satisfies

et — m(l:ﬁ:smﬁl)(licosgp), (3.4)

a

with [Reb| < 7, e72%® = gi:ﬁgi;gizgzg, |Re(61)| < 7/2. As g varies, this expression has a
correct cut as € changes of sign for Reg < 0, and is regular elsewhere (note: for Reg > 0,
the change of sign of € does not induce a cut as g varies). The figure 3 shows the perfect

agreement of J, given respectively by (3.3) and by Fourier-Bessel expansion (3.2).

| Tl | T

04 i i i i i i i o i i i i i i i

-4 -3 -2 -1 0 1 2 3 4 Re(g) -4 -3 -2 -1 0 1 2 3 4 Re(g)

Figure 3: Comparison of 7, given by (3.3) (—O—)and by Fourier-Bessel expansion when
(3.2) is used (— o —), when Reg varies; left: |J,| when Im(g) = —04, 2+ h = .2, p = .3,
ik = .01 4 ¢1.; right: |J,| when Im(g) =12, 2+ h=1.,, p=1., 1tk = .01 +4l.

3.1.2 Some properties of J,

Some general properties of J,, derived from (3.3), are worth noticing. Using the integral
expression of the modified Bessel function Ky [19], we can write,

b 0
Ty(p,—2z —h) + Ko(a) = —i/ e %o = —i/ e 1%, (3.5)
0 —b
which implies, by definition of b and a, that
‘7g(pa —c = h) + KO(a) = _j—g(P, zZ+ h) - K()(CL), (36)

where a = €ikp cos b, € =sign(Re(ik cosfy)). From the regularity of Jy,(p, —2) for 2 > 0
and the expression of b, we deduce that J,(p, —z) has a logarithmic singularities when



z <0 at p=0. So, when a, and thus, when p vanishes, we have [3]

JTy(p,—z) ~ —2Ky(a) when z < 0,9 # —1,
Ty(p, —2) ~ —Ko(a) when z =0, g # —1,

o)~ ~B(PEED (4 2y (3.7)

where Fj is the exponential integral [19]. Moreover, the reader can verify by inspection

that,
OTy(p, —2 — h) e~ tk(R(=2)+g(z+h))

= 3.8
0z R(—2) ’ (3:8)
and, A ‘
(A + 12)(e%9° 7, (p, —2)) = dme™=U(=2)5(2)6(y), (3.9)
where U is the unit step function, ¢ is the Dirac function.
Remark 3. Let us notice [3] that, for Reg > 0 and arg(ik) = 7/2,
0 hg(r1tb4h) 6—ikR(—zl—z)
—z—h) = TelEmEE) —— _kd 3.10
Tip—z=m= [ ok (3.10)
where R(—z) = \/p?> + (2 + h)?, and that, for g =1,
Tg=1(p, —z — h) = —E1(ik(R(—2) + (z + h))). (3.11)

3.2 The functions G, and G,
3.2.1 The Green’s functions G, above the plane

The Green’s function G, is given by the solution for a monopole above the plane with
impedance parameter g . From the previous section, it is given by

Gu(r,r) =Gz — o',y —y, 2 — 2) + Gz -2y —y,—2—2), (3.12)

where G is the free space Green’s function,

671k|r|

0
=i 1
Go(r) TR (3.13)
and G is the scattered Green’s function,
e—ik|r\ . .
GZ(T) = P + 2ige” " T, (p, 2), (3.14)

with |r| = \/p? + 22 and p = /22 + y2.



Because
%‘“5(@5@)5@), (3.15)

and the equation (3.9) satisfied by J,(p, —z), the function G, verifies in R,

(A+EHG(r) =

(A + E2)Ga(r, 1) = %‘“(w — )+

+0(r — 7)) = 2ikge* U (=2 — 2V6(x — 2)0(y — o)), (3.16)

where 1, = (2/,y,—72), 6(r) = 6(x)d(y)d(z). It satisfies correct radiation conditions
at infinity for z > 0 (equ. (2.6)-(2.7) in condition (b)), and will be our choice for the
Green’s function above the plane for arbitrary ¢ = sin#;, except for Re(ikcosf;) = 0
when Re(g) <0 (i.e. except on the cut of 7).

3.2.2 The Green’s functions G, below the impedance plane

The function G, cannot be used to describe the field in the cavity, when it is influenced
by fictitious sources on the aperture, in particular because of the presence of a logarithmic
singularity of J,(p, —z) for negative z when p = 0.

However, we can consider J_,(p, z) instead of J,(p, —z), and obtain an original Green’s
function Gy, which is suitable for an integral representation of the field in the cavity, and
continues to satisfy the impedance boundary condition (2.3). This choice will be corrected
in the vicinity of g = 1 to take account of the singularity of J_, at this point.

The function G, for g # 1

We remark that, below the plane where z + 2’ < 0, the function
Gb("", T/) = Go(gj - .’L’l, Y- yla z = Z,) + Gs—g<x - 37,7 Y- y/a zZ+ Z/) ) (317)

with

e—ik|7’|
k]

continues to satisfy the impedance boundary condition (2.3) on the plane z = 0, is regular

for z 4+ 2’ < 0, except for the singularity of G®at z = 2/, and verifies in R3,

Gs—g(r) = - 2igeikgzj—g(p> Z)? (318)

(A + k2)Gy(r, 1) = %“”(5@ — )+

+0(r — 7)) + 2ikge™ U (2 + 2)o(x — 2)o(y — ) (3.19)

where . = (2,1, —2'), 6(r) = §(x)d(y)o(2).

This will be our choice for the Green’s function below the plane, except in the vicinity
of g = 1 (where J_, is singular) and on the cut of J_, (the case with Re(ikcosf;) =0
has to be taken in the sense of the limit). Let us notice that it satisfies the usual radiation
conditions at infinity, similar to (b) but in lower space instead of upper space.
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Remark 4. In the case of a cavity Qo filled with a material of wave number ko instead
of k, and the conditions of continuity p|,—o- = pl.—o+ and 0,p|.—o- = @20,p|.—o+, we
consider Gy, with the parameter gy instead of g satisfying kogs = askg so that (0.p(r') —
ikagap(1'))]=0- = a2(9:p(r") — ikgp(r’))].=o+-

A suitable choice for G, when g ~ 1, regular on the cut of J_,

The function J_,(p, z) is singular at ¢ = 1. However, considering the equations (3.6)
and the domain of regularity of 7, [3], the function J_,(p, 2) +2Ky(a) is regular for p # 0
in vicinity of g = 1, as g = sin 6y varies, with a = ikep cos 6, e =sign(Re(ik cosf;)). We
can then use that

Ko(a) +In(a)lo(a) (3.20)

is an entire function of a [19], and
(A + E?)(e*5m %= (ikep cos b)) = 0, (3.21)

and choose to add the term

Dy(r,7") = 4igIn(ikd cos 61 ) Iy (ik cos 01/ (z — /)2 + (y — y/)2)eR9E+2), (3.22)
to Gy for g ~ 1, where d is an arbitrary constant. So defined,
Gy(r,)=G%x — 2,y —y, 2 — ) + G (=2 y =y, 2+ 2") + Dy(r,r), (3.23)

becomes regular for Reg > 0, and presents, as g varies, the same cut and singularities as
G, for Reg < 0.

This function continues to satisfy the impedance boundary condition (2.3) on the
plane z = 0, is regular for z + 2’ < 0 except for the singularity of G°, and verifies (3.19).
The corrective term Dy (r, ") does not satisfy the usual radiation conditions at infinity but
it will be of no consequence for our demonstration in further sections, and this function
can be used when |ikep cos(6y)| < 1 is verified in the whole cavity.

Remark 5. For g — 1, we notice [3] that

ik(L+ g)(|r| + 2)

T-olp,2) = Ba( 020 — 2k 0+
Ok — g)(Ir] — 2) o UM (3.24)

and thus .
G, (r) + Dy(r) = GW — 2ie* (B, (ik(|r| + 2)) + 21n(p/d)), (3.25)

2

which is reqular for z < 0, p — 0, since |r| + z = = and Ey(v) = —In(v) + O(1).

