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Abstract
Consider the Boltzmann equation in a strictly convex domain with the diffuse boundary condition. We

construct WP solutions for 1 < p < 2. With the aid of a distance function toward the grazing set, we construct
weighted WP solutions for 2 < p < oo and classical C'! solutions away from the grazing set.

1 Introduction

Boundary effects play an important role in the dynamics of Boltzmann solutions of
WF +v- -V, F=Q(FF),

where F(t,z,v) denotes the particle distribution at time ¢, position x € Q and velocity v € R?. Throughout this
paper, the collision operator takes the form

Q(Fy, Fy) = /R3 o lv —ulqo(0) | Fi(u")Fa(v") — Fi(u)Fa(v) |dwdu = Qgain(F1, F2) — Qloss(F1, Fb),

where v/ = u+ [(v—u) - ww, v =v—[(v —u) - wjw and 0 < < 1 (hard potential) and 0 < go(0) < C|cosb)|
(angular cutoff) with cosf = ] W

Despite many developments in the study of the Boltzmann equation, many basic questions regarding solutions
in a bounded domain, such as their regularity, have remained largely open. This is partly due to the characteristic
nature of boundary conditions in the kinetic theory. In [7], it was shown that in convex domains, Boltzmann
solutions are continuous away from the grazing set. On the other hand, in [11], it is shown that singularity
(discontinuity) does occur for Boltzmann solutions in a non-convex domain, and such singularity propagates
precisely along the characteristics emanating from the grazing set. In this paper, we establish the first Sobolev
regularity for Boltzmann solutions in convex domains, with a diffuse boundary condition :

F(t,z,v) = cu,u(v)/ F(t,z,u){n(z) -u}du, for (z,v)€~_,

n(x)-u>0

where ¢, fn(m).u>0 p(u){n(z)-u}du = 1 and the incoming set v_ = {(x,v) € 9N x R3 : v-n(z) < 0}, the outgoing

set v4 = {(z,v) € 00 x R3 : v - n(x) > 0} and the grazing set
Y0 = {(z,v) € 9Q x R* : v - n(z) = 0},

with n = n(x) the outward normal direction at x € 9.
The goal of this paper is to study regularity of solutions near the Maxwellian constructed in [7, 2], for which

L uniform bounds with polynomial and exponential weight in the velocity have been established. We denote
[v]2

F=p+/pf, where yu = e isa steady normalized Maxwellian. The perturbation f satisfies
Of+v-Vof +Lf =T(f.f), fle=0 = fo,
f(tvxvvﬂ’)’— =Cuv ,u(v) f(t,l’,u) V /L('LL) {n(m) ! u}dU,

n(x)-u>0
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where the linear Boltzmann (symmetric) operator (see [8]) is given by

__ 1
Lf= \/ﬁ{Q(u» Vif) +Q(/uf, )},

and the nonlinear Boltzmann operator (non-symmetric) is given by

1
L(f1, f2) = ﬁQ(\/ﬁfl; Virf2) = Teain(f1, f2) — Dioss(f1, f2)-
Throughout this paper we assume there exists £ : R® — R so that @ = {z € R3 : {(z) < 0} and for all

£(z)<0and ¢ € R?
> 0i6(x)Ci¢; > Cel¢]. (2)
0,J

We denote || - ||, the LP(Q x R?) norm, while |- |, , is the LP(9Q x R?;d~y) norm and |- |, , = |- 1., |, where
dy = |n(x) - v|dSzdv with the surface measure dS, on 9. Denote (v) = /1 + |v|?. We define

9 f(0) =0ufo = —v-Vafo—Lfo+T(fo, fo). (3)
Theorem 1. Assume that fo € WiP(Q x R®) and ||0;fol|, < oo for any fized 1 < p < 2, and ||(v)? fo|| < 1
for B >4, and the compatibility condition on (x,v) € v_,

folw,v) = euv/p(v) ol u)v/ plu){n(z) - ujdu, (4)

n(z)-u>0

then f € L2 ([0,00); WHP(Q x R3)) such that for all t > 0

loc

10 FIE + IV AL+ IV F@IIE + / {10, + V.G, + VS (), }ds
St 110ufol B+ 1V follg + 110 fol 2

()

We remark that, from [7, 2], the assumption |[(v)? fo||oc < 1 without a mass constraint [, ns foy/mdvdz =0
ensures a uniform-in-time bound as supy<; <. |[(v)? f(t)||cc < [[(v)? fol|loo (nOt a decay). We also remark that
this estimate is a global-in-z estimate which includes the grazing set 7o and the constant grows exponentially
with time, and there is no size restriction on the initial derivatives. Moreover, in Lemma 8, the estimate of (5)
in Theorem 1 for p < 2 is indeed optimal even for the free transport equation 0y f + v - V, f = 0 with the diffuse
boundary condition. In fact, the boundary integral blows up at p = 2. We therefore conjecture that f ¢ H' in
the bulk.

We now illustrate main ideas of the proof. Clearly, both ¢t and v derivatives behave nicely for the diffuse
boundary condition as for (z,v) € v_,

Of(trv) = cu/n() / o T ) ) (6)

z)-u>0

Vof(t,z,0) = cuVo/p(v) ft 2, u)y/ p(u){n(z) - updu. (7)

n(z)-u>0

Let 71 (z) and 72(x) be unit vectors satistying 7 (z) - n(x) = 0 = m2(z) - n(z) and 7 (x) X 72(z) = n(z). Define the
orthonormal transformation from {n, 71,72} to the standard bases {e1,es,e3}, i.e. T(x)n(z) =e1, T(x)m () =
ey, T(z)m2(z) = e3, and T = T*. Upon a change of variable : v’ = T (x)u, we have

then

Cu\/u(v)/ f@tz,w) p(u){n(z) - utdu = ¢,/ p(v) Flt 2, T (') /() {ud Y,

n(x)-u>0 u} >0



so that we can further take tangential derivatives 9;, as, for (z,v) € y_,

00,0 = /0 [ {0nftt Ty + Vst T bt

u) >0

= cu v/ 1(v) Or [t 2, u)/ p(u){n(z) - u}du (8)

n(z)u>0

+ ¢/ 1 ft, x, )8’71 uy/ p(u){n(x) - u}du.

n(x) u>0

The difficulty is always the control of the normal spatial derivative of 9,. From the general method of proving
regularity in PDE with boundary conditions, it is natural to use the Boltzmann equation to solve the normal
derivative 9, f inside the region, in terms of 0, f, V, f, and 0. f as:

2
1
anf(t; IE,’U) S {atf + Z(v : Ti)aﬂf + Lf - F(f7 f)} ’ (9)
n(x) - v —
at least near 0€). Unfortunately, this standard approach encounters a severe difficulty: —-— ¢ Ll .. i the velocity

space (a L bound is desirable for any WP estimate).
The first new ingredient of our approach is to use (9) not inside the domain, but at the boundary 9. Using
special feature of the diffuse boundary condition and (6), (7) and (8), we can express 0, f at (z,v) € y_ as

0uftt0) ==~ L@ [ auflt @ nte) - whdu
TL(SL’) v n(z)-u>0
2
+ 3 e ) V 0r, (b, 2, )R ) - udu

n(z)-u>0

+Z VTV / f(t,z u)ag x)uy/ p(u){n(z) - uldu

(z)- u>0

(10)

+LE T/, f) }

Due to the additional u integral in (10) and the crucial factor |n(x) - u| in the measure dvy on the boundary -, it
is clear that the singularity |0, f|?|n - v| in (10) is roughly of the order

-
{n-v}p-1’

so that its v integration is precisely finite if 1 < p < 2, and indeed its v integration is uniformly bounded with
respect to x.

However, in order to control d;f,V, f and 9, f for p < 2, a new difficulty arises. It is well-known from [7, 2]
that a crucial boundary estimate for diffuse boundary takes the form of a L?—contraction:

/h%wg/ h2dy.
V- T+

Unfortunately, this is not expected to be valid for p # 2, so it is impossible to absorb the incoming part «v solely
by the outgoing part v part. -

Our second new ingredient is to split the v, integral into near grazing set 75 and the rest for p # 2 for our
boundary representation for derivatives (6), (7), (8), and (10). For small € > 0 we define 7%, the set of almost
grazing velocities or large velocities

7: = {(z,v) € v4 rv-n(x) <eor|v] > 1/e}. (11)



Denote 0 = [0, V., V,]. We can roughly obtain
p
/ OfIF < / </ |8f|u1/4{n . v}dv) + good terms,
_ o0 n-v>0

p p
S / </ 0|t *{n - U}) +/ (/ 8f| et/ {n - v}) + good terms,
00 \{vi(zw)ers } 00 \J{ui(@w)eri\1s }

p/q
< sup (/ u?*{n - v}dv) / |0f[Pdy + / |0f[Pdy + good terms.
v \Jw@ver) . v \vE

+

p/q
It is important to realize that sup,, (f{vv(x yers ) p/4n, - v}dv> has a small measure of order ¢, for p > 1,
(zv)Ers
so that it can be absorbed by the outgoing part fw . Fortunately, the outgoing boundary integral fw\vs can be
+

further bounded by the integration in the bulk and initial data by Lemma 4 with a crucial time integration. On
the other hand, such a process produces a large constant in the Gronwall estimates and leads to a growth in time.
Of course, such an approach breaks down at p = 1.

We next prove higher regularity away from the grazing set . Our third new ingredient is the construction of
a distance function towards the grazing set g to achieve this goal. We define a distance function toward -y, as

a(@,v) = {Jv- V@)~ 2{v- V() - v}e(@) | = 0 (12)
by (2) and «a(x,v) is zero if and only if (x,v) is at the grazing set 79. We observe that
v Vea = {20 VE(2)[v- V0] — 20 - VE(2)[v - VZE - 0] — 20{v - V3¢(x) - v}E()}
= —20{v - V3¢(z) - v}(2),

which is bounded by |v|a(z,v) since {v - V2¢(z) - v}« |v|? from (2). This crucial invariant property of a under
operator v - V, is the key for our approach. On the other hand, unless V3¢ = 0 (for example the domain is a
ball or an ellipsoid), a growth factor |v| creates a geometric effect which is out of control for our analysis. We
introduce a strong decay factor e~H")* with sufficiently large I > 0 to overcome such a geometric effect :

d?(t,z,0) = e Moz, v)x (i el<”>ta(£c,v)> + {1 - X <i el<”>ta(m,v)>] , (13)

with a smooth cut-off function x : [0, 00) — [0, 1] such that —4 < x/(y) < 0 and
x(y)=1 for0<y<1/2, x(y)=0 fory>1.

A direct computation yields

{0, +v-V,}d2 = {8, + v Vo e W x {x(e " a/e) + e 1y (e U a /) [e Wt a — 1]}
— { _ l< > —I{ v)t —Il(v) tQU{’U ng ’U}f(ﬂ?) { _l<v>ta/5) _|_8—1X/(e—l(v)ta/€)[e—l(v>ta _ 1]}
S(-l+ og<1>><v>e-l<v>ta{x< Mafe) + e (/o) a ~ 1) ]

= (1+ 0 )d x e afx(e  afe) + e (e W ase) e 1]} fa?

~e (=1 + O¢(1))(v)d?,

20{v-V3&(x)-v}E
a(v)

from our cutoff function x. Here O¢(1) = represents the geometric effect. Throughout this paper

we choose
20{v - V3¢(x) - v}

l
> max a(v)

(14)

Remark that if £ is quadratic (for example the domain is a ball or an ellipsoid) then we are able to set [ = 0 and
{815 +v- Vm}dQ =0.



Theorem 2. Assume the compatibility condition (4) and recall (3). For any fivzed 2 < p < oo and pP%Q <

A< pTTl, if [|d*0:follp + [|d Ve follp + |1d Vi foll, < oo and €Sl folloe < 1 for some 0 < ¢ < 1 then
d*o,f,d V. f,d "V, f € L2 ([0,00); LP(Q x R3)) such that for all t > 0,

loc

t
1A f(0)|[E + |V ()2 + || AV, f (1)L + / { A, f ()2, + ANV, f(s)[E, + AV, f(s) z,p}ds
<o 1AMV fol[2 + 1AMV fol 2 + 1AV fol 2+ (€1 fol 2.

IF|AVefolloo + 1dVa folloo + 1|V folloe < +o00 and [|eS1F folloo < 1 for some 0 < ¢ < 1, then dd,f,dV.,f,
dV, f € L2 ([0,00); L°°(2 x R3)) such that for all t >0,

loc

1400 f (D)oo + 1AV f (B)] oo + 1AV f )] Se 110 fol oo + 1AV folloo + [[AV Folloo + (11" fol [oo-

Furthermore, if dfy € C°(Q x R?) and

v-Vafo+ Lfo —T(fo, fo) = cu/1t {u-Vafo+ Lfo —T(fo, fo) }vi{n - u}du, (15)

n-u>0
is valid for y_ Uy, then df € C°([0,00) x Q x R3) with the same estimate.

