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Abstract
Consider the Boltzmann equation in a strictly convex domain with the diffuse boundary condition. We

construct W 1,p solutions for 1 < p < 2. With the aid of a distance function toward the grazing set, we construct
weighted W 1,p solutions for 2 ≤ p ≤ ∞ and classical C1 solutions away from the grazing set.

1 Introduction

Boundary effects play an important role in the dynamics of Boltzmann solutions of

∂tF + v · ∇xF = Q(F, F ),

where F (t, x, v) denotes the particle distribution at time t, position x ∈ Ω and velocity v ∈ R3. Throughout this
paper, the collision operator takes the form

Q(F1, F2) =

∫
R3

∫
S2

|v − u|γq0(θ)
[
F1(u′)F2(v′)− F1(u)F2(v)

]
dωdu ≡ Qgain(F1, F2)−Qloss(F1, F2),

where u′ = u + [(v − u) · ω]ω, v′ = v − [(v − u) · ω]ω and 0 ≤ γ ≤ 1 (hard potential) and 0 ≤ q0(θ) ≤ C| cos θ|
(angular cutoff) with cos θ = v−u

|v−u| · ω.
Despite many developments in the study of the Boltzmann equation, many basic questions regarding solutions

in a bounded domain, such as their regularity, have remained largely open. This is partly due to the characteristic
nature of boundary conditions in the kinetic theory. In [7], it was shown that in convex domains, Boltzmann
solutions are continuous away from the grazing set. On the other hand, in [11], it is shown that singularity
(discontinuity) does occur for Boltzmann solutions in a non-convex domain, and such singularity propagates
precisely along the characteristics emanating from the grazing set. In this paper, we establish the first Sobolev
regularity for Boltzmann solutions in convex domains, with a diffuse boundary condition :

F (t, x, v) = cµµ(v)

∫
n(x)·u>0

F (t, x, u){n(x) · u}du, for (x, v) ∈ γ−,

where cµ
∫
n(x)·u>0

µ(u){n(x) ·u}du = 1 and the incoming set γ− = {(x, v) ∈ ∂Ω×R3 : v ·n(x) < 0}, the outgoing
set γ+ = {(x, v) ∈ ∂Ω× R3 : v · n(x) > 0} and the grazing set

γ0 = {(x, v) ∈ ∂Ω× R3 : v · n(x) = 0},

with n = n(x) the outward normal direction at x ∈ ∂Ω.
The goal of this paper is to study regularity of solutions near the Maxwellian constructed in [7, 2], for which

L∞ uniform bounds with polynomial and exponential weight in the velocity have been established. We denote
F = µ+

√
µf, where µ = e−

|v|2
2 is a steady normalized Maxwellian. The perturbation f satisfies

∂tf + v · ∇xf + Lf = Γ(f, f) , f |t=0 = f0,

f(t, x, v)|γ− = cµ
√
µ(v)

∫
n(x)·u>0

f(t, x, u)
√
µ(u) {n(x) · u}du,

(1)
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where the linear Boltzmann (symmetric) operator (see [8]) is given by

Lf ≡ − 1
√
µ
{Q(µ,

√
µf) +Q(

√
µf, µ)},

and the nonlinear Boltzmann operator (non-symmetric) is given by

Γ(f1, f2) =
1
√
µ
Q(
√
µf1,
√
µf2) = Γgain(f1, f2)− Γloss(f1, f2).

Throughout this paper we assume there exists ξ : R3 → R so that Ω = {x ∈ R3 : ξ(x) < 0} and for all
ξ(x) ≤ 0 and ζ ∈ R3 ∑

i,j

∂ijξ(x)ζiζj ≥ Cξ|ζ|2. (2)

We denote || · ||p the Lp(Ω×R3) norm, while | · |γ,p is the Lp(∂Ω×R3; dγ) norm and | · |γ±,p = | ·1γ± |γ,p where
dγ = |n(x) · v|dSxdv with the surface measure dSx on ∂Ω. Denote 〈v〉 =

√
1 + |v|2. We define

∂tf(0) = ∂tf0 ≡ −v · ∇xf0 − Lf0 + Γ(f0, f0). (3)

Theorem 1. Assume that f0 ∈ W 1,p(Ω × R3) and ||∂tf0||p < ∞ for any fixed 1 < p < 2, and ||〈v〉βf0||∞ � 1
for β ≥ 4, and the compatibility condition on (x, v) ∈ γ−,

f0(x, v) = cµ
√
µ(v)