Ir|—=
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3.2.3 Some additional properties of G, (r,7")

From the derivative of J, given in (3.8), we have

(55— tk9)Gagp (1, 7")
(aa A NGO =)+ GO r —1,,)) — ikg(GO(r — ") = G°(r — 1)), (3.26)
where 7, = (2/,y', —2'). This leads us to write, when z = 0,
(2 ih)Guy ()0 = ()G — 1)) o (327
and, when 2/ — 0, z # 0,
(55 = kg)Gagp (r;r') = 0. (3.28)

These properties will be particularly useful to prove the continuity of the normal
derivative of the field, deduced from our solution, through the aperture of the cavity.
Moreover, for our choice of G} for g # 1 (in section 3.2.2), we have

Gb(r, 7ﬁ/) — Ga(r7 T/) + 4ig€ik9(2+z’)KO(a)
Gb(h r/)lg:v = Ga(”ma r£m>|g:*v

(Galr, ') + Go(r, 1)) |z=2r=0 = 4

—ikp
kp
while, for our choice of G, for g >~ 1 (in section 3.2.2),

Go(r,1") = Go(r, ') + 4ige™™ =+ (Ko (a) + In(ikd cos(61))Io(ikp cos(61)))

+19(Ty(p, 0) + Ko(a))), (3.29)

(Gl 7) + Gl e = 4+ il (0.0) + Ko+
+ In(ikd cos(6,))1o(ikp cos(61)))), (3.30)
where e | (1% 5infy)
T4(p,0) + Ko(a) = —@/D e %Yo, b= TFi ln(eTgl), (3.31)

with g = sin#y, a = eikpcosb;, € =sign(Re(ikpcosfy)). Let us also notice that, in
agreement with the reciprocity principle [12], we have Gop) (7, 1) = Go(p)(r', 7).

Remark 6. We can use (3.11) in (3.30) for g — 1, and notice that, in this case,

—ikp

/ / e
(Ga(r, 1) + Go(r, 1)) =m0 = 4(—

— i(E1(ikp) + In(p/d))). (3.32)

Remark 7. For |r'| — oo, r — riym = 22(Z.1), we have

—ikl’] e 2or—
e AYary —2ik(Z- 55 )z r!

Ga(r, 1) = ———([*CIII(1 4 ¢ 2 Cm=r (ZIEL_Zyy 4 o(1)). (3.33)
k|r'| Zty
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4 Integral representation of the field with G, and G,

4.1 The representation of the field from the second Green’s the-
orem

Let us consider the pressure fields p and G, satisfying the Helmholtz equation

(A+k)p=W,
(A+ k)G =W, (4.1)

in the domain 2, bounded by the surface 0f2, piecewise analytic. If the functions p and
G have the regularity which permits the application of the second Green’s theorem, we
can write

/ W(r)G(r)dV — / Wea(r)p(r)dV = / n.(grad(G)p — grad(p)G)dS, (4.2)
Q Q o0t

where 00" denotes the internal surface to €, 7 is the unit normal, piecewise defined,
directed inside €2, and the surface integral is taken in the sense of principal value of
Cauchy. Thereafter, we omit the sign for 9Q", and we write 92 instead of 9Q".

4.2 The case Wg(r) = —wd(r — 1)

Let us consider Wi (r) as a generalized function in (4.2), with Wg(r) = —wd(r — '), w
being a constant. In this case, we have

MWWW%WMﬁ=EAJMWNGMWM—gm@W@WWH (4.3)

w

for ' € Q, where

1

pi = E/QW(T) G(r,r")dV,

1 1 1 F—
Io(r') = /ﬂé(r —rYdr = el ngrad( =

)ds

s, (4.4)

= T A fy =P

and the integrals are considered in the sense of the principal value of Cauchy. The reader
can easily recover lq, by letting k =0, G(r,7’) = ﬁ and p = 1.
Remark 8. 1o =1 m Q, 19 =0 in RS\Q, and lg is fractional on 092 (= % when Of)
is smooth). For an external problem in R3\SY, the surface can be considered to be closed
at infinity when the Sommerfeld conditions at infinity are satisfied (for example with

no__ wefik\'rlfﬂ
G(T’T> T x| —r|

) s0 that 1ps\o(r') = 1 — 1ov(r'). Let us notice that, when ngrad(p)
and p vanishes on a continuous part of 9, and W = 0, we can use that 1 = 0 in R*\Q
and the analytical continuation through an hole, and conclude that p = 0 in 2.
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Remark 9. Considering the continuity of the single-layer potential in (50), we notice
that

o [ (@arad G o) = 0 ()G Sl e
— (1 = 1qg(ro))pe(ro)+
+ %p.v. /m(ﬁ.gmd(G(r, 70))Pe(r) — qe(r)G(r, 10))dS, (4.5)

when p. is continuous on 0Y, q.(r)G(r,r") is summable and its integral is continuous.

4.3 Integral representation of the field above the plane and in
the cavity

4.3.1 Integral representation of the field above the plane

From the definitions of G, and p = ps + Pine, we can use the second Green’s theorem for
Q) tending to the infinite half-space 2; above the plane. Indeed, considering the condition
(b), and the impedance boundary condition (2.3), satisfied by p and G, on the plane
z = 0, the surface integral at infinity and on Sp\S; vanishes, so that we obtain,

(Lo, 1) + 10, (1, D0(r) = ") = 75 [ Gulr)@uplr) = ikop(r))dS, (40
for z > 0, where (1, (") + 1, (r},,)) = 1 since rgm = (o',y',—7), and
pi(r') = ;—: i W(r)Gy(r,r")dV (4.7)

is the field in presence of the plane without cavity.

4.3.2 Integral representation of the field in the cavity

From the definitions of Gy and p = ps + pine, we can use the second Green’s theorem in
the domain €25 of the cavity, which gives us,

(e () + Lo (o0 + = [ W) Gy av =

47T Qs
k
=— n.(grad(Gy(r,r"))p — grad(p)Gy(r,r"))dS, (4.8)
47T 90s
where 1q, (7 fQ (r —r')dr = fng ‘TC :‘2), ndS, n is the unit normal to Sy directed
inside s, and ri= (Y, —2).

Considering that the source W is above the plane, and that G} (resp. p) satisfies the
impedance boundary condition (2.3) (resp. (2.8)), the equation (4.8) becomes

(Los (1) + L () 0") = 1 | Golr)(@.(p(0)) = ikgp(r))dS+
t 1 [ P0Gl ) = kGt )i (19
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for 2/ <0, where 0,(.) = n.grad(.), and we notice that,
(192 (T/> + 192 (T;m)) =1lin QQ\E%
1, (rf,) = 0 in ©,\5,
(1a,(r") + 1, (1},,)) = 0 when 7’ ¢ Q. (4.10)

Remark 10. Even if 0,Gy(r,1")| s, diverges when ' ¢ Sy — v, it is continuous when r’
belongs to smooth parts of Ss.

5 The integral equations on the aperture 5; and on
the surface of the cavity S

On the aperture S7, we can substract the equation (4.6) from (4.9), and obtain

(Lo, (r') + Loy, (r) — V(') + pi (1)) |wes, =

~ 1= [ (Guler) + Galrr)(0:0(r) = ikgp(r))as
+ 1= [ P0G = ik Galr S, 5.)

where we notice that (1o, (r’) + 1,(r7,,)) = 1 on Si, except possibly on Sy N Sy, while, on
the surface Sy of the cavity, we can write, from (4.9),

(Los (1) + L ()0 s, = 3 [ Golrn")@:p(r) = ikgp(r))is+
+ ﬁ ) p(r)(0n(Gy(r, ")) — ikg.Gy(r,r"))dS, (5.2)

where 1q,(r") = fQ2 o(r —r')dr = ﬁfmg ﬁ.grad(“,,—l_r')ds (= 3 on smooth parts), the
surface integrals are taken in the sense of principal value of Cauchy, and 0,(.) = n.grad(.),
7 is the unit normal to S, directed inside €25.
The integral equations (5.1)-(5.2) represent a system for two unknowns,
q1 (T) = (azp(r) - ikgp(r))l’rGSu
p2(r) = p(r)|res, (5.3)

respectively on the aperture and on the surface of cavity, whose solution permits to express
the field everywhere.