There is again no size restriction on initial derivatives. Remark that the assumption ||e¢/*!” fo||os < 1 ensures
a uniform-in-time bound supg<;<o [[€$1" f(D)|loo < €817 folloo due to [7, 2]. We remark for [ # 0, d(t) -
e~H*d(0) so that in terms of solution f(t), such an estimate not only creates an exponential growth in time, but
also creates less integrability in velocity. Furthermore, when [ # 0, we crucially need a strong weight function
e¢I*I” to balance such a factor e~ 1)t which produces a super exponential growth et” in time in controls of the
non-local collision operator. We suspect that it is impossible to obtain a uniform in time estimate especially
when [ # 0. Distance functions similar to d play an important role in the study of regularity in convex domains
for Vlasov equations ([6, 10]), which can be controlled along the characteristics via so-called velocity lemma.
However, such an approach has not been successful in the study of Boltzmann equation due to the non-local
nature of the Boltzmann collision operator, which mixes up different velocities so that their distance towards
Yo can not be controlled. In addition of the key boundary representation, we establish a delicate estimate for
interaction of d and the collision kernel d* K (d—fA) in (85) for A < pp%l. An additional requirement A > 1’}%2 is
needed to control the boundary singularity in (89). These estimates are sufficient to treat the case for A < 1, but
unfortunately these fail for the case A = 1, which accounts for the important C! estimate. In order to establish
the C! estimate, we employ the Lagrangian view point, estimating along so-called stochastic cycles [7, 2.

Our fourth new ingredient is a key estimate in Lemma 12. Even though dK (é) is impossible to estimate
directly due to severe singularity of é in the velocity space, along the characteristics is integrable in
time for a convex domain. Therefore, the integral

// ar ()

can be controlled by first integrating over time, and we can close the estimate.

Our paper is organized as follows: In Section 2, we establish some preliminary estimates. Section 3 is devoted
to in-flow problems with the prescribed incoming data. Theorem 1 is established in Section 4, and weighted
WP estimate in Theorem 2 is established in Section 5. We finally conclude the proof of weighted C' estimate in
Theorem 2 in Section 6.

1
' d(s,xz—st,v)

2 Preliminary

It is standard to write the linear Boltzmann operator as

LfEI/(’U)f—Kf,



with the collision frequency v(v) = [q [gs [v — u|"qo( o] w)p(u)dudw ~ (v)7 for the hard potential 0 < v <1
and

Kf= k(u,v)f(u)du, k =ky — ki, (16)
R3

where

a(u.0) = v/ =0l [ (s (a7

2 2
2 Ly pf?— L Ul

o / (u=v) Oqa<|w|,|u—v|>e-'w+<'2<|w|2+|u—v|2>v/2dw,
u—v)=

ko(u,v) = e

1 (Jul?~]v*)?
8 |u—v]?2

where g is bounded, and ¢ = — LuPolel e, hat - (u—v) = 2 = Ly tof2—
q5 is bounded, and ¢ = 2 (u+v) — ;= (u—w), so that ¢-(u—wv) = 0 and [¢|* = g|u+v|
See page 44 of [8] for details.

Lemma 1. Recall (17) and the Grad estimate [9, 8] for hard potential, 0 < v <1,

9 —Lo—uf?— L e luD)?
k(u,v)] < {lv—ul"+v—u[T}e® e (18)
For p >0 and —2p < 0 < 20 and B € R, we have for 0 < v <1,
2 UUr=lu)? ()B OVl -
=g o I o, a0
and, for v =0,
—olv—uf2—gUr2=lu? B eblvl?
/ {|v —u| + |v —u|"?}e elo—ul=e éZiB;ulZdu < ()T forany 0 <6 < 1. (20)
Moreover for p € [1,00), if h, V,h in LP(R3), we have
KR Sp 1Pllp, VoKl Sp 1Al + [Vohlp. (21)

Proof. The proof is based on [7]. Notice that

(v)Beflvl? L
W < 1+ v —ul?)ze U=l

Set v —u = n and u = v — 7 in the integration of (19) and (20). Now we compute the total exponent of the
integrand of (19) and (20) as

[0l

—0{|n|> —2v-n
P {In| }

l[n|* = 2v - n|?
—9In|2—0|77|2—9{|v—77l2 (02} = —20lnl? + do{v - n} — 4o

2
’l).
— (<0~ 20) [y + (40 + 20)v - — 4] MZ'

Since —2p < 6 < 2p, the discriminant of the above quadratic form of |n| and % is negative : (4Q+29)2
160(—0 — 20) = 46% — 160* < 0. We thus have

Inl?

|[n|?> = 2v - n|?
= {lo—n’ — ]’} Zee 5 vl

—oln|* o
|n|?

Therefore, for 0 < vy <1

1/2 u 2 ﬂ 0"0‘2
oy =2y | —elv—ulP—o LR (v) e < { 5 72+w} Be—Cooln® <
L A=+ o= e o O (R Ul U S



Therefore, in order to show (19) and (20) it suffices to consider the case |v| > 1. We make another change of

variables 7 = {17 . i} rop and 1 = n—mny, so that lv-n| = [v]|n| and [v—u| > |n.|. We can absorb (n)?, |n|(n)”

[v]

by e~Ceoln” and bound the integral of (19) and (20) by, for § > 0

S

_ LT
R e e I N
R3 R3

Cg'g\ﬂﬁz {/ |T]||6€C'g,ev|><|77ll|d|17||}d?7L
R

C

— — — ’9 2 e — —
< <1}> 146 /Rz{l + ‘UL| 2+’Y+5}€ 2= {/ y S Cg,eydy} dn., (y = |U||77H|)~
0

If v > 0 we can set § = 0 to conclude (19) since |, |~277 € L}(R?). On the other hand if v = 0 we conclude (20)
since |, |72t € LY (R?) for § > 0.

For the first estimate of (21) we have |[Kh(v)| < ([ \k(u,v)\du)l/q x ([ k(u, U)Hh(u)|pdu)1/p to conclude

1/q 1/p
|KH], < sup ( / |k<u,v>|du) sup ( / |k<u,v>|dv) 1l < 1Al

where we have used (19) and (20).
For the second estimate of (21) we use a change of variable u = v — u in the integral (16) : K f(v) =
J k(v —u,v)f(v—u)du, so that

< / {14 o] 20y
RQ

Vo(Kh)= [ {V.k(v—u,v)+ V,k(v—u,v)}h(v—u)du+ / k(v — u,v)Vyh(v — u)du
RS RS (22)
= [ {Vuk(u,v) + Vyk(u,v) }h(u)du + Khy = Kyh + Khy,.
R3

From (17) we have

[Vuki| + [Voka| < CVp(u)/p(o) (Ju 1+ [oF1), (23)
so that sup, ([ |Vuki| + |Voki|du) and sup, ([ |Vuki| + |V, ki|dv) are finite. For ko, we absorb the terms in

2 2
|w+ (], in |u —v| and in % in the associated exponential terms in (17) to have

12—1v2)2

2 g, a12_ 1 (u
IVuko| + |V, ko| < C ol I / (uv) 0q3<\w|,|ufv\>e*%‘w+4'2<|w|2+|ufv|2>7/2dw.
(u—v)=

u—vl?

This expression is of the same shape as the expression of ko in (17) up to some constants in the exponential
terms. The proof of the Grad estimate (18) is also valid for this expression, so that

1 (w2 —ju%)?
16

2
[V (v, )| + [Voko(v,w)| S {Jv—ul? + v — uf 257} 0l 7m0 50m (24)

and we deduce that sup, ([ |[Vuks| + [Vyko|du) and sup, ([ |Viks| + [Viko|dv) are finite from (19) and (20).
Then we conclude the second estimate of (21) as the first estimate. O

Lemma 2. There exists a constant C > 0 such that for any g1, g2, g3, we have for (i,j) = (1,2) and for

(i,4) = (2,1)
‘//QXRg L'(g1, g2)gsdvda

2
w00 < 1ol (167l + [ Re(ovlanian).

1/p
s0sup{ / ugmdv} A7 g5l g3
Q R3

(25)

where for some C¢ > 0,

12— 1ul?|?

eww] S {fo—ul + g} =G| oo | (26)



For >0, 6 >0,
- — 91y v|? v
091, 92)(@)| £ @) 2110} g1lloo [ (0)P g2l [, [D(g1,02) ()] S e 51 gy o€ goloe. (27)

Proof. Recall the definition of T

I'(g1,92) /]R3 . Vi 91 Nga(v gl(u)g2(v)} |u —v|7qo(0)dwdu = Tgain(g1, g92) — Tioss (91, 92)-

First notice that (for p > 1)

/|u|vqef|ufv|2q/2du:/ ‘u|vq67|u*v\2q/2du+/ |u|9e~Tumv1"a/2qy
[u—v|<|ul/2 lu—v|>[u]/2

< 2’Y<I|U|WCI/6*|U\2¢1/2du+ qu/|u|wq67|u\2q/2du <1+ < ),

and similarly, for p =1,

sup {Ju]"e "2} < 1ot S w(w).
weR3

For the loss term, we compute

/ Floss(glv 92) de 5 vV K gl )lu - U|’Yd7‘l‘dv
q

< |[mral” [ ] / VA=l (ol

p
< |/ | / V(U)|92(U)|93(U)|d1)§‘ [ vanvad] | [ vigarad] | [ vgioa
R3 R3 R3 R3 R3

where we have used Holder’s inequality in u, and Holder’s inequality in v. We then integrate over the domain €2
and apply Holder’s inequality in space.

For the gain term, using successively Holder’s inequality in u, Holder’s inequality in v, the inequality |v| <
|v'] + |u'| and the change of variable (u,v) := (u’,v’), we obtain

1/p 1/p 1/q

)

‘/ gain 91392 ng'U

/(10(9)/ |93(U)VU
S2 R3
1/q
[ vastae] " [ o \ / [ 70 )Pl e
R3 S2
1/q
< / Vlgslod / 0o(6 / / o )\gn (o) Plga (0P dudo
R3 S2 R3 JR3

1/q 1/p 1/p
< / vlgaltdo / vlgi[Pdv / VlgalPdv
R3 R3 R3

We then integrate over the domain €2 and apply Hélder’s inequality in space.
For the second estimate of (25), we first define for some C; > 0,

/ / |U _ ul"/qo / ( )e—C|u|2dwdu’ kg,l(%U) _ / |1} _ u|’yq0(9)6—C\u|2e—dv|2dw’
R3 S2

ul?—|v]?)

_ (\7
¢~ Ocllnmvi+ =] / ol e o)
u—v)=0

. V() gr(u')ga(v')gs(v)|u — v]7 go(0)dwdudv

1/p
dvdw

N

(u)Pg2(v")[Pdu

1/p
dw

A

1/p
dw

keo(v,u) = \v—u|2



and ke = k¢ o2 — ke 1. Clearly the estimate of (26) is valid for k¢ by the same proof in Lemma 1. Furthermore, if
€SP g1 oo < 00 7

IT'(g1,92)| < {|Fgain(e_<|v‘2ag2)’ + ‘Floss(e_qv‘zag2)|} X ||€<|v‘2g1|\oo
< {02 0) Qgain (22 200 4 172 (0) Quons (0 e 11 2ga) | | ¢ ([ gy o
< e gl )2 [ [ o= uPan0) {0 Pl e
)2 ga ) 2 ()2 g () [ 2 ) )2 ga (v) 2 (e )
<1 gl { [ {eatvv) +ealvn 0 Haaoldu + ve)lon(0) .
We therefore conclude second estimates of (25). In order to prove (27) we plug in g1 = g2 = e=¢I*1* to have
ID(g1,92)] < = Y2(v (0)] Qain 1/2674|v\2’ﬂl/26%\v|2) JrQloss(ul/%%lv\”’M1/267<\v|2)| « \|67<|v‘291Hoo||67q”|292\|oo

_ 2_ 72 _ 2_ 2 _ 2 _ 2 _ < 2 _ 2 _ 2
/3/ v —ul"go(6) [e S P =ClI® 4 g =Clvl*=Clul llle Bl g solle™ " galloe < e3P ||e™ gy o lle ™11 g2 oo
R

The first estimate of (27) is a direct consequence of Lemma 5 of [7]. O

Lemma 3. For any g1, g2, g3, we have for (i,7) = (1,2) and for (i,7) = (2,1)

1/p
\ [ vrn g 5sup{ / vlgi”dv} 120, g3
O xR3 Q R3

1/p 1/p
rsw [ daPack " 1Tl v gl +swp [ apach 1l 1l
R RS

_ 01,2 2 2
ITu(g1,92) ()] S (@) [[(0) g1llool[(0)  g2llows Tl 92) (0)] S €™ 7V [1°F g [|oo [ go oo

Proof. We compute the velocity derivative of I' after the change of variable u := v — u:
Vol'(91,92) = T'(91, Vug2) + T'(Vug1, 92) + Tu(91,92) =91, Vuge) +T'(Vugi, g2)

/R3 / Vo (v —=u)g1(v —ui)g2(v —u))|u|"qo(0)dwdu (29)

0 [ / VYR = 010 = )P a0 (9)duc,

(28)

where v = (u-w)w and u; = u — (u-w)w. The two first terms are estimated directly with lemma 2. Since

Vo (/1) (v —u)| < C’\/ﬁl/2(v —u), the two remaining terms are estimated as in the proof of Lemma 2. Following
the same proof of Lemma 2 we have the last two estimates. O

3 Traces and the In-flow Problems

Let tp(x,v) be the the backward exit time as defined in [7]:
th(z,v) =sup{r >0:z—sveQforall 0 <s <7}, ap(v)=2x—tpv. (30)

Recall the almost grazing set 4 defined in (11). We first estimate the outgoing trace on v, \ v5. We remark that
for the outgoing part, our estimate is global in time without cut-off, in contrast to the general trace theorem.