∫
n(x)·u>0

f0(x, u)
√
µ(u){n(x) · u}du, (4)

then f ∈ L∞loc([0,∞);W 1,p(Ω× R3)) such that for all t ≥ 0

||∂tf(t)||pp + ||∇xf(t)||pp + ||∇vf(t)||pp +

∫ t

0

{
|∂tf(s)|pγ,p + |∇xf(s)|pγ,p + |∇vf(s)|pγ,p

}
ds

.t ||∂tf0||pp + ||∇xf0||pp + ||∇vf0||pp.
(5)

We remark that, from [7, 2], the assumption ||〈v〉βf0||∞ � 1 without a mass constraint
∫∫

Ω×R3 f0
√
µdvdx = 0

ensures a uniform-in-time bound as sup0≤t≤∞ ||〈v〉βf(t)||∞ . ||〈v〉βf0||∞ (not a decay). We also remark that
this estimate is a global-in-x estimate which includes the grazing set γ0 and the constant grows exponentially
with time, and there is no size restriction on the initial derivatives. Moreover, in Lemma 8, the estimate of (5)
in Theorem 1 for p < 2 is indeed optimal even for the free transport equation ∂tf + v · ∇xf = 0 with the diffuse
boundary condition. In fact, the boundary integral blows up at p = 2. We therefore conjecture that f /∈ H1 in
the bulk.

We now illustrate main ideas of the proof. Clearly, both t and v derivatives behave nicely for the diffuse
boundary condition as for (x, v) ∈ γ−,

∂tf(t, x, v) = cµ
√
µ(v)

∫
n(x)·u>0

∂tf(t, x, u)
√
µ(u){n(x) · u}du, (6)

∇vf(t, x, v) = cµ∇v
√
µ(v)

∫
n(x)·u>0

f(t, x, u)
√
µ(u){n(x) · u}du. (7)

Let τ1(x) and τ2(x) be unit vectors satisfying τ1(x) · n(x) = 0 = τ2(x) · n(x) and τ1(x)× τ2(x) = n(x). Define the
orthonormal transformation from {n, τ1, τ2} to the standard bases {e1, e2, e3}, i.e. T (x)n(x) = e1, T (x)τ1(x) =
e2, T (x)τ2(x) = e3, and T −1 = T t. Upon a change of variable : u′ = T (x)u, we have

n(x) · u = n(x) · T t(x)u′ = n(x)tT t(x)u′ = [T (x)n(x)]tu′ = e1 · u′ = u′1,

then

cµ
√
µ(v)

∫
n(x)·u>0

f(t, x, u)
√
µ(u){n(x) · u}du = cµ

√
µ(v)

∫
u′1>0

f(t, x, T t(x)u′)
√
µ(u′){u′1}du′,
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so that we can further take tangential derivatives ∂τi as, for (x, v) ∈ γ−,

∂τif(t, x, v) = cµ
√
µ(v)

∫
u′1>0

{
∂τif(t, x, T t(x)u′) +∇vf(t, x, T t(x)u′)

∂T t(x)

∂τi
u′
}√

µ(u′){u′1}du′

= cµ
√
µ(v)

∫
n(x)·u>0

∂τif(t, x, u)
√
µ(u){n(x) · u}du

+ cµ
√
µ(v)

∫
n(x)·u>0

∇vf(t, x, u)
∂T t(x)

∂τi
T (x)u

√
µ(u){n(x) · u}du.

(8)

The difficulty is always the control of the normal spatial derivative of ∂n. From the general method of proving
regularity in PDE with boundary conditions, it is natural to use the Boltzmann equation to solve the normal
derivative ∂nf inside the region, in terms of ∂tf, ∇vf, and ∂τf as:

∂nf(t, x, v) = − 1

n(x) · v

{
∂tf +

2∑
i=1

(v · τi)∂τif + Lf − Γ(f, f)

}
, (9)

at least near ∂Ω. Unfortunately, this standard approach encounters a severe difficulty: 1
n(x)·v /∈ L

1
loc in the velocity

space (a L∞ bound is desirable for any W 1,p estimate).
The first new ingredient of our approach is to use (9) not inside the domain, but at the boundary ∂Ω. Using

special feature of the diffuse boundary condition and (6), (7) and (8), we can express ∂nf at (x, v) ∈ γ− as

∂nf(t, x, v) =− 1

n(x) · v

{ √
µ(v)

∫
n(x)·u>0

∂tf(t, x, u)
√
µ(u){n(x) · u}du

+

2∑
i=1

(v · τi)
√
µ(v)

∫
n(x)·u>0

∂τif(t, x, u)
√
µ(u){n(x) · u}du

+

2∑
i=1

(v · τi)
√
µ(v)

∫
n(x)·u>0

∇vf(t, x, u)
∂T t(x)

∂τi
T (x)u

√
µ(u){n(x) · u}du

+ Lf − Γ(f, f)

}
,

(10)

Due to the additional u integral in (10) and the crucial factor |n(x) · u| in the measure dγ on the boundary γ, it
is clear that the singularity |∂nf |p|n · v| in (10) is roughly of the order

1

{n · v}p−1
,

so that its v integration is precisely finite if 1 ≤ p < 2, and indeed its v integration is uniformly bounded with
respect to x.