6 Uniqueness property of the integral equations

From the conditions of regularity given in (a), we consider the solutions of our integral
equations (5.1)-(5.2), ¢1(r) (on the aperture) and pe(r) (on the surface of the cavity), such

14



that ¢ = O(r*), —1 < a < 0, as the distance to edges or corners vanishes, and py is
continuous. We then study the uniqueness of ¢; and p, when Reg > 0 and Reg. > 0, or
g = g. = 0, and verify that ¢; and py vanish when p; = 0.

For this, we show that we can define a field p.(r’), derived from ¢y, ps and p;, which
verifies po(1') = pe(1’) on Sy and ¢ (r') = 0,pe(r") — ikgp.(r’) on S;, and satisfies the
boundary value problem with the conditions of uniqueness given in section 2.

6.1 A field p.(r') derived from p, and ¢;
We consider the field p. derived, from ¢; and p,, following

/ —k / /
Pe(r) e, = Y Gao(r, 7" )1 (r)dS + pi(r'), (6.1)
78 S

in the domain €2; above the plane, and,

P loen, = (1= (1,07) + 10, )on(r) + 4= [ Galrr )i+

+ ~ pa(r)(0,Gy(r, 1) — ikg.Gy(r,r"))dS, (6.2)
dm Js,
in the domain €2y of the cavity, where the surface integrals are taken in the sense of
principal value of Cauchy.

The expression (6.2) verifies, like Gy, the Helmholtz equation in €25, while (6.1) satisfies,
like G, the Helmholtz equation in €); with the radiation conditions at infinity given in
(b), and the impedance conditions on Sy\S;. Moreover, from the equation of continuity
(4.5), the function p.(r’) is continuous up to Ss.

It then remains to verify the continuity through the aperture S; of the cavity, the
impedance boundary condition on Ss, and to analyze the expressions of ¢; and p, with
pe. Therefore, we show that we have,

- pe(r") = po(r’) on the surface of the cavity So;

- the continuity of p.(r’) through the aperture Si;

- the continuity of 9,p.(r") — ikgpe(r’) through Si;

- 0:pe(r") — ikgpe(r') = qi(r') on Sy;

- Oppe = ikgeps on So,
in the case p; = 0, considered for the uniqueness.

6.2 pe(r') =pa(r') on S,
Substracting the integral equation (5.2) from (6.2) for r’ € Sy, we obtain

Pe(r') + (Lo, () + L0, (1) — 1) p2(r') = (Lo, (') + Ly (r5,) P2 ("), (6.3)

on Sy, and thus,
Pe(r’)|res, = p2(r'). (6.4)

15



6.3 Continuity of p.(r’) through 5,

The integrals in the expressions (6.1) and (6.2) of p.(r’) remain convergent when the
point of observation approaches the aperture respectively above and below S;. Morever,
(1g,(r") 4+ 1, (7)) = 1 in O\ S5, and, from the integral equation (5.1) with p; = 0, the
expressions (6.1) and (6.2) tend to the same limit, which proves the continuity of p.(r’)
through the aperture 5.

6.4 Continuity of 0.p.(r") — ikgp.(r'), equal to ¢i(r’) on S;
Using (3.27) in the expressions (6.1) and (6.2) of p.(r’), we can write

Dzpe(r’) — ikgpe(r')|=n>0 = ;—f(%) /S 1 2G° (7, ) g1 ()dS | sr—p,
0pe(r') = ikgpe(r')|o=—n<o = ﬁ(%) /S 1 2G(r, ") q1 (r)dS |, _p+
+ ﬁ(a—é, — ikg) /S 2 p2(r)(0,Gy(r,7") — ikg.Gy(r,v"))dS|——p, (6.5)
We then apply that,
(% — ikg)Gy(r,7") — Owhenz' — 0,2 # 0,
(S (29,0, 7)o =~ )G r(,,0), )=, (6.6)

This implies that the contribution of the integral term along Sy vanishes when h — 0,
and that we have the continuity of 0.p.(r") — ikgp.(r’) through the aperture Sj.
Moreover, we notice that

-k, 0.

+ (0upe (1) — ikgpe (1)) |=n>0 — 4—(—,)/ 2G0(7“7 )q1(r)dS|=n, (6.7)
T 02" Jg,

when h — 0, while, by application of the discontinuity property of the normal derivative
of the single-layer potential [20] and substraction of the relations in (6.7) for plus and
minus signs, we can write

0.pe(r") — ikgpe(r') = qi(r’) on S;. (6.8)

6.5 O,p.(r') = ikg.p. on Sy

The field p.(r’), defined by (6.2), satisfies the Helmholtz equation in €25, and we can write
in this domain, from the second Green’s theorem,

(192 (T/) + 192 (T;m))pe(ﬂ) - ﬁ/b‘ Gb(rv T,)(azpe(r) - ik}gpe(T))dS-‘r
+ LS (pe(r)0nGo(r, ") — Gy(r, ") Oppe(r))dS. (6.9)

47 So
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We have proved that 0. (p.(r)) — ikgpe(r) = q1(r) on Sy and p.(r) = pa2(r) on Sy, and
substracting (6.9) from (6.2), we obtain, for r’ € Qy,

LS Gy(r, " )u(r)dS = 0, (6.10)
47 So

with u(r) = 0ppe(r) — ikgepe(r).

The surface S;, bounded by the curve C, is open, and, considering the domain of
analyticity of Gy(r,7’), we can use the analytic continuation principle through S;. So,
the potential

Py = | Gutrrutryas (6.11)

vanishes in the domain Q = Q, U Q, where Q% (resp. S3) is the symmetric of Qy (resp.
Sy) relatively to the plane z = 0.

From the properties of Gy, P is also regular in R*\(Q U €,.), where Q. is the upper
part of the cylinder along z-axis bounded by Si. It is then possible to prove that p = 0.
For this, two distinct proofs are detailed in appendix A, successively for g = 0 or g — o0,
and, for g # 0, |g| < occ.

7 Some simplifications of the integral equations for a
shallow cavity

The integrals with 8,1(%) terms, in the equations (5.1)-(5.2), become difficult to
calculate when |r — 7} | — 0 and the depth vanishes. Therefore, we develop our integral

equations in a new form, and analytical expressions are derived.

7.1 A new form of the integral terms for shallow cavity

For a shallow cavity, we let

Gos(r,7") = Gy(r, 1) — Gg(r, 1),
1 1
Gs s ") = 5
(r, 1) klr — /| + klr —rl .

Té(’/’l) € SQ, r e Sl, (71)

where 75(.) is a projection of Sy on Sy with r4(r1) — 71 when r4(r1) — S1. We then
consider the domain 2 defined so that 1o(r’") = 1q,(7") + 1q,(r},,), and notice that

/ / pZ(T/) ~ 1
1 —
Q(r )pZ(T) 47T Aﬂngrad<|r_ /|)ds7
_k / 7 grad (G (r, ') )pa(r')dS, (7.2)
47T Sa
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We can use this equality, and derive a new form of integrals along S in our system of
equations.
So, we obtain, for 1’ € Sy,

k

pi 1) = pa(rh(r)) = -

k

+ po P2(r)(On(Gos(r,1")) — ikgGy(r,r"))dS+
Sa

+ % S (P2(r) = pa(r5(r)))On (Gt (1, 7)) dS, (7.3)

/S (Gulr, ) + Colr, ")) (r)AS+

while, for 7’ € S,

—k / (pa(r) — pa))On(Guar.1))dS = k | Gyl )aa(r)dS+

S1

+ k’/s P2(1)(On(Gos(r, 7)) — ikg.Gy(r,7"))dS. (7.4)

Comparing with previous integral equations system, we notice that the term an(ﬁ)
is multiplied by terms that vanish as |r — 7}, | — 0, so that the difficulty of calculus for a
small cavity depth has disappeared. Let us remark that this modification can be applied

whenever a part of Sy is close to S;.