Lemma 4. Assume that ¢ = p(v) is L2 (R?). For any small parameter € > 0, there exists a constant Ce .0 > 0
such that for any h in LY([0,T], L*(Q x R?)) with O;h + v - V.h + ph in L1([0,T], L}(Q x R3)), we have for all

0<t<T,

t t
/ / Ihldyds < Ce o { ||ho||1+/ DR + |10 + v - Vo + lhs)]|, Ys
Y+ \75 0



Furthermore, for any (s, z,v) in [0,T] x Q x R? the function h(s+ s',x + s'v,v) is absolutely continuous in s’ in
the interval [— min{ty(z, v), s}, min{tp (z, —v), T — s}].

Proof. With a proper change of variables (e.g. Page 247 in [1]) we have

T
/ // h(t,z,v)dvdxdt (31)
0 QxR3
0

min{7T,tp(z,—v)}
= / // MT + s,z + sv,v)dvdzds + / // h(0 + s,z + sv,v)dvdads
— min{T,ty(z,v)} QxR3 0 QxR3

T 0 T min{T—t,tp (z,—v)}
+ / / / h(t + s,z + sv,v)dsdydt + / / / h(t + s,z + sv,v)dsdydt.
0 Y+ 0 v- JO

— min{¢,ty (x,v)}
For (t,z,v) € [0,T] X v+ and 0 < s < min{t, tp(z,v)},

0
h(t,x,v) = h(t — s,z — sv,v)e PV 4 / e?OT[0,h 4 v - Vb + o)A (t + 7, @ + T, v)dT.

—S

. T 0
Now for (t,z,v) € [e1,T] x v+ \ 75, we integrate over fEl fw\vi fmin{t’tb(ww)} to get

T T
min{e;, e} ></ / |h(t,z,v)|dydt < min {t,tn(z,v)} x/ / [h(t, x,v)|dydt
€1 'Y+\'Yi ] €1 'Y+\’Yi_

[, TIX [v+\7%

T 0
5/ / / |h(t + s,z + sv,v)|dsdydt
0 Y4+ J —min{t,tp(z,v)}

T 0
+T/ / / |0th + v - Vih + oh|(t + 7,2 + Tv,v)drdydt
0 v+ J —min{t,tp(z,v)}

T T
S [+ [0+ 0 Ve + dnlhds
0 0

where we have used the integration identity (31), and (40) of [7] to obtain t,(z,v) > Cq|n(z) - v|/|v|? > Cqe® for
(x,v) € 74 \77. Now we choose €1 = £1(£2,¢) as

£1 <Cqe® < inf  tp(z,0).
(@v)evs\vs

We only need to show, for £; < Ce?,
€1 €1
[ ] mtaoindt Soce, ol + [0+ v+ Ve + @bt
0 Jyp\ng 0
Because of our choice € and e, ty(z,v) > t for all (t,2,v) € [0,e1] X y4 \ v5. Then
t
|h(t, z,v)| < |ho(z — tv,v)| + / ‘[&t +v- Vi +oW)]h(s,z — (t — s)v,v)|ds,
0
where the second contribution is bounded, from (31), by

/081 /7 - /Ot ’[at +v-Vae+ o)|h(s,z— (t— s)vm)’dsd’ydt < /061 [0 + v - Va + o(0)]h(t)]|1dt.

Consider the initial datum contribution of |ho(x — tv,v)| : Assume 0;,&(xo) # 0. By the implicit func-
tion theorem 9 can be represented locally by the graph n = n(z1,z2) satisfying &(x1, x2,n(x1,22)) = 0 and
(8x1 77($1a 3’32), 89:277($15 372)) = (_aw1€/aw3§7 _azmg/awgg) at (xl? T2, 77('7;1) 372)) We define the Change of variables

(r,t) €90N{z ~ 20} x [0,61] my =2 —tv € Q,

10



_ 0z, & 0z, ¢
= Ui~ V2. — s Therefore

_ 8I1§ 2 aﬂvzg 2 1/2 _ $1€ 8I2§ _
\n(m).v|d5wdt—(n(x)-v)[l—i—(amg) +(8I3§)} dxldxgdt—{ ot o Y dzdeodt = dy,

and [ f'y+\'yiﬁ{m~xo} |ho(x — tv, v)|dydt Sceyzo [[qyrs 1ho(y,v)|dydv. Since 9 is compact we can choose a

finite covers of 0) and repeat the same argument for each piece to conclude

€1
/ / ol — to,0)dydt <o, // oy, v)|dydo.
0 Y+ \7% QxR3

Lemma 5 (Green’s Identity). For p € [1,00) assume that f,0if +v -V f € LP([0,T); LP(Q x R3)) and f, €
Lr([0,T); LP(v)). Then f € C°([0,T]; LP(Q x R®)) and f,, € LP([0,T); LP(7)) and for almost every t € [0, T :

isng+ [ 1, =15+ [+ [ [ @i

Lemma 6 (Velocity Lemma). Let Q be strictly convex as defined in (2). Recall (12) and define along the
trajectories for x € Q and s € [t1,ts] with t1 =t — tp(x,v), to =t + tp(x, —v),

O

as;t,z,v) = |v-VE(x — (t—s)v)|* = 2{v - V*(x — (t — s)v) - v}€(z — (t — 5)v).
Then there exists constant Cqo > 0 such that, for t; < s1 < s < to,
eCalinig(s)) < eP2ls2q(sy), eCllsig(s)) > emCaliszg(sy).

See [7] for the proof. Now we state and prove following propositions for the in-flow problems:

{0y +v-Vo+v)}f=H, [0,z,0)=fo(z,v), f(tz0), =gt z,v). (32)

For notational simplicity, we define

Ofo = —v-Vofo—vfo+H(O,z,v), (33)
2 2
n
Ve = ﬂ{ — Oy — ;:1(” “7i)0r,g — Vg + H} + ;:1 70, . (34)

We remark that 9, fp is obtained from formally solving (32), and (34) leads to the usual tangential derivatives of
0r, g, while defines new ‘normal derivative’ d,,g from the equation (32).

2

Proposition 1. Assume a compatibility condition
folz,v) = g(0,2,v) for (z,v) € ~_. (35)
For any fized p € [1,00), assume
V +fo, Vofo,—v-Vaufo—vfo+ H(0,z,0) € LP(QxR?),
9,019,V49,0r,9, ———— e ) {—0wg — Z(U-Ti)aﬂg—u(v)g—i-H} € LP([0,T] x v-),

i

and, assume 1/p+1/q =1 there exist TCT ~ O(T) and ¢ < 1 such that for all t € [0,T)

‘// t)dzdv
OQOxR3

< Or{lIn@)llq + el h(t)llq}-

11



Then for sufficiently small T > 0 there exists a unique solution f to (32) such that f,0.f, V. f, V. f € C°([0,T]; LP(2x
R3)) and the traces satisfy

8tf|'yf = @g, va"yf = vvga fo"y, = va:97 on vy—,

36
vmf(ovxav) :va:f07 va(O,x,v) :vva; 8tf(0,$,'l)) :atha n QXR37 ( )
where Oy fo and Vg are given by (33) and (34). Moreover
t t
1050l + [ 1ouslz, w0 [ o Pausl (37)
0 0
t t
—lousalty+ [ 1ot 40 [ [ atiosr-a
0 0 JJaxRr3
t t
IV @+ [ 19at o [ 1951 (3%)
t t
= ||wa0||g +/ |ng\z,,p +p/ // V$H|wa‘p_2vwf7
0 o JJaxgs
t t
IVt @+ [ 9oty [ 10791 (39)

t t
= IVl + / Vg2, +p / / / (VoH — Vo f — Vv f} Vo fIP-29, f.
0 0 OxR3

Proof. We apply the trace theorem to the derivatives of f by explicit computations. First we assume fy, g and H
have compact support in v € R®. We integrate the equation (32) along the backward trajectories. If the initial
condition is reached before hitting the boundary (case ¢t < tp), we have

¢
ft,zv) =e W fo(x — to,v) + / e VWO H(t — 5,2 — vs,v)ds.
0
If the boundary is first reached (case t > tp,), we have
tb
ft,z,0) =e Og(t —ty, xp,v) + / e VW H(t — 5,2 — vs,v)ds.
0

Let us rewrite it

ft,z,v) :1{t§tb}€7ty(v)fo(ff —tv,v) + 1{t>tb}€7tby(v)9(t — th, T, V)

min(¢,tp) (40)
n / e—sv(v)H(t —8,x — Vs, ’U)d8~
0

We take derivative of f with respect to time, space and velocity for ¢ # t1,. Recall the following derivatives of xy,
and ty (see lemma 2 in [7]) :

n(wp)
v-n(zp)’

LG R
v-n(zp)

t
) oy = el 2R oy
v-n(zp) v-n(Tp)
Since g is defined on a surface, we cannot define its space gradient. We then use directly the gradient in space of
g(zp). Regarding g(t — tp, zb(z,v),v) as function on [0, 7] x Q x R? we obtain from (41)

Vit =

Vgl — th, 2, 0)] = ~Vatndig + VarnVrg = —— ) g0 4 (I _ne “) V.9
v-n(Tp) n-v

M {atg +v- Tlang +v- 7_28729}7

=T10r,9 + 20,9 —
v n(rp)
Vulg(t —tn, b, v)] = —t, Vi [g(t — tn, 2b,v)] + Vg,

where 71 () and 72(z) are unit vectors satisfying 7 (x) - n(z) = 0 = 7o(z) - n(x) and 7 (x) x 72(z) = n(x).

12



Therefore by direct computation for ¢ # ty,, we deduce
Orf(t,x,v) ey = *1{t<tb}€7w(v) Wfo+v-Vafo— Hyi—ol(® — tv,0) + Lgsy1e” Y 0ig(t — tn, xp,v) (42)
min(t,ty)
—|—/ e o H(t — s,x —vs,v)ds,
0

vzf(t7xav)1{t7£tb} - 1{t<tb}eituvmf0(x - t’U,U) (43)

2
+1{t>tb}67tbu{ Z Tia‘rig -
i=1

%%{2<>}}<>

min(t,ty)
+/ eV H(t — —vs,v)ds,
0

va(t,%v)l{t;étb} = 1{t<tb}6_tu[_tv93fo + Vo fo =tV (v) fol(x — tv,v) (44)
2
. n(z
—Lisipytne to {Znang — vi{ag + Z V- 7;)0n9 + Vg — H}} (t — tp, Tp, V)
=1 =1
+1{t>tb}€7tbu{vvg(t —tb, b, V) — t, Vo (0)g(t — ty, Tp, U)}
min(¢,tp)
+ / e {V,H — sV, H — sVvH}(t — s,x — vs,v)ds.
0

We, first, show that 0f1~,,y € LP and 0f1(;4, ) separately. Now we take L norms above with the changes
of variables in Lemma 2.1 of [6] and using Jensen’s inequality in [0,¢]. More precisely, for ¢ € L' with ¢ > 0,

//Qst 1o rocay bla — tv,0) = /R U Lo toeay dla — to,v daz] dv < //Mgs ),

(45)
// (>0, 8t — to(2,0), 2p(2,0) / / o(s, z,v)|n(z) - v|dS,dvds,
{QxR3}INB((x0,v0);6) OO XR3
where for the second inequality we have used the change of variables for fixed ¢, v,
x> (t—tp(z,0), 2p(2,0)). (46)

In fact, without the loss of generality we may assume 9,,&(zp(z,v)) # 0 for (x,v) € B((xo,v9);0) so that
Tb(z,v) = (Tb,1, Tb,2, 1(Tb,1, Tb,2)). Using (41), we compute the Jacobian

—Vtp —(v-n)~n 1
J— . amlg 11?25
det —VaThb,1 = det —VaTb1 = |-v 3 — Vg + v3
_wab,Q _vwxb,Q wgg x3€
Therefore dzdv = ‘71}1 g”lg ‘25 + 'Ug‘ dzidzedvdt = |n-v|dS,dvdt = dydt. Using these changes of variables,
3
we obtain
1/p

1F (O gzent o < [l follp +

t
// |g[Pdyds
0 Jy

t 1/p
4 ¢e=1/p [/ ||H||§ds] ’
0
10cf )11ty llp < v+ Vafo+vfo—H(O, ),

t 1/p t 1/p
+ / / OugPdrds| 4 oD/ U atHII,’;ds] ,
0 _ 0
1/p

t
Ve f (0L sy llp < IV follp + @07 U IIVxH(S)IZdS}

A

P 1/p
d’yds] ,

(47)

ZTZ .G —7{ag+2v 7i)0r,g +vg — H(Omv)}}(t—tb,a:b,v)

i=1

13



Vo f Ozt llp < HIVafollp + Vo follp + Cllfollp + Ct
t 2 n(mb) 2
3 / / {ZTiaTig_iv-nx {at9+2(v'Tz‘)ang-i-ug—H(O,x,v)}}(t—tb,xb,v)

1/p
// |Vug|Pdyds // v)g|Pdyds| 4P~ D/P U |V H||pds]

1/p 1/p
+tP=/p U |V H||pds} + Ctr=l/p U ||des}

From our hypothesis and assumption on fy, g and H to have compact supports, these terms are bounded, therefore

Of sty = [0S piztny, Vol Liizeny, Vo Lize,y] € L([0, T LP(Q x R?)).

¢ 1/p
[ ] iararas
0 Jy_

P 1/p
d’yds]

1/p
+t

On the other hand, thanks to the compatibility condition, we need to show f has the same trace on the set
M= {t =tp(z,0)} = {(tp(z,v),z,v) € [0,T] x Q x R3}. (48)

We claim : Let ¢(t,z,v) € C((0,T) x Q x R3) and we have

/oT //QXRS 100 = _/OT //Q><R3 O Lt} 5

so that f € WP with weak derivatives given by 0 f iy
Proof of claim. We first fix the test function ¢(t,z,v). There exists § = §; > 0 such that ¢ = 0 for ¢ >
dist(z, 8Q) < 6, or |v| > }. Let ¢(t,z,v) # 0 and (¢, x,v) € M. If follows that ¢ = tp(2,v) so that zp = z — tbv
Hence |z — zp| = tp|v| and
dist(z, Q) < |x — ap| = tp|v].

Since tp, < %, this implies that

]

lv| > — > 62
tp

Otherwise dist(x,9Q) < 6 so that ¢(t,z,v) = 0. Furthermore, by the Velocity lemma (Lemma 6) and this lower
bound of |v|, we conclude that there exists 6'(d,€2) > 0 such that

v - n(avb)|2 Zalv- VI§(xb)|2 =t —tp;t,x v) > e_c‘2<”>tboz(t;t,x,v) > e_C“<”>tbC5|v|2\§(a:)|

> —Cqdé~ 2 4 O
e Ced’ | oin, JE(@) =20°(6,2) >

In particular, this lower bound and a direct computation of (41) imply that {¢ # 0} N M is a smooth 6D
hypersurface.
We next take C' approximation of f), H', and g' (by partition of unity and localization) such that

Hf(l) - f0||W11P — 0, Hgl - g”WlJ’([O,T]xw,\wi') — 0, HHl - H||W1«T’([0,T]><Q><]R3) — 0.
This implies, from the trace theorem, that
fo(@,0) = fo(w,v) and  g'(0,2,0) = g(0,2,v) i L'(3-\17).

We define accordingly, for (¢, z,v) € [0,T] x  x R3,

min{t,ty }
it z,v) = 1{t<tb}e_t”(”)fé(x —tv,v) + 1{t>tb}e_tb”(”)gl (t —tp, Tp,v) + / e_s”(”)Hl(t — s, — sv,v)ds,
0
(49)
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and fL(t,z,v) = 1{t2tb}fl. Therefore for all (z,v) € v_,
FL(s, x4 s0,0) — fL(s,x+ sv,0) = eV gl (0,2,0) — e fl(2,v).

Since {¢ # 0} N M is a smooth hypersurface, we apply the Gauss theorem to f! to obtain

/// Do fdzdudt = //[fl+ ~ 16 e npdM — {// [ 6 ousharduat + // [ o (%fldxdvdt} . (50)

where 0o = [0;, Vi, Vo] = [04,02,, 0nyy Ouys O, s Onyy On] and npyy = e; € R7. We have used (s,z + sv,v) and
(z,v) € y_ as our parametrization for the manifold M N {¢ # 0}, so that n(xp(z,v)) - v > 2§’ is equivalent to
n(x) - v > 2¢'. Therefore the above hypersurface integration over {¢ # t,} is bounded by

%
Cos / / |f_l~_(s, x + sv,v) — fl_(s, x + sv,v)|dS,dvds
0 n(x)-v>26’

Sos / 190, 2,v) — Fi(s,0)[dSudv —5 0, s oo,
n(x)-v>26’

since the compatibility condition fo(x,v) = g(0,z,v) for (z,v) € v_. Clearly, taking difference of (49) and (40),
we deduce f! — f strongly in LP({¢ # 0}) due to the first estimate of (47). Furthermore, due to (47), we have a
uniform-in-I bound of fi in WP ({t = ty,, ¢ # 0}) such that, up to subsequence,

aefi - aefl{t>tb}, 8ef£ - 6ef1{t<tb}7 weakly in L”({¢ # 0}).

Finally we conclude the claim by letting | — oo in (50).
Now notice that from its explicit form (40), and since all the data are compactly supported in velocity, f is
itself compactly supported in velocity. Recall 9 = [0, V4, V,]. From this and the LP bounds above, we conclude

{Oi+v-Ve+v(w)}df =0H —0v-V,f —0vfelLP. (51)

By the trace theorem (Lemma 4), traces of 0;f, V. f,V, [ exist. To evaluate these traces, we take derivatives

along characteristics. Letting ¢t — ¢t and t — 0, we deduce (36). From the Green’s identity, Lemma 5, we have
(37), (38) and (39), and therefore we conclude df € C°([0,T]; LP).

In order to remove the compact support assumption we employ the cut-off function x used in (13). Define

f™ = x(Jv|/m)f then f™ satisfies

{0 +v- Vo +v()Hf™ = x(Jv]/m)H, (52)

[0, 2,0) = x(Jvl/m) fo, ™5 = x(|v]/m)g. (53)

Note that Vo [x(|v]/m)g] = x(lv]/m)Vug+gVux(|v|/m) and x(|v|/m) fo(x,v) = x(|v]/m)g(0, z,v) for (z,v) € ~_.

Apply previous result to compute the traces of the derivatives of f™. It is standard (using Green’s identity) to

show that 0, f™, V. f™ and V, f™ are Cauchy and we can pass a limit. O

We now study weighted W1? estimate. Recall (13). We first define an effective collision frequency:

vt z,v) = v(v) — Mt 2,0){0; +v -V, d(t, z,v)
= (v) - %( Kvpe o — oo TPe(x) - v)e(a)) (54)
x (X(e_“””a/EH&_lx( /o) ~ 1)),

Clearly v (t,z,v) ~c v(v) + A(l — O¢(1))(v) ~ A{v) from our choice (14), and from the definition, it is easy to
verify that
{0y +v- Vo dY = [—ua(v) + v(v)]dY, (55)
so that
dMo, +v -V +v()}0f = {0, +v- Ve +v(v)}d af] — 0f {0 + v -V, }d> (56)
= {01 +v- Vo +un}dOf].
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Proposition 2. Let f be a solution of (32). Assume (35) and (v)g € L>([0,T]x~-), (v)H € L>([0,T]x 2 xR3).
For any fized p € [2,00], assume

d*d,g, V.9 € L=([0,T); LP(v-)),
M%M(‘ﬁt9|+<v>|vr!]|+\ff|)} € L*([0,T); LP(v-)),

d* —v-Vofo—v(v)fo+Ho| € LP(QxR?),

d*{|V.g| +

and assume 1/p+ 1/q =1 there exist TCr = O(T) and ¢ < 1 such that for allt € [0,T]

|// dAaHu)h(t)\ < Cr{[Ih®)lq + £l {th(®)1,}.
QO xR3
Then f(t,xz,v) satisfies
t
170l < ollo + s Nl + || [ )05
0<s<t 0 oS
Recall 0 = [0, V., V], then

{0 +v - Ve +ua}dof] = d*OH —0ov-d*V,f — dv(v)d f,
d*fli=o = ddfo, d*ofl,. = d*[ogl, ],

where [0g|,_] is given in (36). Moreover, recalling (33) and (34), we have for 2 < p < oo,

[ worers [ [ wworp [ [ aon 67)

s [ @onprs / / | agl? + / [0 - 00 V.1 - v pllaos
IxR3 0 QOxR3

€

1d*0f (®)llee < 1d*0folloo + [1d*g][oc +/ |1d*0H — 0v - d*V, f — 0vd fllee,  for p = oo
0

Proof. First we assume fo, g and H have compact supports in {v € R? : |v| < m}. We estimate df in the bulk.
From the velocity lemma (Lemma 6), we have

A A A
sup d(t, z,v) <o - d(t,z,v) < (Ot sup d(t,z,v) < Conns.
t<ty d(O T —tv ’U) t>ty d(t — b, Tb, U) max{t—tp,0} <s<t d( S, L — SV, U)
Multiply d(¢,z,v)* by (42), (43) and (44) and use the above inequalities to get
d*of(t,x v)\
S eOmatemt U)d’\| [Vfo+v - Vafo— Hyzol(x — tv,0)|1pct,y
+ eFmato = tb”d’\at|g t — tp, Tp, v |1{t>tb}
min(t,tp)
+ / eC"'”*Se_S”d)‘th(t —8,T — VS, v)‘ds,
0
ANV, f(t, @, v)|
(58)

2
5 eCm,Ate—tudA|vwf0($ — to, U)’]-{t<tb} + eCm,Atbe—th Z Tid)\|(9-,—ig(t — ty, Tp, U)|1{t>tb}
=1
d/\(t — tb,IL‘b,’U)

C t —tpV
+e ™A b@ b n(Tp
( ) |U . n(xb)|

2
{019+ 0 m)0ng+vg — B}t~ to,20,0) |15,

i=1

min(t,tp)
+/ eCms *S”d’\|V H(t— — vs,v)|ds,
0
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MV, f(t,a,v)]
< ec""’*te_t”d’\H—tszo + Vo fo =tV (v) fo](z — to, v)|1{t<tb}

2
+ eCMM\tbeith Z Tld}\|a7'qg(t - tba Tb, U)‘l{t>tb}
i=1
d(t — tb,xb,v)A
v n(zp)]

+ eC’"'*tbe_tb”dA{\va(t — th, Tb, V)| + [t Vo (v)||g(t — to, Zb, v)|}1{t>tb}

2
+ eFmatbetorp (g H(’)tg + Z(v - 73)0r, g + Vg — H}(t — th, Tp, V) | L{t>1,}
i=1

min(t,tp)
+ / ec’”v*sefs”d)ﬂ{va — sV,H — sVvH}(t — s, — vs,v)|ds.
0

Following (45) and (46) of Proposition 1 and using the condition of Proposition 2, we deduce
t 1/p ¢ 1/p
90Ol Ko [0 Tufo b vio — HO- N+ | [ 10|+ | [ 1@
0 0

2 t 1/p
1o FDlly Sern [V folly + 3 [ / |dkang<s>|z,pds}
=1

iy a P 1/p b 1/p
< L 3 )
+ [/0 Hv.n{c?thr > (v 7:)0r9+vg H}H%pds] + UO d VIH(s)|pds} 7

2 t 1/p
IOl Sems [l + 3 | [ I0g6)E 5]+ sup l1g(o
i=1 >8>

1/p

todr » 1/p t \
T — p
+ [/0 Hv.n{c?thrZ(v 71)0r.9 + vg H}des] + UO Id va(s)des]

t 1/p
+ [/0 |V, H(s)|[% + ||dAVzH(s)|gds} + sup [(0)H(s)llc-

By the hypothesis of Proposition 2 and assumption on fy, g and H to have compact support, the right hand sides
are bounded and hence d*9, f,d*V, f, and d*V, f are in L>([0,T]; LP(Q x R?)).

Since fy,g and H are compactly supported on {v € R3 : [v| < m}, the derivatives d*d; f,d*V,f and d*V, f
are compactly supported on {v € R3 : |[u| < m} and hence from (56) and (51)

{0+ v -V +u}d of] = A*OH — Ov - d V. f — dv(v)d* f. (59)

Moreover, from the general definition of traces, by choosing a test function multiplied by d*, we deduce d*0f
has the same trace as d*9f|,].

Now we can apply Lemma 5 to have (57) which does not depend on the velocity cut-off. Therefore for the
general case, we use (52) and (53) and pass a limit to conclude the proof. O

Proposition 3. Let f be a solution of (32). Assume the compatibility condition (35) and compatibility condition
atg(oax;v)ziv'vx O*V(’U)fo+H(O,ZE7U), fOT (.’,E,’U) 67—U70 (60)
Assume

ddrg, dV.g € C°([0,T) x v- Ux),

2
. T _ 0
(@) _U{atg+;(v 73)0r,9 +vg H} e C°[0,T] x y_ Uxo),

H, dOH € C°([0,T] x Q x R?),
d{ —v-V,fo—v(©)fo+ Ho}, dVafo, dV,fo € C°%Q xR?).