7.2 The limit case of an impedance patch

In the limit case where Sy = Si, the integral with 0,,G (7, ") vanishes, and 0, (Gys(r,1’)) =
ikg Gy(r,7"), so that we obtain, for 7’ € S,

K / Go(ra ) (a1 () + k(g — g2)pa(r))ASco- = 0,

p0) = palt) = 1 [ Gulrr)n()dS o (7.5)

where q;(r) and py(r) are assumed to be continuous on S;. The first equation implies
q1(r) = ik(g.—g)p2(r) (see appendix C), which leads us to recover the well-known integral
equation [21] for an impedance patch,

/ / k AW
pal) =) = 1 [ Gl )ik(g — g (). (76)
T S
Remark 11. Let us notice that
k| Ga(r,r")u(r)dS| —o+ =0, (7.7)

S1

for " € Sy, u(r) continuous on Sy, implies u(r) = 0 (see appendiz C).
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7.3 On some approximations for a small cavity, and validation.

7.3.1 Approximate expressions for a small cavity

For small dimensions with kd,. = k&QQ o5 < land K [ s, dS < 1, we assume that

fs PadS Jo @1(r)dS
— Pec — kdca — {4c = kdc; > 70_1—7 .
p2(r) — pe = o(kde), ¢:(r) — qc = o(kd.) [ d5 " s (7.8)
and that, the terms
/(p2(7“)—pc)/ On(Ghs(,st) (1, 7"))dS"dS,
52 SQ
/(%(7“) —qc)/ G(,a)(r,r")dS"dS, (7.9)
S1 Sa(,1)

are negligible in our calculus. We can then determinate ¢. and p., after integration over
S, and 57 of integral equations, and obtain an approximate expression of the radiated
field.

We notice first that we have

(A + )G (r,7") = —k*G(r,7"), 1 € Qa, 7 € Qo

/ O Gps(r,7")dS = /{:2/ G (r,r)dV, v € Qo,
0N2=55US1

Qo
0.Gys(r, ") = ikgGy(r,r"), r' € Qo, r € Sy, (7.10)
and thus,
0 Gs(r,7")dS = / ikg Gy(r,r")dS + k2/ G (r, 7 )dV, v’ € Qs. (7.11)
SQ Sl QQ

Then, summing the integral equation (7.4) over Sy and using (7.11), we obtain

/ / Gy(r,r")dS'dS = zkpc/ gc/ Gy(r,r")dS"dS—
Sl 52 52 52

/S1 /S2Gb7“r )dS'dS) — jr?c/m/s2 Gy (r,r")dS'dV)(1 + o(1)), (7.12)

and deduce that
qe = ikpc[(re(ge) — g) +ikl](1 4 o(1)), (7.13)

where

Is, 9c [, Go(r,7")dS"dS  [g g.dS
re(ge) = Is fs Go(ror)ds'ds [, dS
fm fS st(r,r)ds'dV fQ dv
fS fs Gy(r,r")dS'dS fSl dS’

I, = (7.14)
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We then consider the integral equation (7.3), sum it over Sy, and use (7.11). This gives
us,

/S P (r)dS—pc/S is = kqC/S [ Gurar)as'as(1+ o). (7.15)

which leads us, from (7.13), to the approximate expressions of p. and ¢,

b — fslpi (T)dS/fS dS
c — : ) f 1f L a(r,r)dS’dS’
1+ ﬁ[(rc(gc) - g) + ikl ] 2 Sf s

qe = ikpe[(re(ge) — g) + ikl (7.16)

where p; is the field radiated in presence of a plane without perturbation.
Therefore, we can use the expression of ¢. in (4.6), and obtain, for the field diffracted
by a shallow cavity above the plane,

p) =0 07) = 1o e [ Gl S (14 0(1)), (7.17)

St

in particular for the far field.

Remark 12. In the case of a cavity Qs filled with a homogenous material of wavenumber
ks, and the conditions of continuity p|.—o- = pl.—o+ and 0.p|l.—o- = @20,p|.—o+, we can
consider Gy, with ke instead of k, and go = askg/ks in place of g. In this case, we have

Q1]z=0- = (0=p(1") — tkogop(r”))| =0~ = a2(0.p(r') — ikgp(r’))|.=0+ = a2qi].=o+
We can then modify the integral equations and obtain

QC’z:O— = Zk2pc[(rc(gé) - 92) + Z‘k2lc]> QClz:O— = aQqC‘Z=0+7
—k
p<7a/) — Di (TI) = ch|z=0+ / Ga(ra T/)dS(l + 0<1)), (718)

S1

when (6% —ikagl)pls, = 0. Generally, the relation between ¢, and g. (surface impedance
in free space) is g.. = asg./ka, and thus,

QC|z=0+ = ipC[k<TC(gc) - g) + Zkglc/aﬂ (719)

Remark 13. A similar demonstration can be used for a small protuberance Qs of sur-
face Sy above the plane. By the argument of analytic continuation, we consider that the
radiation is equivalent to a fictitious q; over Sy. In this case, (7.17) applies with

—qc/ / (r,r")dS’dS = —@k:pc/ gc/ Go(r,r")dS'dS—
S /8, S5
/ / (r,r")dS'dS) — pc// st(r,r)dV + o(1),
S Js, 2 Js,
/ Di (r)dS—pC/ ch/ / o(r,7)dS’dS (1 + o(1)), (7.20)
Sy Sy Js




and,

b, = S5, i (r)dS/ [, dS
c i . k[o [o Ga(ry')dS'dS "’
L+ 32 1(relge) — 9) — ikl = Slfs1 ds
Ge = ikpc[(r(9e) — g) — kL], TL(ge) ~ relge), I, ~ L. _—

Let us notice that +ikl. is replaced by —ikll, when we compare with (7.16).

Remark 14. To our knowledge, our approximate expressions are original, but a similar
low frequency analysis could also be done with the integral equations given in [1].

7.3.2 Validation in the case of a small cylindrical cavity with impedance wall

For the validation, we choose to verify the expression of the impedance on the aperture,
given, from our results (7.13)-(7.15), by

fs g’z’dS/fS ds qc

Js, 9045 i Jo, AV
ikpe ~ ikp,

f& as fSl dS’

a +g9=rcg:) + ikl ~ (7.22)
in some particular case with well-tabulated results.

For this, we consider the delicate problem of a cylindrical cavity of radius a and depth
d with an imperfectly reflective surface, characterized by impedances g., on the wall and
gee ON the bottom, with ka = o(1) and d/a = O(1).

So, from (7.22), we have,

ra*d 20w

T2 + gup2mad
g g - gce +

+ 1k

Ta? ma?

+ ikd, (7.23)

a

while, from the modal expansion of the field [22],

8p (1 + Gee— a1 6—220é1d) d 9 d
nm o ka ~ O];l Geet+—- k ~ gce + ZOC?E ~ gce + ng +de’
_ GeeT % k 2iand
<1 gce+ k: e )
_ 20k Ger
— ikagewJo (&) + E101(6) =0, F = k* — (&) ~ k* — ag : (7.24)

As expected for a small cavity, 7,, perfectly recovers 7,, and the expression (7.22) is
validated.

Remark 15. For a perfectly rigid small cavity, we have g. = 0 and thus n, = ikl., and
we recover the result given in [14, equ.(3)-(6)].

Remark 16. Similar developments can be made in electromagnetism, from the use of
tensors for the expression of potentials (see appendix E). In this case, for the E (electric)
and H (magnetic) fields on the aperture of a small cavity, we derive the approzimations,

fs gedS — )+ kf dV)
e as Y RE
MC:_(/Z\/\E)lSNJC:(/Z\/\H)|Sly (725)

— Zo(J. NZ)ge + Me ~ Zo(J. NZ)((
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when impedance boundary conditions are considered on the perturbated plane following
E—nmE)|s\s, = Zog“(n A H)|so\s,, E —n(nE)|s, = Zoge(n A H)|s,, (7.26)

where 1 is the outward normal to the surface, Zy is the free space impedance [3, 4],[12].

From (7.25), the problem for a shallow cavity is then reduced to the one of the scattering

cdS . av . . .
by a patch of relative impedance (%gﬁ + zk%) on Sy inserted in an impedance
S S1

plane. Equations, similar to (4.6) ancli (7.6), can be then derived.