Then dOf € CO([0,T] x Q x R3).
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Proof. We only need to prove that dof € C°([0,T] x  x R?). Recall that we have compatibility conditions (35)
and (60). We multiply by d the formulas (42), (43) and (44). Clearly dOf(¢,z,v) is continuous for (x,v) ¢ 7o
and t # tp(x,v). We first show that ddf (¢, z,v) is continuous at (z,v) € v with ¢ # ¢p(x,v) and then prove that
dof(t,x,v) is continuous at t = ty,(z,v) for (z,v) € Q x R3.

We first consider the time-derivative do; f at the grazing set . We define

do, f(t,z,v) = dog(t,z,v) for t >0, (z,v) € 7o,
datf(oaxa U) = d{—’U : foo(x, U) - V(U)fO(IaU) =+ H(O,SC,’U)} for (J?,U) € Yo-

Due to (60) we have do;f(t,x,v) — do:f(0,z,v) as t | 0. In order to show that dd;f(¢,z,v) is continuous at
(z,v) € y0 we choose a sequence (y;,u;) € ( XRS)\’yO such that (y;,u;) — (x,v). By the velocity lemma (Lemma
6) and (y;,u;) ¢ Yo, we have (zp(y;,u;),u;) < 0. Since ty(y;, u;) — tu(z,v) = 0 we may assume ¢ > t,(y;, u;)
for sufficiently large j > 1. Now we multiply (42) by d(¢, z,v) to get

d(t,y;,u )

eitb(yj’uﬂy(uj)dag t—to(Y;, uj), Tu(y;, uj), uj
d(t —tu(ys, uj), oo (Ys, us), uj) 19l (w3 u3), 2605, u5). 1)

datf(ta Yi, U’j) =

) d(t ;)
v d79 g 78V(uj)d8Ht— o - \ds.
+/0 At — s,y — suzuy) WH(t = s,y — suj,u;)ds

From Lemma 6 we have, for j > 1,

d(t, y;, u;) = o by uy) aftit y;, us) < (Contlug)tn(yyu) <o) 1)
d(t — tu(ys, uj), w6 (Y, uj), uj) alt —tu(ys,u);t, Y, uj) ’
. . {us) . . .
d(tvyj7u]) — e " 27—5M S eCQ,l<Uj>S SQZ ]_7 for 0 S s S min(t,tb),
d(t —s,y; — suj,u;) alt —s;t,y;,u,) ’
and hence
d(tayj7uj) d(taxav)

%
d(t — tu(y;, uj), vo(yj, uz),u;) — d(t,z,v)

Since the integrand of f o (4 :u5) (---)ds is finite due to the hypothesis of the proposition and the above inequality

we conclude from tp(y;,u;) — th(z,v) =0

to (Yj,u;) d(t . .
/ (. ) e DA H (t — s,y; — suj, uj)ds| — 0,
0 d(t —s,y; — suj,u )

and do, f(t, y;, u;) — dog(t, z,v).

Therefore do, f (¢, z,v) is continuous at .

In order to show that dd; f(¢, z,v) is continuous at ¢t = t,(z,v) we separate two cases: If t < ¢p, we use (42)
to get

lim do, f (¢, x, v) d(t, z,v)

fim = F00 oy A Vafo — (0o + Hlemo}x 10,0

¢ d(t ;
0

t—s,x—sv,v)

Using Lemma 6, we deduce, for all 0 < s <t < tp,

d(t)xvv) :ef@s Oé(t;tax;v) < e*@SeCQ«U}S < 00.
d(s,z — sv,v) a(s;t,x,v) —
Hence,
. d(te, z,v) _i 10w
lin 0, (t,2,0) =G0 e (=0 ofo = v+ Hlv-o) om0

o d(tp,z,v)
Ll —suv d(‘? — sz — ’ ds.
+/0 d(tb—S,x—sv,v) WH(ty — s,z — sv,v)ds
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Similarly for ¢ > t, we use (42) again to obtain
d(tp,z,v) _ e d(tp, z,v) _

lim do, f (¢ = Lemter(1)d0,6(0 / e 0 dd, H (ty, —s,© — ds.
imdo, f(t, z,v) = d(O,xb,v)e 19(0, xp,v) + ; d(tb—s,x—sv,v)e i H (tp, —s,x — sv,v)ds

tltp
Finally we use the compatibility condition (60) and (36) for A = 1 to conclude lim, ,,, dd, f (¢, z,v) = limyy, A0, f (¢, 2, v)

We next consider the spatial derivative dV, f. We define

2 2
dV, f(t,z,v) = anaﬂ.g(t,x, v) + ne‘¥t|V§($)|{8tg + Z(v 7;)0r,g + Vg — H}(t,x,v), for t > 0, (z,v) € 7o,
i=1

i=1
for (z,v) € .

def(O, Z, ’U) = dvxf0($7 U)v

Due to (60) and (36) for A = 1, we have, for (z,v) € 7o,

2
=" 70y, folw,v) + nIVE@){[~v- Voo = vfo + Hlio

2
ltiigdvzf(t,:c,v) = ]+ ;(U “73)07, fo +vfo — H\tzo}(x,v)

i=1
2
= > middy, folav) +nlVE@)(~v - n(2)d, fo(a.v) = AVafoz, )
i=1
where we have used d(0,z,v) = |V&(x) - v| or d(0,z,v) = —|VE{(x) - v| for (x,v) € . In order to show that
dV, f(t,z,v) is continuous at (x,v) € 79 and ¢ > 0, we choose a sequence (y;,u;) = (z,v) € v as in the proof

for the time-derivative dd; f. Then using (43) for sufficiently large j > 1, we deduce

d(t,y;,u;) )
dV. f(t,y;,u;) = 0 I3 7 to(y;,u;)v(u;) E .. g(t — tu (v, u; s .
\Y f( aiju]) d(t_tb(yjauj)7xb(yj7uj)7uj) € < 1T 19( b(yjauJ)vxb(yjauJ)vu])

d(t — tu(yj, uj), 2u(y;, us), u;)

)‘ 1{8tg+z U Tz 'rlg"'yg H} t_tb yj»uj) xb(ijuj) u])}

e s ) 1 e (0, ) [V E (050 5) i1
= Y 7i(x)dor,g(t, x,v) + n(x)e ~ Ve )|{5’t9 + Z(” “7i)0r,g +vg — H}(t’x’ v)

i=1

In order to show that dV, f(¢,z,v) is continuous at ¢t = tp(z,v), we take limits ¢ — ¢y for both ¢t < ¢, and
t > tp in (43). Due to the common H integral, it suffices to observe that the part of limyss,

d(t
Meftbl’(”)d(o’ b, V)V fol(zp,v),

d(0, zp,v)
coincides with the part of limg,
d(tb,l’,v) —tp(z,v)v(v) : d(O Th,
(0,25, 0)° {;T’daﬂg—”(xb)m{at +; v 7;)0rg + vy — H}} (0, 21, v)
_ At 20) @) : d(0, z,v)
,0)v(v Zda’T 5 _ . an ,
= 40, 2n,0) ) {;T Jo(zb,v) +n(zp) v n(zy) {(v - n(zp))Onfolzp v)}}
d(tb,x v) o tar(v)
vd(o z ,v),
(O Tb, U ) ( ,SCb,U)V f()(xb U)

where we used (60) and (36). This completes the proof of continuity of AV, f
Finally we consider V, f. Because of the proof of continuity of dV, f, we only need to show

}irtn d(t,z,v)e W[V, fo — tV,v(v) fo](z — tv,v) = }%n d(t,z,v)e [V, g — t, Vr(v)g)(t — to, Tn,v)

which is clear from f|, =g and dV,f|,_ =dV,g and dV, f|;=0 = dV, f in (36)
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4 W' (1 <p<?2) Estimate
Consider the following iteration :
{0y +v- Vo +v@)} ™ —Kfm =T ™), f7H0,2,0) = fole,v),
[ e o)l = e/p) [ @)y () {n - ubdy,

n-u>0

(61)

with f* = fo, and with the compatibility condition for the initial datum (4). Remark that the normalized
v|2
Maxwellian is p(v) = e~ From [2, 7], we have a uniform bound of

sup sup |[(0)7 /" ()lle Sa [1(0)7 folloo < 1, (62)
m 0<t<oo

for g > 4. We apply Proposition 1 for m = 1,2, ... with

H=—-Kf"+T(f" f"), g=cuvu@) f7 s u) v/ p(u){n(z) - uidu. (63)

n-u>0

Recall 0 = [0, Vz, V,]. Then 9f™ satisfies
{0+ +v- -V, + V(U)}afm+1 =g™, 9f™TH0,x,v) = dfo(x,v), (64)
where

g" = —[0v] - Vo f" T = O (o) [T = O[K ™ = T(f™, )], (65)
G S IV f ™+ KIOF™ [+ [DOf™, f™) + D™, 0F ™) + [Vor ()| FFH + Ko f |+ Do (7 f™)]

with K, f™ and T',(f™, f™) defined in (22) and (29). Furthermore using (19) and Lemma 1, Lemma 2 and
Lemma 3 yields

(Vo (@IF™ ]+ Ko f ™+ [To(F7, ™)

66
SA{IVor(0)[(v) ™7 + [Ko (0) ™7 + Lo ((0) 72, (0) ) I folloo S (0)™7F1(0)° fol oo 0
For (z,v) € v_, from (63) and (34), the boundary condition is bounded by
OF )| < cum(u |n<§cv>>~v|) / o 2 ) ) )
1 viv m+1 m morm

iy o O K Gl (67)

. ) m () [ () - ka4 ()8
< Va0 (14 ) [ ol ) w0 ol

where we used the boundary condition for f™*1[, again, and (62), (19) and Lemma 2 and (u)\/p(u) < ()7
Set Of° = [0:f°, Vo f°, Vo f° = [0,0,0]. The main estimate is the following :

Lemma 7. For 1 <p<2,if0<T, <1 and ||(v)®fol|loo < 1 for B > 4, and the compatibility condition (4) then

uniformly-in-m,

T, T,
sup [[0™[2 + / o5, + / [ Po5m 12 <o,
0 0

0<t<T,

foll? + 11(0)” fol [ (68)

Recall that the time derivative of the initial datum is defined as 0; fo = —v -V, fo — Lfo+T(fo, fo). We remark
that the sequence (61) is the one used in [7, 2] and shown to be Cauchy in L>°. Therefore the limit function f
is a solution of the Boltzmann equation with the diffuse boundary condition (1). On the other hand, due to the
weak lower semi-continuity for L? in the case of p > 1, once we have Lemma 7 then we pass a limit 0f™ — 0f
weakly in sup,cio 7 || - [|5 and fOT* |v*/P - ||p and &f™|, — Of|y in [y |- |7, to conclude that Of satisfies the
same estimate of (68). Repeat the same procedure for [T, 27%], [2T%,3Ty],- - , to conclude Theorem 1.
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Proof of Lemma 7. We prove the lemma by induction. From Proposition 1, df I exists. Because of our choice
Of° the estimate (68) is valid for m = 1. Now assume that df* exists and (68) is valid for all i = 1,2,--- ,m.
Applying Proposition 1 to show that df™*! exists and to get (37) — (39), we have

t
sup |9F™ ()| 2 + / e / Mo e
0

0<s<t
< ||8f0‘|g+/0 ‘afm—‘rlllv)ﬂp—’_/o //Q . {'Kafm|+|F(fm,8fm)|+‘F(afm,fm)|}|8fm+l|p_l

+1t sup ||8f’”“(s)||§+||<v>5fo\|oo+\|<v>ﬂfo||oo/R$ ofmHPdv,

0<s<t

where we have used (65) and (66) and

//QX 0) P [(0) fol s |0 f ™ P~ do <[|(v Bfolloc{// ﬁ+7dv+//<v>*5+7|afm+l‘p}
D foll {1+ [[ ey,

Estimate for K and T : Use Lemma 1 and Lemma 2 to have

(69)

[ {worms o+ o, oo yogse
0 QxR3

t t 1/p t t
< [ o+ [ty sw{ [ vimpack{ [iwreopmigs [wrorp) o)
0 0 T R 0 0

t t t t
5/0 ||3fm\|5+/O 12F7 5 + Cop.sl1(0) fol oo {/0 I\Vl/pafm\|£+/0 ||V1/”3f’”+1||5}a

where we used [p, ég—z)ﬁdv S Jps(0)7PPdv = C, 5 < o0 for B> 4.

Boundary Estimate : Recall (11). We use (67) to obtain

/0 [ o

p

o ([ (e o) [ [ et ] s
+ sup ( [ @ v|1-pdv> X 1(0)” foll

€02

t
SP/O /asz l/ ( )>0|afm(s’x’u)‘“1/4(“){"'u}du

. t p .
It suffices to estimate [; [, [fu-n(m)>0 |0f™ (s, 2, u)| ™ *(u){n - u}du} dS.ds. We split the {u € R? : n(z)-u > 0}

as
t P t t p
/ / {/ 8fm|u1/4{n~u}du} ,Sp/ / / du —I—/ / / du| . (72)
0 Jon n-u>0 0 JoQ (zw)€v+\ 75 0 JoQ (z,u)€s

We use Hélder’s inequality to bound

P p—1
[/ du} < l/ ey {n- u}du] l/ |0f™ (s, 2, u)|P{n(z) u}du] )
(zu)evs (zu)evs (zu)€vs

21
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dS,ds + 1] (v)" fo| . (71)




to bound the second term of (72

p t
Soe [0l s (73)

)
IRV

For the first term (non-grazing part) of (72) we use Holder’s inequality and Lemma 4 and Lemma 1 and Lemma
2 for f™ to estimate

¢ p
[T —
0 Joo |J@uweri\g

t t
< ||8f0||§+/ ||afm(5)||gds+/ // Hat+v-Vm+V(U)}8fm|\afm|p—ldxdvds
0 0 QOXR3

t
<o ol + [ 1o -
S 0 e+ 105+ 0 D 0 D@ o

Se ||af0||g+(1+||<U>5f0||oo)/0 Hafm(s)Hg_"(l"_H<U>ﬁf0||oo)/o 1857 (s[5 + l1{0)” fol [

Putting together the estimates (69), (73), (74) and (70), and choosing sufficiently small ¢ <« 1,7, <
L [|(v)? folloo < 1, we deduce that

T T.
sup o™ @+ [l v [ o
0<t< 0 0

SLx

T . (75)
S ot Il 1 oroig+ [ o, ,+ [ o)
SCro{ll0folly + 1) follc} + 5 _max { swp Nlog @I+ [0+ [ I 70r g}
To conclude the proof we use the following fact from [2] : Suppose a; > 0, D > 0 and A; = max{a;, a;—1, -, @j—(p—1)}
for fixed k € N.
1 1 8\” m
If ams1 < gAm—FD then A4,, < §A0+ 7 D, for T > 1. (76)
Proof of (76): In fact, we can iterate for m,m — 1, ... to get
1 1 1 1
[07%9% S é maX{gAm_z + D, Am_2} + D S gAm_Q + (1 + é)D
< 1 a {1A +D,A }+(1+1)D< 1A +(1+1+ 1)D
S maxy s Am— y Lim— o = S4im— o o9
= 8 gom? ? 8 g 8 ' 8
1 8
< =-A,_ -D.
S 03 K+ -
Similarly a,,—; < %Am,k + %D forall i =0,1,--- ,k — 1. Therefore if 1 < m/k € N,
1 8
Am - max{arru Am—1,""" 7am7(k71)} S gAmfk + ?D
1 8 1 1 8 1 1
< Ay ot o(14+=)D< Ay g+ o(1+=+—)D
< @ 2k+7(+8) <% 3k+7(+8+82)
1\ [#] 8\ 2 1\ # 8\ 2 1 8\ 2
< (= A i —| D<|(= A D < ZA —| D.
< (5) A (5) 2=(5) w+(5) 2 = 50 (3)
This completes the proof of (76).
In (75), setting k = 2 and
t t
o= swp O£ @I+ [0, ,+ [ 10l D=Cra{lofll+ 1) fall},
0<t<T. 0 0
and applying (76), we complete the proof of the lemma. O
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The following result indicates that Theorem 1 is optimal :

Lemma 8. Let Q = B(0;1) with B(0;1) = {x € R3 : |z| < 1}. There exists an initial datum fo(x,v) € C* with
fo cC B(0;1) x B(0;1) so that the solution f to

Of +0-Vof =0, flico=fo  Fte0)ly = cur/al0) F(t 20 V/a@ () -uydu,  (77)

n(x)-u>0

satisfies

1
/ / Vo f(s,2,0)Pdyds = oo,
0 y—

so that the estimate (5) of Theorem 1 fails for p = 2.

Proof. We prove by contradiction. Suppose f01 f% |0f (s, z,v)|*dyds < +00. Then

anf(t7xvv) = ﬁ{ - 8tf - (7—1 'U)aﬁf - (7—2 "U)amf}’ for (3:7”) €7,

We use the boundary condition to define :

atf(ta $7U)|W— = Cuv /J“(U)A(tvx) = C#\/ﬁ =0 8tf\/ﬁ{n ’ u}duv
Or, ft,z,v)|y. = cuv/u(v)Bi(t, z)

oT 1
5'737— uy/p{n - updu.

(i [ OtV wdut i [ Vof

n-u>0 n-u>0

We make a change of variables v; = v -n(x), v, =v-71(x), vy, =v-T2(x) to compute

/ de/ dvy // dv,, dv,, M{(A)2 + (v7,)%(B1)? 4 (vr,)?(B2)? 4 2v,, AB; + 2v,, ABs + 2%%3132}
o 0 R2 AN

_lei?

_ / S / S, {(A)® + 2m(By)? + 27(B2)?}.
0 CAR a0
Note that the integration over 9 is a function of ¢ only (independent of v). Since fooo dy”j = 00, we conclude

that A = By = B, =0 for (¢,z) € [0,00) x 9Q. In particular from A(t,x) = 0 we have for all ¢ > 0

/( st F(tz,u)/p(u) {n(z) - u}du :/ £(0, 2, u)/pu(u){n(z) - u}du. (78)

n(z)-u>0

We now choose the initial datum to vanish near 0f2 :

fo(z,v) = o(|z])¢(|v]),
where ¢ € C*°([0,00)) and ¢ > 0 and supp¢ CC [0,1) and ¢ =1 on [0, %] Clearly

/) [ o fole VR ) wjdn =0

z)-u>0

Hence f(t,z,v) > 0 from f; > 0 and the zero inflow boundary condition from (78) and the above equality.

Moreover following the backward trajectory to the initial plane for ¢t € [%, i] and (z,v) € v+ and |v — ﬁ| < 6%1,
and |v] € [%, 3],

ft,z,v) = folr —tv,v) =1,

which contradicts to c,\/p(v) [, .~ f(t, 2, u)\/p(u){n(z) - ufdu = 0 for (t,z,v) € [0,00) x y_ from (78). O
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5 Weighted W1? (2 < p < co) Estimate

We now establish the weighted W7 estimate for 2 < p < oo with the same iteration (61). From [2, 7] for
0<(< i, we have a uniform bound

2 2
sup sup |e"F f7 (1) [0 S (e folloo- (79)
m 0<t<oo

Recall 0 = [0, V,,V,] and d*0f™ satisfies
{0 +v -V +uyp}drofmtt = N™, d*fm 0, z,v) = d M fo(x,v), (80)
where N'™ = d*G™ in (65). Using (19) and (20), (23), (24) and (27), (29) and Lemma 2 and Lemma 3 to have

N SdMIKOf™ + [D(f™, 0 ™)+ D@f™, f™)I}

2 2 2 (81)
+ d {0 + (Vv (@) £+ e fol oo (14 (161 fo o)}

l(v)

For (z,v) € v, d(t,z,v) « e~ 2 *n(z) - v|, and from (34) and (67), the boundary condition is bounded for

-1
MO 2, 0)] < d*\/ﬁ(1+|n(g>v|)/ 0™ (t, 2, u) | () /i - u}du
' n-u>0
(82)
d)‘(t x,v) < Jo|? 2 2
bl SRRt 3 L TR Clvl
e 31X folloo (L4 {12 folloo)-
In(z) - v|
Set fO = fo and 9% = [0, f°, V. f°, V., f°] = [0,0,0]. The main estimate is the following :
Lemma 9. Forp>2 22 <A<l if 0<T, <1 and ||e<‘”| folloo < 1 for 0 < ¢ < %, then uniformly-in-m,
T, T ,
S udkafm<>ng+l/ Id*3fm2m4—/1 WPaorE Sar I40RlL+ P Rl (89
0 0

Remark that v (¢, 7,v) ~ (v). Once we have Lemma 9 then we pass to the limit, d*df™ — d*3f weakly
AP - - || and d’\afm| — df], in [ |- |2, and d*Of satisfies (83).

P

with norms supejo 7. || - |5 and fo
Repeat the same procedure for [T, 2T], [2T*, 3T,],- -, to conclude Theorem 2.

Proof of Lemma 9. We prove the Lemma by induction. From Proposition 2 0f! exits. More precisely we construct
Oy f*, V. f! first and then V, f!. Because of our choice of 9f° the estimate (83) is valid for m = 1. Now assume
that 0f% exists and (83) is valid for all i = 1,2,--- ,m. Applying Proposition 2 we deduce that df™*! exists.
From Lemma 5 we have

sup ||d>\8fm+l(s)||g+/ |dAafm+1 . / |‘V1/pd>\6fm+1||£
0<s<t
Sl ofolly + /'m%ﬁm+%yp+{w+abggﬂd%vm“@nw+ﬂwW*fmmal+HéWﬁﬁm&> (84)
s L A | m%WWMHNWﬁwwWWWJMMWWWﬂ
0 QxR3

Estimate for KOf™ : The key estimate is the following : For 0 < A < p ,0< (<L < , and some Cp 5 p > 0,

d(t p—1
sup [ el S So o) et (85)
C 1



Recall the function k¢(v,u) in (26) and remark that if ¢ = 1 then k¢ (v, u) = k(v,u). We split

Ap

d(t -1
/ kc(v,u)%dU—/ —|—/ .
R3 d(t,z,u)?r d(t,m,u)>e d(t,z,u)<e

The first term is bounded by
/ ke(v,u)du Seq 1,
R3

from the lower bound of d(¢,z,u). Denote u; =u-n(z) =u- |§§Eg| and u) = u — uyn(x). The second term for
0 <~ <1 is bounded by

— A
e 2(Pfl)<v>t 1

¢ T W fu - V() 7

|/U|p 1/ {|U_u|’Y+ |2 ’Y}e Celv—u
Cc\v—u|2

Sa |11|%/ {1+v—ul?}e 2 e%m*uwul\hdu
R3

S |v|v%ec’v*vpt2/ dU\|/dUL{1+|”*U|72ﬂ}6
R? R

<\v w2

Juy |7

Celvy —uy|?

e} \u ul|?
<a Ivl%ec””’#/ {1+ o) — w720 }e d“H/ — duy
R2 R|UJ_|ﬁ|'UJ_—'LLJ_|6

2
v —u |
—C¢ 8

SQ @ ‘Ulp leCMP / - p dug .
R |uy[7=Tlo; —uyl®

where0<)\<p;f1and5>Oischosensuchthat%+6<1and —2+v+4+6> -2, and

Miptl’uful C)>\ t2 7C<"U—u|2
e2(-1) S e“lart x e 1 (86)

7

for some Cj ), > 0. Furthermore we split the last integration as f\uﬂ/2<|u Cuyt L[|7J«J_|/2>|'UJ_—UJ_‘. Both of them
are bounded by

_CC\vL—uL\Q _CC\'UquJJQ
e 8 e 8 _2Ap _§

¢ /ﬁdULJr/—Amd“L Sv) 0+ L
luy [P lvr —uyr|?

Therefore we conclude (85).
In order to estimate KO f™ contribution in (84) recall, for 1/p+1/¢ =1,

d(u)*|0f™ (u)]
FTOR du

</|k > </|kvu|\dkafm \ >;
(v)}eCinnt? ( / k(v,u)|‘dA6fm(u)‘pdu);

PKof < & / (v, )10 (u) du = d* (v) / (v, )|

IA

IN
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The KOf™ contribution in (84) is therefore bounded by

t
/// d*| Ko f™||ofm P~ dudads
0 QxR3

t 1
< [ @i ([kwawlorm @) @) e Do iw)
o JJaxrs
t A
< C{-:/ // epcl’ws (u)Md o f™ (u)|P /\kv U v) —_dv )da:duds
0 JJaxRrs (u)>
t
+8/ // ()d o™ Pdzduds
0o JJaxrs
t t
< C/ // ecl’A’PSQ<v>”\|d’\8fm\p+€/ // (v)Adrafmrp
0o JJaxrs QxR3
< CteCrant’ sup // |d)‘6fm|p + (6+¢) max /// \d>‘8ﬁ|p (87)
0<s<tJ JOxR3 i=m,m+1 QxR3

where we used (v)* < Cs + 6(v) and (19) and (20) in Lemma 1 and eC'-»#* factor comes from (85).