8 Conclusion

We have developed novel integral equations which permit to simplify the calculus of the
field scattered by a cavity in an impedance plane. For this, a new Green’s function is used
for the expression of the field in the cavity which leads to reduce the number of unknowns.
Moreover, a particular attention is paid to the uniqueness of the solution. In the case
of a small cavity, our equations are detailed and developed in a new form. In this case,
analytical results are derived and our expression for approximate aperture impedance is
validated.

/ A . _
Jesopen) Gl V(1) dS] ey = 0 implies = 0

This appendix concerns the study of the solution pu(r) of
Pir')=0in Q= Qy UQL, (A.1)

where P(r') = £ sz Gy(r, ") u(r)dS, and the proof that p(r) (in some functions class)

vanishes. Sy is the surface of an open cavity in the plane z = 0, and the domain Q5 (resp.
St) is the symmetric of Qy (resp. Ss) relatively to z = 0.

A.1 ;=0 in the cases g =0 (Neumann) or g — oo (Dirichlet)

In the respective cases ¢ = 0 (Neumann boundary condition) and g — oo (Dirichlet
boundary condition), we have

Gy(r, 1 )lg=0 = [G(r = 1) + G*(r — 7i,,)]

Gy(r, 7" ) gsoo = [GO(r — 1) = GOr — 1},,)] (A.2)
and thus,
k
P ey = — G°(r — ")Zy(r)dS,
oo = 1= [ G0 =120
’ k N
P(r')|gooe = yy G(r — )2 (r)dS (A.3)
80



where Zg(ri,) = Zo(r) = u(r) and ZEo(1im) = —Zc(r) = —p(r). We assume that p is a
function, piecewise continuous (except possibly for singularities of p at the edge of 0f2),
so that P is continuous on 0f2. We can then use a proof similar to the ones given by
Colton and Kress in [20] to prove that u(r) = 0.

The potential P vanishes in €2, and thus, by continuity, on 9€2. Moreover, P satisfies
the Helmholtz equation and the Sommerfeld radiation condition at infinity in R3. Hence
by Rellich’s uniqueness theorem generalized by Levine for non smooth domain [15], P(r’)
also vanishes outside £2. We can then conclude, from the discontinuity property of the
normal derivative of the single layer potential [20],

OP(r") B OP(r')

D) - S = —aw), (A.4)

at any non singular points of Sy, where Z is = (resp. Zo) when g = 0 (resp. g — 00).
that we have = = 0 and thus u = 0.

A.2 A proof that =0 for g # 0, |g] < 00

In the definition taken when g # 1 in section 3.2.2, we notice that Gy(r,r’)|,=y, =
Go(Tims T )|g=—v, and the problem is then equivalent to a boundary value problem in
the upper half-space, concerning a perturbation in relief (image of the cavity) on a plane
of impedance —g, with a field u(r") = P(r},,) vanishing inside and on the surface of the
perturbation, and verifying the Sommerfeld conditions at infinity. For Re(—g) > 0, we
can use for this problem the uniqueness theorem of Levine [15, sect.7] and the disconti-
nuity property of the normal derivative of the single layer potential [20], and deduce that
w=0.

For Re(g) > 0, this demonstration is no more valid, and we develop here a more
general proof which uses that Sy is an open surface.

A.2.1 Definition of the function P,

For this, we begin to define new functions Py and Py, and we write,

P('f’/) = (P() + 2ig731)

Pult') = 1= [ (6% =)+ G =l )ur)ds,
PArY) = /S Vil — vl u(r)ds (A.5)

where, from (3.8), the function Vy(r) = —e™*927_ (p, 2) satisfies

oV _ —ik|r—rl |
) T g — 1)

=kG(r — 1)) +ikgVy(r — 1) ). (A.6)
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with v, = (2/,y,—%"). We notice that V,(r) is regular for z < 0, and has a weak
singularity, like In p, at p = 0 for z > 0. Thus, the potential P;(r’) is an analytic function
in R3\Q,, where €, is the upper part of the cylinder along z-axis bounded by S, which
is the image of Ss.

A.2.2 A problem for P; equivalent to the problem P =0

Since P vanishes in Q, and Py(r},,) = Po(r’), we can write that Py(r},,) = Pi(r’) in this
domain. So, we have

n_F ,
Pu(r) = | Velr = ri)ulr)dS
Pi(rh,) = Pi(r), T € Q= QU
(A+k*)Py =0 in R*\Q, (A7)

where S5 is an open surface. This implies reciprocally that P = 0 in Q. Indeed, from
(A.6), we have

0. Pr(r") —ikgPi(r') = fﬁ / EGO(r — v} Yu(r)dsS,
— 0, P1(r,,) —ikgPi(r,) = 4]; / kGO (r — ") p(r)dS. (A.8)

Adding both equations and using that Py (r4,,) = Pi(1’), 0. (P1(r") — P1(r},,)) vanishes
and Py (r},,) + P1(r") = 2P1(r"), and we conclude, by definition of P, that P = 0 in Q.

A.2.3 A proof that © = 0, by the analysis of the singularities at the ends of
Sy

The singularities of the field at the ends of S5, i.e. the singular behaviour in vicinity of
the curve (4, depends on the geometry. For this, we denote 7y, the unit vector, normal
to C7 at ry and orthogonal to the normal n to Ss, and ¢ the unit vector tangent to C1, so
that (¢, n, np) is an orthonormal basis (figure 4), and (p, ¢) the cylindrical coordinates
associated to (n,ng), with pcosp = ng.(r — 19), psing = —n.(r — ). We also denote y
the unit vector perpendicular to Z and to ¢ so that (¢, ¥, 2) is an orthonormal basis.

Let us consider S, a part of Sy bounded by an analytic arc C of Cy, and consider to
simplify, without losing generality, that the function pu(r) satisfies

p(r) = pp(r) + pra(r)

r) = Z apda, (kp),

p=>1

=) bup™, (A.9)

m>0
on S) where the o, are not entire numbers, o, < auy1, a1 > —1, a; # 0 except if

py =0, and J,(2) = (3)" D j=0 71 54/:1i+1) is the bessel function of order v [19]. The terms
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Figure 4: definitions of unit vectors on the curve C'; defining the aperture

with powers of In p could be considered in the method but are omitted for simplification.
Thereafter, we prove that the conditions (A.7) on P; imply the vanishing of pf and p,
on S5, and that, by the continuation principle through a hole and the nullity of P in s,
1 =0 on S;. To simplify the analysis, we will only detail the demonstration in the case
where (y.19) = cos @' # 0.

te =0 on S, when y.ng = cos® # 0 on C]

Let us consider the analytic part of p in vicinity of C] and the singularities of P,
induced by it. Since we have

(0-(0,P1)(r) — ikg(DyP) (1l = Oy / KGO (r — )u(r)dS, (A.10)

Yar
a singularity appears (see [23] or appendix B), following

ayﬁ kGO (r — " )p(r)dS = _fkcos® w(ro) In |r' —ro| + O(1), (A.11)
47 Ss 2T

as 1’ tends normally to ry € C]. This implies, from 9,P;(r') = O(1), that

k cos @’
27

(0=(OyPr(r))|p=rs = w(ro) In|r" — rol + O(1) (A.12)

Considering the parity of P;(r’) (see (A.7)), and thus of 9,P; (1), 0,0,P; is odd with
respects to the plane z = 0, and (A.12) implies that p vanishes on C] so that by = 0 in
(A.9). In the same manner, the case of higher order terms of g, bipt, bap?, ... can be
considered successively with higher order y-derivatives of P;(r’), so that b,, =0, m > 0.
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py =0 on S5 for arbitrary cos® on ('

Let us consider the fractional part pif of 41, and the (single layer) potential induced (or
radiated) by it, which corresponds, to the expression of 0,P;(r) — ikgP;(r) presented in
(A.8). S is assumed to simplify with null curvature, and the results obtained in appendix
B are used. Under this hypothesis, the potential has a fractional part of order 1 + ay
(~ p'*t@1 as p — 0), which is thus the fractional order of 9,P;. We then deduce that P,
has a fractional order 2 + ;. Considering the results in appendix B, the term J,, (kp) of
s radiates, like ﬁ%(flml(kp’) cos((1+a1)¢’)+O(J31a,(kp')), which does not contains
p*T terms in its expansion, and thus the order 2 + a; of P; comes from the next term
asJo,(kp) in the expansion of pyp. This implies o = a3 + 1, and ay # 0 if a; # 0.
Consequently, when a; # 0, we can write,

k 0 / o
y S, EG®(r —ru(r)dS =
1
= m(aljum(’fﬂ’) cos((1+ a1)¢’) — aaJaya, (kp') cos((2 + a1)¢’))
+ O(J310, (kp")) + O(J14as(kp')) + entire function of p’ (A.13)
as p/ — 0, with p'cos ¢’ = ng.(r' — rg), p'sing’ = —n.(r' —rg), az > as = ag + 1. Thus,

from (A.8), we have

(0:P1(r)) = ikgPy(r))|r=r .