Estimate of nonlinear terms : Recall k¢ (v, u) in (26), (25) and (85). In order to estimate the nonlinear terms in
(84) we apply (85) to have

ML, 0™ + ID@f™, F™)|} (s, 2, v)
Se e folle{octo)dor |+ /R e (v, W)™ (uw)du| |
o €1 folloo (w)aX O f ™

+||eC|U|2fO||OO</Rg kc(v,u)Mdu)é</Rg kc(v,u)|d’\8fm(u)|l’du)%

3

D=

< C\U|2 o d)xa m Cs? k , / dAa m Pq
Se e follo{ (¥@M0 g™ + (w)e (/Rg (0,0 0™ (w) ")

where at the last line we used ”7%2 <AL pp%l so that (v)* < (v).
Therefore the nonlinear contributions in (84) are bounded by

/ t / / HD(f™, 0™ + T@F™, f™) |0 P~ dudeds (8)
0

t
2 1 _Ap m _
Se [[ecl! fouoo/ //<v>«dq jofm -t
0

x{(v)%d’\|8fm| +eCSQ<@>%(/RS kc(v,u)d*ﬂafm(s,x,u)\)%}

< |e<'“fo|oo{ / t [[wlaarp / t [[wlaarmp
/ Cps ///kC v, u) i )A|d’\8fm(u)|pdudvdx}
< |e<'“fo|oo{ / [ ot wiaormy+ [ t i <v>ld*<9f"‘“lp}7

where we have used Lemma 1.
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Boundary Estimate: Recall (11). We use (82) to estimate the contribution of y_

[ [ worisap
p

S [ e gt |) Vn(x)woIaff”(s,x,u>|u<u>1/4{n<x>-u}du dyds

+||e<'”'f||p// (52,00 Sl gy,
v|1’

Using d(s, z,v) < e~

2£(x) - v| for & € 09, the last term is bounded by

¢p

t
CQHeCIv\sz”gO/ /d /3 |n(x) _U|Ap—p+1 ——\vlzdvds ds <Q)p4 tHeC'”‘ fOHP
o Joa Jr

for \ > ”1.%2 so that A\p —p+1> —1.
For the first term in (89) we split as

p
[/ .”w]§¢/ - du
n(z)-u>0 (w,u)€v5

The +5 contribution (grazing part) of (89) is bounded by
{n-uyt/apt/4

Cyp /t/ dAp\/ﬁ”<|n-v| +|7”L'<11})>|Z1) /(z,u)e'vi dkafm{”'“}l/pwdu
NQJ)// d”’ |n v|+| <>|p 1>\/ﬁp

p/q
X l/ da*?|ofmP{n - u}du] [/ d(s,z,u) " pu?*{n . u}du] dvdS;ds,
(z,u)€Ev4 (z,u)Es

p
4+

P
/ ”64_
(z,u) €74\ 75

p
dvdS,ds

¢
2
Sapia e%elrrrt /0 |d*of™(s) b pdss

where we used d(s,z,v) < e_@ﬂVf( )-v| <q |n(x) - v| and, for A > 22

dAp(In S|+ m)\/ﬁp <q (|n(a:) . U|1+Ap + (v)P|n(x) - U|(>\—1)p+1) u(v)p c Ll({v c R3}),

and a > 0 is determined by (13) at the boundary with ijl = %,

Ap
_Xxp _p _Kw)s Tp=T __ P 1,2
d(s,z,u)” 7T pTe=-D {n - u}du <q [e 2 . (x)q e~ ol |- uldu
£ 1>
Ty T+
_Ap X P _|yl? 2 _Ap P 2
So [ fuenl! = embn 0t gy g Con® [ R g
1> £
s A
2
Sap gteCirrt
for some a > 0 since 1 — =& > —1.
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On the other hand, for the non-grazing contribution v, \75, we use a similar estimate to get

[ ey
<o f /8/ @(soa0)(n ol ) Vi l/\ &NOf™ (s, )l - wytlr L ) 4durdvd5zds

d(s,z,u)*
o [ [ @ (oot ) v V\ serrn U}d“] l

t
Soc® [L] v pdras,
0 Jyp\vg

/ . |afm<s,x,u>|u<u>1/4{n<x>-u}du] dyds

r/q
d(s,z,u) " pud/*n - u}du] dvdS,ds

Y+

where we used ijz <A< ijl and

Ap D 2
/ d(s,2,w) p(w)* {n(z) - u}du = / d(s,2,w) "7 () T {n - u}du Ko, Cr!
T+

Y+
By Lemma 4 and (80), the non-grazing part is further bounded by

[ s [ otz [@omige [ oo v emapaory
S/O ||dA6foH§+/O \|dAafm\|g+/O //dxpmafmﬂwfmw,l

! d/\p T m—l’a m—1 (o m—l7 m—1 b m|p—1
+ [ [[argramtorie ot o
+t sup ([ ()2 + (1 + 8)]]esF fol|E (1 + [ fol[2,).

0<s<t

In summary, for small 7, < 1, the boundary contribution of (84) is controlled by, for all 0 < ¢ < T,

t
/0 |d*f™(s) popds

7. 2 2
S / ||dA3foH§+€“/ [d*of™p, ,+T. max sup IO f ()15 + [le”T fol[2 (1 + (1€ fol %)
0 0 i=

m—1 M <<

T. T
Cor{ [1@ormip [ [ avigoriosny
0 0

[ [[avangr o o

Applying (87) and (88) to the boundary estimates for m — 1, then putting together the estimates (90), (87) and
(88) we deduce from (84)

T,
sup (Ao ()] + / @ormHi, [ nratorm g
0 0

0<t<T,

2 2 *\2
< Ona{Iafollg + e folle} + {< + 6+ []e€*F ol + o7

Ty
A 7 p A i 1/p 3 i||p
< e { sy a0 (t)|\p+/ are. /O Wjraars).

i=m,m—1

Recall C; » , from (85). Choose T, < 1, eI folloe < 1, and € < 1, § < 1 and hence

T,
sup (|0 (1) + / oy / i rara o

0<t<T,

IN

T.
Cr. {0l + 1 i} + 5 mas { o (@or @i+ [ @ors,+ [ baori)

-1
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Set k =2 and

T,
sup [0 O]} + / o v / P a e,

a; =
0<t<
2
D = T*,Q{Hd/\afo”g + 11411 fol 2.}
Apply (76) to complete the proof. O

6 Weighted C! Estimate

z<v)

We start with the same iterative sequences (80) with A = 1. For (z,v) € 7, note that d(¢,z,v) « e~
From (82) with A = 1, we have, for (z,v) € v_,

d|ofmr(t, z,v) CuV I / dlofm(t, x,u |e ER u)y/ p(u)du

(z)-u>0 (90)
+ e TIPS oo (14 116S1 folloo)-

= n(x) - vl

We use the stochastic cycles in [7, 2] : For (¢,z,v) with (z,v) ¢ v and let (to,zo,v9) = (¢,2,v). For
vg - n(xp41) > 0 we define the (k4 1)—component of the back-time cycle as

(tht1s Tht1, Vit1) = (e — to(Tk, V&), Tb (Tk, Vk), Vkg1)- (91)

Lemma 10. Ift; <0 then
¢
|dOf™ L (t, z,0)| < [|dOfo]|oo +/ IN™(s,x — (t — s)v,v)|ds. (92)
0

If t1 > 0 then

|d8fm+1(t x,v)|

C

/ N (5,2 — (t — 8)v,0)|ds + e 31|11 fol oo (1 4+ [1e91F fol|oo)

k—1
1 / 1—1 k—1
+— D Lits<octy [AOF™ N0, 25 — tivg, v;)] AN
w(v) ity Vji 1 .
1 (s, — (t — s)vi,v;)| ds dSET
* ot s Z (o [ IV (1= o)) s 5 )
1 b ; k-1
U)(U / k 1 Zl{tl+1<0}/ |Nmil(sv‘ri - (ti 75)Uivvi)| ds dEi_
Vi =1 +1
1 v
w(v) /k : Zl{tz c<ope PP S oo (1 + (1661 fo| o) AT
Vi i=2
1
e )/ 1{tk>0}|daJm+1 F(te, ok, ve—1)| dS3TT,
where V; = {v; € R3 : n(z;) - v; > 0} and
C
w(v) = —_— (94)
(v)v/p(v)
and
_ i) 4 i {vj)
asi= = {Ih enln(a;) - vjldv; w)e 5 ) 2eunvn)dv T e ) (o)) av; §.
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Remark that dEf_l is not a probability measure!

Proof. For t; < 0 we use (80) with A = 1 to obtain

t
dofmH(t, z,v) = e 1WA fo(x — tv,v) + / eV =N (5 3 — (£ — s)v,v)ds.
0

Consider the case of t; > 0. We prove by the induction on k, the number of iterations. First for k = 1, along the
characteristics, for t; > 0, we have

t
dofm L (t, z,v) = e TG (8, 2y, 0) + / e V=N (5 1 — (t — s)v,v)ds.

t1

Now we apply (90) to the first term above to further estimate

djofmH (t @, 0)| S e T Heqv‘ Folloo (X 4+ 11e¢1°F follo0)
+ et (el Alaf™(t1, 1, 1) e 28 (u)/u(or)dos
n-vy >0
¢
+ / e W= N™ (g 3 — (t — s)v,v)|ds (95)
t1

_Spl? 2 2
S e 1P fol oo (14 11e€1 fooo)

1{vy t
ot /d|8fm(t1,1'17vl)|e <2)“w(vl)<vl>"‘u(vl)dm+/ W™ (s,2 — (t — s)v,v)|ds,
w(v) Vi

t1

where w(v) is in (94). Now we continue to express 0f™(t1,x1,v1) via backward trajectory to get
t1
d|8fm(t1,x1,v1)| < 1{t2<0<t1}{d|8fm(0,x1 - t1’01,1)1)| + / |Nm_1(8,x1 - (tl - S)’Ul,’l)l)|d8}
0

t1
+ 1{t2>0}{d|8fm(t2,m2,vl)| —|—/ INT (s, 2y — (£ — s)vl,v1)|ds}.

ta

Therefore we conclude from (95) that
dlofm (¢, @, v)l

t
S [ Wrsa = (= s olds + e—%'”‘2||e<'”‘2fm||oo<1 11 7o)
t1

/ 141, <0<,3d[0f(0, xl—twhvl)\e G w(vy)(v1)? e (v )doy

UJ(U) V1

1 h m—1 Huiy 2
— 1, <o<ty) N (s, 21 — (tl—S)U17U1)|d3€ & Yw(vy)(v1)“epp(vr)doy
w(v) Vv, 0

1 b Kvy)
" 7/ Lit,>0 / N (s, 21 = (t = s)vr, 01)|dse™ 2 Paw(or) (v1) e, p(or)doy
w(v) Jy, to

Kon)

1
+7/ Lit,>03d[0f ™ (b2, w2, v1)le 2 Mw(vr)(v1) epp(vr)doy,
w(v) Vi

and it equals (93) for k = 2.
Assume (93) is valid for £ € N. We use (90) and express the last term of (93) as

1{tk>0}d|3fm+17k(tk,CEkavk71)|
k)
§<vk_1>cﬂx/u(vk_1)/ 1{tk>0}d\afm+1*(’“+1>(tk,xk,vk |e Lo B (v )/ (vg ) doy, (96)
Vi

e TP oo (1 (11T o o)
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Then we decompose 1{tk>0}d|8fm+1_(k+1)(tk,xk,vk)| = 1{4 1 <0<ty} + L{t,,, >0}, Where the first part hits the
initial plane as

tk
Lt <octy dlOf™ = F 0 @ 2y up)| < d|3fo($k*tkvk,vk)|+/ N2 (5 gy — (g, — 8)vg, o) |ds, (97)
0
and the second part hits at the boundary as

tr
l{tk+1>0}d|afm+17(k+1)(tk7xkavk” 5 d|afm+17(k+1)(tk+1vxk+1vvk)|+/ |Nm+17(k+2)(57xk*(tki‘s)vkavk”ds'

te4+1
(98)
To summarize, from (96) upon integrating over Hf;ll V;, we obtain a bound for the last term of (93) as
1
— 1 dofm™ R (g, g, v ) [dEF L
UJ('U) /1_1511 Vj {tk>0}| f (kvxk Vi 1)‘ k—1
1 _Sle 2 o2 o2 _
S 25 o, Ho0 I 1415 ol
1 ] —
w(v) / . 14,>0yd|Of i (k+1)(tk7l’kavk)|d21137
=177
where by (97) and (98), the last term is bounded by
1 L)
M/k (Uk—1)cpu/ (vr—1)v/ p(ve) (vr)e Tt duy,
i=1Vi
Mt' 2 1<Uk_1>t 9
< TT{e™ 5 wn2auntes)do; Huwe)e™ T o) (o1 )dox |
j=1
tr
X{l{tk+1<0<tk-} [d|8f(0, Ty — Lk, Vi) | +/ INTTR2 (5, g, — (e — 5)”k»”k>|ds]
0
tr
+1{tk+1>0} {dlafmikil(thrlv Thk+1, vk)| + / ‘Nmik72(s7 Lk — (tk - S)vk7 ’Uk)|d8} }
tht1
Now we use (94) to conclude Lemma 10. O

Lemma 11. There exists ko() > 0 such that for k > ko and for all (t,z,v) € [0,1] x Q x R3, we have

1\ —k/5
k—1
/k1V.1{tk(t@w,v1f'ka1)>0}d2k—1 S (2> :

j=1 Vi
Proof. The proof is based on [7]. We note that, for some fixed constant Cy > 0,

Hvg—1)

Woy) |
dSf] < w(opm)e 2 s oo 2 e 2 (v)) e p(vg)duy - dog_y

< IEHC ()T} oy . dugoy < {CoPFIE  u(v;) 7 ;.