1
= ————(a1J11a, (kp') cos((1 + a1)¢’) — azJaia, (ko) cos((2 + a1)¢"))
sin(aq )
+ O(J310, (kp")) + O(J14as(kp')) + entire function of pf (A.14)

Therefore, from (A.7), and the parity of P; and 0,P;, we derive that

ai cos((1+ a1)®" + ¢) = —ay cos((1 + ay)®" — @),
az cos((2 4+ a1)® + ) = azcos((2+ ap)®' — ). (A.15)

Consequently, when a; # 0, we can write,

cos((1+ a1)®") =0
sin((2+ a1)®') =0 (A.16)

This implies cos®’ = 0, and «; is entire, which is impossible by definition. We then
deduce that the first order coefficient a; of s is null, which induces, by definition, that

p vanishes on S), implies © =0
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From the previous results, it exists a subdomain S} of Sy where p = 0, that we can
substract of the support of u, assuming without losing generality, that | cos ®’| # 1 along
(1. In this case, we can use the continuation principle through the hole S%, and the field
P(r'), null in Q,, also vanishes outside the cavity below the plane z = 0.

Noticing the regularity of Pi(r’) for 2/ < 0, and thus the continuity of the normal
derivative of Py (r’) through S,, we can apply the discontinuity property of the normal
derivative of single-layer potentials with free space Green’s function [20],

OP(r") oP(r'),
o+ T g, |- = A, (A.17)

at any non singular points of Sy, which implies, from the vanishing of the left side, that
w=0.

A.2.4 Elements of proof for the particular case y.ny = cos® =0 on C}

From the previous analysis, the fractional part ps vanishes for any ®', and we can then
assume that y is analytic. In the case where y.n9 = cos ®’ = 0 on (', we choose to study

the function,
k

P'(r'") = (0, — ikg)P(r') = E/S Gy (r, " p(r)dS (A.18)

where, from (3.26),

Gy (r, ") = 0.(G°(r — ") + GO(r — 1}, ) — ikg(G°(r — ') — G°(r —7/,))

= (=0, —ikg) (G (r — ") = G°(r — 7}, )) (A.19)
From Gj(r,r") = —G}(r,r},), we have P'(r') = —P’'(r},,) . The function P’ satisfies the
Helmholtz equation in R3\Q, with Sommerfeld conditions at infinity. Since P = 0 in ,
P’ vanishes, like its derivatives, in 2. Let us show that it is also the case for P’ outside
2, then for P, and thus for u.

Since P’ vanishes along the plane z = 0, (Z.grad)?**P’ = 0 along C, n € N. Using inte-
gration by parts and continuity for odd derivatives of P’, we derive that (Z.grad)***1P’ = 0
along Cy, n € N. We then consider to simplify that the surface S. of the cylinder 2,
along z-axis, defined with a section (', does not have common points with Sy, except
on (1, and that we have no essential sigularity. We then deduce that P’ vanishes on S..
From the first Green’s theorem and the properties of P’, we have

! 2
Re( / _ikip )2+ POy [ e pas, (A.20)
R3\Q, —ik a

a—r00 r=

Since |arg(ik)| < m/2, both members have opposite signs, and thus vanish. We then
derive, from Rellich’s theorem and continuation principle [12], that P’(r) = 0 in R*\Q.
Since P and all z-derivatives of P’ vanishes on S, we derive that P = 0 below Ss, and,
by continuation principle, everywhere below the plane z = 0.

We can then use the discontinuity property of the normal derivative of single layer
potential (A.17), and deduce that u = 0.
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B Behaviour of single layer potentials on open sur-
faces

Let S be an open analytic, orientable surface in three-dimensional space bounded by a
Jordan curve C', and C’ an arc belonging to it. Let 7" and r be two points, and p(r) an
analytical function defined for all r € S except possibly for a singularity on the edge C’.
We study the behaviour of single layer potentials

r e—ik|r—r’|
Uo(r'):/ ) s U = /SLds (B.1)

=] =]

B.1 When u(r) =0(1) on ('

If p(r) is finite on C’, we can write, from Rolf Leis [23], in vicinity of C’

erad(Up(r')) = — / D ——dS + / grads(ulr) o,
S T — 7‘
Lo [ RHAY) o Mdc (B.2)
s [r—7'] clr—r|

where ng is a unit vector, normal to C' and orthogonal to the normal n, gradg is the
surface gradient, H is a function depending on the characteristics of the surface. The line
integral becomes logarithmically singular, while the other surface integrals are regular.
The singularity, as " ¢ C' — rq, ro being the projection of ' on C’, can be described by

/C ﬁoﬁ(:,)l de = =27g(ro) (o) n [ — ro| + O(1) (B.3)

where ¢ is the unit vector, tangent to C” at ry, and (¢,7,7p) is an orthonormal basis
[23]. More generally we notice from [23], that analytic @ does not induce singularities of
fractional order in the expansion of Uy and Uy,.

B.2 When u(r) is of fractional order

In the case of p(r) of fractional order (with fractional power of |r — ro| near ry € C”), it
is possible to analyze the fractional part of the field, letting the curvature of the edge C’
tending to 0, and u(r) depending only on the distance p to the edge. In this case, we can
write,

Ui ~ =i [ o) B k15 = 7o

+i0c0
/ / qu —zkpcosozdp —ikp' cos(a—¢p )da (B.4)

when p’ — 0, p’ denoting the radial distance to the edge of the point 7', with p’ cos(¢’) =
no(r" —ro), p'sin(¢’) = —n(r" —rg), ro € C’, and pr(p) = p(r).
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So, for pus(p) = J,(kp) ~ (%)_”limfgﬁo J,(Bp), v =01 > =1, v # 0,12 ..., we
obtain Uy (1), from [24, eq. 6.611.1] and [19, eq. 9.1.22], following

s o—i(14v)m /2 ptioco 1 4
N\ Ao _ZG— = —ikp' cos(a—¢')
Ui(r) k2v /_ioo (cos a)1+”e do

N _Z'e—i(l-‘ru)ﬁ/Q /+z‘oo( 1 n 1 >€—ikp’cos0cda
k 2v 0 (cos(a+ ¢))1t7  (cos(a — @)+

—i(1+v)m/2

k

14e

~

+i00
COS((I + V)QDI) / ei(l—l—u)ae—ikp’ cosa ],
0
~ kST(WT) cos((1 4+ v)¢")(J14u(kp') + an entire function of p'). (B.5)
Then, using the discontinuity property of the normal derivative of Uy, through S [20],
and 2(1 + v)J1y, (kp') /kp' = J,(kp') + Joiyu (kp') [19], we can rewrite (B.5) following

U(r') = 4—7TJ1+a1(kP') cos((1 4+ a1)¢’) + Da(r') + O(Js1a, (kp')) (B.6)

~ ksin(vm)

where D, (1) is an entire function of p'.

1

Remark 17. In the case of logarithmic behaviour, we can let i(p) = 51In(5) = lim, o+ 0, (K, (p)/T'(v)),

2
derive, from [24, eq. 6.611.3],

Hee - D(L—v)si ! /
Uk(p) ~ i / o, (P WVay ik cosa-e g

ico sin a

+éco 0% ol /
~ —i/ (yao + ——)e o eos@=gn g = 577...
oo sin «

+i00
~ —i’ygo’/ e~k s 1 o(ln p) = 2v¢' Ko(ikp) + o(ln p). (B.7)

100

Remark 18. Let to(rg) = ang(ro) +bn(rg) when tong # 0. Considering higher derivatives
of Uy, we can write

(to.grad)™ (Uo(r")) = _/S(to.gmds)"1(,u(r))(to.ﬁ)§n( _17~/‘)d5+

|r
(to-n) H (to-gradg)" " (u(r)) (to-grads)" (u(r)) ;o
+ 2/5 dS+/S ds

| — 1] [ =]
~ n—1
N / (to.no)(to-gmds/) (p(r)) . 'R, (B.8)
o |r — 7|

when (Nograds)?(u(ro)) = 0 (or (to(ro)grads)? (u(ro)) = 0 when tong # 0) on C' for
Jj <n—1, and (nograds)" (u(ro)) = O(1), with, in this case, R,, which is continuous on
C'. This result also applies if we replace Uy by Uy, since the behaviour of highest rank is
the same for Uy and Uy.
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C About [y Gy (r,m")u(r)dS =0 on the aperture

Let us show that
Up(o) (T") = / Gy (r, 7" )p(r)dS = 0 on Sy (C.1)
S1

implies p(r) = 0, when p(r) = Ag +o(1) as r — r. € 95, = C4, Ay is a constant.

C.1 The case with G,

From the analysis of Rolf Leis (see [23] or appendix B), u(r) = Ao+ o(1) (asr — r. €
0S; = () induces a singularity of derivative in vicinity of C; of the form Agln |r — r.|.
This implies, from (C.1) (i.e. Up(1")|s, = 0), that Ag = 0.

We then choose to define the following functions v and w,

_k/ Gy(r, " )u(r)dS with u(r’) = 0 on Sy,
47 S1

. 2%k [ 0.

u(r') =

wlr') = (g — ko)) = 1 | (560 1 utr)ds, (c2)
where we have used that
(5 — ikg)G(r, "
= (FNC =)+ G — ) kg — 1) = G —rl,))(C3)

Considering the property of the double layer potential with free space Green’s function
G, and F the radiation pattern (or scattering diagram) of w, we can write

w(r') = —p(r') = O(1) on Sy, w(r') = 0 on Sy\ S,
e—ik\r’\ r
— (PG5

] )+ 0(1)) when " — co. (C.4)

v = 7]

Moreover, we have, from Leis’s second theorem [23],
grad(w(r)) = o(1/|r — r.|), (C.5)
when r — r. € C}, and, from u(r) = 0 on Sy,

lim ow(r)

z—0~ aZ

= (k* — =— — ——=)u(r) — ikgw(r) — —ikgw(r) on S;. (C.6)

Thus, we can apply the Green’s first theorem on the domain z < 0, and we obtain

fe (/<0 — k() + de) (/0 Re(g)w(r)[dS+

2m
+ Re ( / //2 % 5in ©dOdg). (C.7)
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For Re(g) > 0 and |arg(ik)| < /2, the left-hand term is < 0, while the right-hand term
is > 0, and thus both terms vanish. So, we have,

w(r) =0 as z < 0, when |arg(ik)| < 7/2,Re(g) > 0,
w(r) =0as z =0, when |arg(ik)| = 7/2, Re(g) > 0, (C.8)
which implies in these cases, from w(r’) = —u(r’) on Sy, that p vanishes.

In the case g = 0, GG, can be replaced by 2Gy in the definition of u, and the demon-
stration of Colton and Kress [20, sect. 2] can be directly used to conclude that p = 0.

Remark 19. the same property can be deduced for Reg < 0, except along the branch-cut
of Gy with Re(ikcosf,)= 0, g = sinfy. For this, we can directly use the first Green’s
theorem with u instead of w, and deduce that i = 0.

C.2 The case with G,

If we consider in the definitions of u, GG, instead of GG, and the domain z > 0 instead of
the domain z < 0, we can directly use the first Green’s theorem with u instead of w, and
deduce that p(r') = 0 when Re(g) > 0 or g = 0.

D On some analytical applications for the 2D case

Let us consider our developments in [11], for a scatterer illuminated by a plane wave
coming from the direction ¢’ = ¢/, for the geometry given in figure below,

Figure 5: impedance skew step geometry

Impedance boundary conditions are assumed,

o . o .
(% —ikg1)ple, =0, <(‘3—n —ikg)plc. =0, (D.1)
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where £, is the strip of length A, between both singularities, and the £, are the half
planes going to infinity. From [11], the diffracted field given by,

. efiﬂ’/4fikpa

ua(y’) = W[F(SO/)] +O(1/(kp)*?),

can be approximated, when |kA| < 1, with

F(¢') ~

where

2Dg ik cos ! cos ¢’

(cos ¢! + sinf, )(cos ¢’ + sind. )
kA
+ g1 — = sin(20,)) +

(—gcos @, — sin @, sin '+

Co(cos ¢’ — g) cos ¢, —2ikAsin @, cos @/ 1)
(cos @l + g)(sin ¢’ + sin )

14 (iBy/m)sin ¢ sin @,

1+ (iBy/7)(g1 — gcos ®,)

Co =1+ (iBy/7)(sin @, (sin ¢, + sin¢')/2)

By = —kA(n(kA/2) + o — 1+ i1/2), 50 ~ 577,

0

Figure 6: 2D cavity geometry

(D.2)

(D.3)

(D.4)

From the results of our present paper, it is possible to consider a general curved lines
L. instead of the straight line £, with (2 — ikg.)p|z, = 0, if we write

g [ gedi/s v k(s - 5/
L.

c

(D.5)

where S, is the total surface of the cavity under the straight strip £, and S_ is the total
surface of the protuberences above L£;. Let us notice that, in the above approximated
expression of F, the first order in k is exact.
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E The Green’s tensors for an impedance plane in
electromagnetism

In our method, a key point is the use of the ’below’ Green’s functions in the cavity
which derives from our solution for an arbitrary impedance plane (passive or active). In a
similar manner, an extension of our present work to electromagnetism needs the Green’s
tensors for an arbitrary impedance plane, that we now develop from [3]-[4]. For this, the
electromagnetic field (£, H) that satisfies the Maxwell equation,

curl(E) = —ik(ZoH) — M, curl(ZoH) = ikE + ZyJ (E.1)
above the plane, and the impedance boundary conditions,
ZAE|,20=g¢°ZN (ZA(ZoH)))|.=0, (E.2)
or
(az - ikge)Ez|z:0 = 07 (az - ik/ge)Hzlzzo = 07 (ES)

is considered.

E.1 The field radiated by bounded sources J and M in free space

The incident field, radiated by the sources J and M in free space, is given by
1

Eine = curl(G x M) + ?

(grad(div(.)) + k*)(G * ZoJ)

1
= (M (D0 )] Zod 5 (B ,1)
ZoHipe = —curl(G = ZoJ) + %(grad(div(.)) +k2)(G * M)
1
= o (GoT Dyl )] + M x [E, (') (B.4)
where G = —%TT“T', 7] = /22 + y% + 22, and * is the convolution product.