Choose 6 = §(Cp) > 0 small and define
Vf ={v; €V, v -n(x;) >4, |v;] <51},

where we have fvj\vé C(]/J,(Uj)% < § for some Cy > 0. Choose sufficiently small § > 0.
On the other hand if v; € V‘S then by Lemma 6 of [7], (t; —tj11) > 0%/Cq. Therefore if t;, > 0 then there

can be at most {[ =5 } + 1} numbers of v, € V2 for 1 <m < k — 1. Equivalently there are at least k — 2 — [5—3]
numbers of vy, € Vp,,\VJ, . Hence from {Co}k ={Co}™ x {C’O}’C 1=m we have
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k

:1\

LV
C
[58]+1
<
m=1
[Sg]+1
<
<
<

small 61 > 0 such that

Lty (t.,0,01,-

(1] 1) e

E N2
0

o (' (3)

where we have chosen k = N x ([%} +

7Uk71)>0}d22:%

k—1

N4y,
/ there are exactly m of v, € V3, } H Cop(v;)dv;
and k—1—mof vy, € VW\V‘S

= (km >{Aamwwﬂ*m{vwg%mmwm}h

j=1

1-m

Co

+1

2
NZ 43

()< ) )

1)and N = ([$2]+1) > C > L.

We now need a key lemma to overcome the singularity of

ji E ;z’ :3 k¢ (v, u)| duds
= S 323&&u@MM®,

s Lo tim — 8)Um, Um
144,,>0,t041>0} / / (5.2 _( ) )|kC(vma u)| duds,

(tm — 8)Um, u)

(8, Tm — — $)Um,y Urn)
1, >0, tm+1<0}/ / s, ;n — bm T ke (U, )| duds,
m

are bounded by

the definition of d,

l{tm Zovtm+1 ZO} /

1n+ 1

where £ = &(zy, — (tm — $)Um) and we have used —(v,,)s + (u)s < |v,, — uls in the exponent of e~

— 5)Up, U)

Ca{teC16,| % + C101F |5, |5},
Proof. Notice that we use the estimate (26). Without loss of generality, we only consider the third estimate, by

m 1 2
/ ds/ du |vm —ult }efcdv’"*“‘
tm41 R3 | Um — U" -

y e”v"{u‘s {|V§ . Um|2 _ 2(Um V2 - Um) 5}1/2
(Ve uf2 —2(u- v2¢ - u) €}

Uvpm —ul

e~ 5 ({vm) = (w))s < eslvm=uls Tn order to bound e~ % % we split the exponent

lvm — 12 21
%s = %|vm—u|2+j——4—{82—20Z|vm—u\s+0212|vm—u\2}
o 4o
ol? s2 1
= T|vm—u|2+E‘@B“’”“m‘“ﬂ%

to have, for sufficiently small o > 0,

e

Hom —u|
2

sengyl\vmqu S 6052 efCC,L\vmfu 2 )
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< %{(jk}% (

N

s

Nk

1

Kom)
s

0

O

é along the integration over a characteristic line.

Lemma 12. Assume Q is strictly conver (2). Recall k¢ in (26) and k = k¢, if ( = %. For ¢ € (

tod(
1{t1(t,x,v)20}/ /
t1 R3 (
d(s,
Lot (t,2,0)<0} / / d(s

0, 1] there exists



Therefore

tm 2 o2 1/2
I A B s L e LR S LS
tm+1 R3 {|V§ . ’u|2 — 2(U . V2§ . u) g}

We now separate three different cases.
CASE 1 : &(zp — (tm — 8)vm) < —d1 (interior). By the convexity (2), u - V2 - u 2 |ul?,

|VE-ul* = 2(u- V2 -u)€ > —2(u- V(2 — (tm — 8)Um) - WE(Xm — (tm — 8)vm) > Cq 81 |ul?.

Therefore, since {|VE - vy |2 — 2(vm - VZE - vy 5}1/2 < |vmls (99) is bounded in this case by

t
CQ/O /]R3 6052{1 + |vm — u|vf2}670g,z,\vmfu|2 || 1gec_oyyduds

1/2
[ul}/
_ 1 2
< 1/24 012 . ——— e U]
~Q 51 te |’Um‘ 3 |77+’Um|‘77|2_’ye d777
where we have used a change of variable n = u — v,,.
Now we claim that, for 0 <~ <1
B 0 —Cealnlqy < O (100)
o 1+ ol [n[27 el

First consider the case of |v,,| < 1. We define n =7 - 2= and 7, =n — 1 e Then (100) is bounded by

v,
[V | Um

v le=Cealm® e=Ceilny|?
R R? [+ [om)? + L 212 [nf + o2t =072

If [my + |vml| > ‘”5”‘, then (100) is bounded by

4/d d e—Cealmy® c=Ce.lnL|? - ,
g e - Seaq L.
R R TEa

If [ + [om|| < ol then || > 2l so that

_ _ [ ]2
() + [ P12 > [y 2 > mT
We define 7} = |vy,|~'n) € R and dr = |vy,|d7). Remark that |7| < 2 since |n)| < 2|vm,|. Using [(n) + [vm])* +
In1|2]"/2 > |n.|, we bound (100) by

4 47 d U | €= Cetlnel? - " - .
g e 1 St el St

On the other hand, if |v,,| > 1, we divide the integration as fln-lrv |> Lo dn + f‘n_w < Lol dn. The first term

2 2

is easily bounded by

L e
/|+ |> Lol RS /R3 e T Sy L
NTVm|Z2

2

In the case of |+ vy, | < % then |n| > |v;| and then

2
|’U | _ 2 e_CC,l"’]‘
/ dng/ —m%we Ceilnl dn < —Hdn

[0y, | < Loml [0, | < L2l [0+ v ||| [0, | < Loml [Vm =+ 1|V |
1 Cea 2/ 1 Ceut 2
R e (2 —d» 3 =5 vml|

e 4 —di] < v, ["e” 4 Sciq L
~ Jom[ i<aton) IS ~ela
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This proves the claim (100). We conclude the first case such that (99) is
Caby ?te"

Now we further separate the situation near the boundary region of —d; < ¢ < 0 into two cases.

CASE 2 : =61 < &(zm — (tm — 8)vm) < 0 and |vy, - VE(@m — (tm — 8)vm)| < |vmly/—E(@m — (tm — 8)Um).
In this case, for & = &(x — (tm — $)Um ), from our assumption,

|V§ - Um‘2 — 2(v - V2§ “vm)§ Sa |VE- Um|2 N _|Um|2f(xm — (tm — 8)vm)-
By the convexity of £ we also have
|V€ : 7.L|2 - 2(u : V2§ ! u)f ZQ 7|u|2§(1‘m - (tm - S)Um)a

so that (99) is bounded by

I N o P
2 -2 ,— —uf? |V Lm m — S)Um

ds/ dul 6. <£<0 vel< eCs {1 + ‘Um _ u|7 2}6 Cetlvm—ul® [Tm
‘/tm+l R3 { 1_5_ al'UnL §|_\vm\/g|} |u|\/_§(x’rn — (t"L — S)U"L)

1
< tect2<vm>/ m{lJr|vmful%z}e*c"’lv"‘fuﬁdug £ O
R3

where we used (100).

CASE 3 : =01 < &(Tm — (tm — $)vm) <0 and  |vm - VE(@m — (tm — 8)vm)| > |vim|v/—E(@m — (tm — 5)Um).
For this case we shall apply a change of variables, at most twice, near the boundary. We need a geometric fact
that a straight line intersects a convex domain at most two points. Precisely we claim that for a strictly convex
domain Q there exists g > 0 such that for all 0 < §; < §g

{5 € [tmet,tm] : E(@m — (tm — 5)vm) € [=01, 0]} C [tms1,tmir +01] U [t — 02, tm),
where 01 = 01(tm, Tms Vm, 00); 02 = 02(tms Tm, Um, 60) > 0 and

U, - VE(Zm — (T — $)Um)
Um - VE(Zm — (b, — $)Um)

for s € [tm — o2,tml,

0
0 fOT s € [tm+1,tm+1 + 01].

IN IV

In fact, we define Z(s) = &(xm, — (tm — $)vm) for te1 < s < . Note that Z'(s) = vy, - V€ and Z"(s) = vy, -
V2€ vy, > 0 from convexity (2) for v, # 0. Hence Z,,(s) is a strictly convex function and Z(t,, 1) = Z(t,) = 0.
Denote the unique minimizer ¢, such that

Z(t.)= min  Z(s) <0, (101)

tm41<s<tm

such that Z’ < 0 for s < t, and Z’ > 0 for s > t,. If —6; < Z(t.), then we can choose o1 = t. — ;41 and
09 =ty — tx. On the other hand, if —6; > Z(t.), we simply choose o1 and ¢ as two unique numbers such that

Z(tm+1 +01) = Z(tm — 0'2) = —51,

where t,,,4+1 + 01 < t« < t;, — 02. This proves the claim.
In this case (99) is bounded by, from our assumption,

" tm tm41+
/ / 6052{1 + |vm — u|“/*2}efc<‘z|vmfv’|2 IVE(xm — (tm — 8)vm) - Um|du ds — / +/ +1+o1 .
bt R |U‘\/—§($m - (t’m - S>Um) tm—o2 tmt1

Apply the change of variables for s € [t;41,tm+1 + 01] and for s € [t,, — 02, t,,] as

s = & = &(xm— (tm — $)vm), (102)
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where the Jacobian is ’%’ = |V - V€(xm — (tm — $)Um)|. Therefore

/ ) o O clal ¢ 2}~ Cedlom—ul 1
+/ < 2/ d¢ [ du e {1+ vy, —u| T e O m T
tm b1 -5 R3 " |U||§‘1/2

01
S @0 [Tl [l 1 fon = e Gl Sy (1]
0 R3

where we used (100). O
Now we are ready to prove the weighted C! part of the main theorem :

Proof of weighted C' part in Theorem 2. First we show W™ estimate. Recall that we use the same sequences
(80) with A\ = 1 used for the weighted W17 estimate (2 < p < c0). We estimate along the stochastic cycles with
(92) and (93). For t; < 0, the backward trajectory first hits ¢ = 0. From Lemma 10 and Lemma 12, and Lemma
2 for (81), we deduce

2 2
oS 1141, <01 dOS™ ()]0 < 11D folloo + 1€ folloo (1 + 11" folloo)

+T, sup Hdafm“(>||oo+{T*eCTf
0<t<T.

(103)

_1 2 1 ,U2 m
|72 4+ eI 62 (1 + (e folloo) sup  [|dOS™ (1)) oo
0<t<T,

If t1(t,z,v) > 0, the backward trajectory first hits the boundary, then from (93) we have the following
line-by-line estimate
[dOf™F(t, a,v))|

<t sup ||dOf™(s)l|oo +th max sup [|[dOSTT(t)]]oo
0<s<t 1<i<k—1o<s<t

2 2
+ (L4 ol 1 301+ TR ) sup 107 ()| 5 oo+ 11 ol

m—+1—1 k—1

4k max (4017 (0)]sup ([ oy, & )
(L mae e ) (1614 4 PG E) e sup (1405 (5) e sup ([
J 1<i<k—10< i H;c:—llvj

k
1\ °
+ Ctmax [[e"” fol|oo (1 + max| eV foll o) ( / ash) + () sup [|dOf™ 7 (5)]oo
J J =2y, 2 0<s<t

i=1

asi)

where we have used (80), Lemma 12, Lemma 11, and Lemma 2 for (81). Further we use the proof of Lemma 11

to show that .
Sup/ dvk-t < (0/ M(U)idv) <O
i k=1, R3

j=1 Y7

Denote T, =t and estimate

sup. ||1{t1>0}d3fm“()|\ooﬁ O(T.) max — sup [|dOf™ " 7" (t)]l

0<t< 0<i<k—10<t<T,
2
oo (1 4 111" fol|oo)
+ck(1+|\e I folloo) {Toe®T 617 + e oy 2] s sup A0 1) (104)
0<t<
k
1 N +1—k
+15 sup [dOf™ 75 (1) oo
2 0<t<T.
—k/5

We put together (103) and (104) and choose k > 1 so that (3)
01 <k 1 so that

< ﬁ. Then we further choose T, =

1
100°

Cil1+ 1164 folloo) {Toe®T 61|74 + e P53} <
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We conclude

1 i v?
sup |[dOf"H (t)]|oe < g ax sup 1dOF™ ()] |0 + 1D fol|oe + C1eTV fooo-
0<t<T, 1<i<k 0<¢<T,
Set D = [|dd oo + C1[eS1°F fo oo,
a; = sup [|dOf (t)||c, Ai =max{a;,ai—1, a1}
0<t<T,

then we have @11 < %Am + D. Use (76) to conclude

2
sup [|dOf™ 1 (t)]loo < 1dOfol]se + (1€ fol|oo-
0<t<T,

The existence and uniqueness and the estimate in Theorem 2 are clear for short time T, > 0. We follow the same
procedure for ¢ € [T, 2T,] to conclude

2
sup [|dOf (t)lloo Sz 1AOS (L)oo + 1€ folloc
T, <t<2T.

Then we conclude the weighted W° part of Theorem 2 following the same procedure for [Tk, 27%], [2T%, 3Ty, - - - .
Now we consider the continuity of d0f. Remark that for each step d0f™ satisfies the condition of Proposition
3. Therefore we conclude ddf™ € C1([0,T,] x Q x R3). Now we follow W1> estimate part for d[0f™*! — 9f™]
to show that d9f™ is Cauchy in L*°. Then d0f™ — ddf strongly in L™ so that dof € C°([0,T.] x Q@ xR?). O
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