E.2 The field scattered by the impedance plane
E.2.1 The tensors

Developing the expressions of potentials given in [3]-[4] for the scattered field (Es, Hy),
we can write, when M = M,..§(r — ') and J = J.0(r —r'),

E(r) = —ikcurl(H, 2) + (grad(div(.)) + k%)(&:2)

- #([zhe(’f’, r/)]‘ZOJT/ B [Qhe(r7 Tl)]-Mr’)
1 / ,
— 87r1k2(ZoJr/.[£1he(r 1) — My [D, (7, 7)])
- m(ZoJr/.[%curlT,([th(rf7 M) = My .[D,, (', 1)) (£5)
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and
ZoHy(r) = ikcurl(€ 2) + (grad(div(.)) + k%) (Hs 2)

1 , ,
= W([th(ra ™). ZoJy + [Fop,(ry1")]. M, )
871'1k2 (ZoJrr [Dpe (1", 7)] 4 My [Fop, (', 7)])

= (2 D )]+ My [ curly (1D, (7, 7)) (E.6)

where . op) (177, 7) and Dy 40 (r',7) are dyadic tensors. In these notations, we have

(
b

DAl =(D.a)b,[@h.D=a(b.D) and
G(r, )] =[G, r)] if (z,y,2) < (2',y, 7)) and (T,7, 2) & (2,7, Z'). (E.7)

The tensors verify the impedance boundary conditions,

ZA[(Dhe + Dy ) (1, 7)][s=0 = =g (ZAZ A [(Een + Ee 1) (1:7)] |2=0,
AN(Ene + Fn ) (r,17)]|:=0 = 9°(FAZ A [(Dep, + D i) (r,7)]) 2=, (E.8)
and can be written,
Fheten) = —B(Bp(ey) + A(Ae( )
Die(eny = B(Ap(e) + A(Be( ) (E.9)

where
[A(Bepy) (7)) =
= [ik(Z0, + YOy + 20.) (Y 0p — T'0y)(0:Se(ny (1, 7"))+
+ ik Z2(§0p — T0,) (Se(py (1, 7")))] (E.10)

[B(Ae( ) (r,7")] =
= [ik(Z0y — Y0,)(T'0p + Y Oy + Z'€0.)(€0.Se (1, 7"))+
+ ik*(T0y — §02)Z (Se(my(r,7))] (E.11)

[A(Ae(,h))(ra )] =
= [(Z0, + Y0, + 20,)(Z'0p + ¥ 0y + Z'€0, ) (€0,2Se 1y (r, 1") )+
+R2E(F 0y 4+ T, + 2€0.)(€0.Supny (1, 7))+
+ k*(20, + 90, + 20.)(2)(0. Se(h (r, 7))+
+ /Z\:Z\/kzl(se(,h)(?", T‘/))] (E.12)
1B( e(,h))(T )] =
— E*(=20y, + §0.)(T'0y — §'0,)(Sery (1,7))], (E.13)

z

*IU:J

with e = —1,2' = 2, ¥ = y, 2 = 2. The functions S.() verify the conditions [3],
(0. — ikg ™) Soom (r,1") = (02 + ikg ) Si(Fim, )| =0, (E.14)
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where ¢" = /g%, rim — 1 =221, Si(r,rl.) = Si(Tim,r’), and

Si(r,r") = (e ik‘g‘(r_r/)|E1(ik(|(r — )| +1Z.(r = )])+
+ e HECON R (ik(|(r — )| = [2.(r = 7)) + 2In [Z A (r — 1)), (E.15)
In a similar manner, the functions f, ;. ;) and D, ;. can be also expressed like

Fheteny and Dy oy, if we take S;(r,7’) in place of Se(py(r,7’) in (E.9)-(E.13) and € =1
(mstead of e = —1)

E.2.2 Expressions of S.,)(r,7’) and some properties

The expressions of S (r, ') are given [3]-[4] by,

/ / —2g° / / / /
Se(r, ") = (Si(rim,7") + Z ﬁ(%/+61Cge))(x—x,y—y,—z—z),
e=—1,1

2 e
Su(r, ") = (=Si(Tim,7") + Z ﬁ(l}el +Kp))(x—a'y—y',—z—2), (E.16)

f=—1,1 —€)

for 2 >0, 2/ > 0, 7, = (2,y, —2). The functions V., and K, which satisfy the Helmholtz
equation above the plane, are given by

Vo(z,y,—z) = e (B (ik(|r] + €2)) + (1 — €) In p),

’Cg(x> Y, _Z) = eikgzjg<p7 _Z)a (E17)

for >0, p= /22442, g=g°or g = g", g" = 1/¢".
Let us notice that we have

gsi(mm, r') = ik(eik(z+z/)E1 (ik(|rm — | + (2 +27)))—
z
— e N B (ik(Jrim — '] = (2 +27))) + 210 p)),
o2 S( | /) B _z.kefik\mmfrq B k28< ' /) (E 18)
822 (3 TZWHT - 1 |7"l‘m . T/| (] szar ) N
and
0 / o
a_(ve’ + € Kg)(l’, Y, _Z) = ike (Ve’ + glcg)(xa Y, —2)7

2 —ik|r|
8822 (Ve + €K,) = —iké (€' — g)e

—ik(€Va + g* K,)),

Id
—29° & ) gV + € ()2 Kye)
— Ve + €Kge) = 2k Aty
6/22_1’1 (96_6)822( ) = ':2—11 (g¢ —¢€)
2g°  O° e klrl (gVer + € g" K n)
—2 (Vo + K 1) = —4ik — 92k g : E.19
6,;71 (ge o €/> 822( g ) ‘Tl 5/2171 (ge - 6,) ( )
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for z > 0. The term In p does not contribute to the field, except to suppress a singularity
due to Ey(ik(|r] — |2])) at p = 0 [3]. From the behaviour of J;, Se(p)(r’,r) remains

definite for g¢ = 1 because Vo—; + Ky — 0 when ¢° — 1, while it is singular for ¢ = —1.
Moreover, when ¢" = (¢¢)~* — oo, we have ¢"K 1 — _ei_klrr‘r"

Remark 20. In the case of the radiation of surface sources [12],
M=-nANEds, J=nANHOodg, (EQO)
where E and H satisfy the equations of Maxwell, it is important to notice that,

Z()dZ’U(J) = Zodivs(ﬁ VAN H(SS) = —Zk‘ﬁE 55 — Z()(ﬁ VAN H).U(Sag,
dM)(M) = —divs(ﬁ A Edg) = —ZkZo/ﬁH (55 + (ﬁ VAN E).U(sas, (E21)
where 1 is the normal to S, v is the geodesic normal to OS directed outside S, and dg

(resp. 0gs) is the Dirac surface (resp. line) function (see in particular [25, (A.15) in
appendiz of section 6]).

Remark 21. We notice that

CU?"ZT ( [Qhe(,eh) (T’ T,)] 'CT/)
CU?"ZT ( [Zhe(,eh) (T7 T,)] C )

Zk([f h(, he)(r T,)]'Cr’)7
—ik([Dengney (,7))-Crv), (E-22)

and

DT' [zhe(,eh) (T7 T/)] 'CT/ = CT/' [zhe(,eh) (T/7 7”)] 'DT?
Dr' [Qhe(,eh) (T7 TI)] 'Cr/ = CT/ : [th(,he) (7J7 T)] 'DT? (E23)
with Cyp = ¢,@ + ¢,y + .2, D, = d, 7 + d,y + d.Z being two constant vectors.

Remark 22. The tensors also satisfy,

[A(Be () (r,17)].Cr =

= ik(grad(div( 2.)) + k> 2.)((CL A 2) grad(Se ny(r, "))

= [ik(Z0x + YO,) (Y O — T'0y)(0:Se(y (1, 7"))+

+ikZ(§0p — T'0,) (02 + k*)Se( ) (1,7")].Cr, (E.24)

[B(Ae( ) (r,r")].Crv =

= tkcurl(Z(e0,(CL grad(S. ) (r, "))+

+¢,((Ds2 + k*)Se( iy (17, 7)))

= [ik((Z0, — §0.)(T'0p + Y 0,)e0.Se(py(r,7")+

+ (20 — §0.)7 (022 + k*)Se(ny (r,7"))].Cyr (E.25)
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[A(Ae( ) (r,7)].C =

= (grad(div( Z.)) + k* 2.)(CL (€0 grad(S py (r,7"))) +

+ (0 + RS (1)

= [€0:2(Z0; + §0,)(T'0y + §'0y) Seny (r; 1)+

0,30, + §0,)(Z) (0 + K2)Suy 1)+

b B(@0, +70,)(0 + K2)(€0.Sum (r, 7))+

+22'(0.2 + k2)(8z2 + /{32)8 (h )(7’ r )] Cy, (E.26)

[B(Be(ny)(r,r")].Cpr =
= ikcurl(Z(ik(C} A Z) grad(Sepny(r,1'))))
= [ K*(=20, + §0.)(T'0y — ¥ 0:)(Se(ny (r,7"))].Cr, (E.27)

where Cy = Ct, + ¢.Z', and, from the Helmholtz equation satisfied by Se(p),

[B(B(p)(r,7)].Cr =
= —k;Q((cxax + ¢,0,) (X0, + YO, )+
+ (e + ¢, 9)(0a2 + k) (Se(y (r, 7). (E.28)
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