However, in order to control ∂tf,∇vf and ∂τf for p < 2, a new difficulty arises. It is well-known from [7, 2]
that a crucial boundary estimate for diffuse boundary takes the form of a L2−contraction:∫

γ−

h2dγ ≤
∫
γ+

h2dγ.

Unfortunately, this is not expected to be valid for p 6= 2, so it is impossible to absorb the incoming part γ_ solely
by the outgoing part γ+ part.

Our second new ingredient is to split the γ+ integral into near grazing set γε+ and the rest for p 6= 2 for our
boundary representation for derivatives (6), (7), (8), and (10). For small ε > 0 we define γε+, the set of almost
grazing velocities or large velocities

γε+ = {(x, v) ∈ γ+ : v · n(x) < ε or |v| > 1/ε}. (11)
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Denote ∂ = [∂t,∇x,∇v]. We can roughly obtain∫
γ−

|∂f |p .
∫
∂Ω

(∫
n·v>0

|∂f |µ1/4{n · v}dv
)p

+ good terms,

.
∫
∂Ω

(∫
{v:(x,v)∈γε+}

|∂f |µ1/4{n · v}

)p
+

∫
∂Ω

(∫
{v:(x,v)∈γ+\γε+}

|∂f |µ1/4{n · v}

)p
+ good terms,

. sup
x

(∫
{v:(x,v)∈γε+}

µq/4{n · v}dv

)p/q ∫
γε+

|∂f |pdγ +

∫
γ+\γε+

|∂f |pdγ + good terms.

It is important to realize that supx

(∫
{v:(x,v)∈γε+}

µq/4{n · v}dv
)p/q

has a small measure of order ε, for p > 1,

so that it can be absorbed by the outgoing part
∫
γ+
. Fortunately, the outgoing boundary integral

∫
γ+\γε+

can be
further bounded by the integration in the bulk and initial data by Lemma 4 with a crucial time integration. On
the other hand, such a process produces a large constant in the Gronwall estimates and leads to a growth in time.
Of course, such an approach breaks down at p = 1.

We next prove higher regularity away from the grazing set γ0. Our third new ingredient is the construction of
a distance function towards the grazing set γ0 to achieve this goal. We define a distance function toward γ0 as

α(x, v) ≡
{
|v · ∇ξ(x)|2 − 2{v · ∇2ξ(x) · v}ξ(x)

}
≥ 0 (12)

by (2) and α(x, v) is zero if and only if (x, v) is at the grazing set γ0. We observe that

v · ∇xα = {2v · ∇ξ(x)[v · ∇2ξ · v]− 2v · ∇ξ(x)[v · ∇2ξ · v]− 2v{v · ∇3ξ(x) · v}ξ(x)}
= −2v{v · ∇3ξ(x) · v}ξ(x),

which is bounded by |v|α(x, v) since {v · ∇2ξ(x) · v} v |v|2 from (2). This crucial invariant property of α under
operator v · ∇x is the key for our approach. On the other hand, unless ∇3ξ ≡ 0 (for example the domain is a
ball or an ellipsoid), a growth factor |v| creates a geometric effect which is out of control for our analysis. We
introduce a strong decay factor e−l〈v〉t with sufficiently large l > 0 to overcome such a geometric effect :

d2(t, x, v) = e−l〈v〉tα(x, v)χ

(
1

ε
e−l〈v〉tα(x, v)

)
+

[
1− χ

(
1

ε
e−l〈v〉tα(x, v)

)]
, (13)

with a smooth cut-off function χ : [0,∞)→ [0, 1] such that −4 ≤ χ′(y) ≤ 0 and

χ(y) = 1 for 0 ≤ y ≤ 1/2, χ(y) = 0 for y ≥ 1.

A direct computation yields

{∂t + v · ∇x}d2 = {∂t + v · ∇x}e−l〈v〉tα× {χ(e−l〈v〉tα/ε) + ε−1χ′(e−l〈v〉tα/ε)[e−l〈v〉tα− 1]}

=
{
− l〈v〉e−l〈v〉tα− e−l〈v〉t2v{v · ∇3ξ(x) · v}ξ(x)

}{
χ(e−l〈v〉tα/ε) + ε−1χ′(e−l〈v〉tα/ε)[e−l〈v〉tα− 1]

}
. (−l +Oξ(1))〈v〉e−l〈v〉tα

{
χ(e−l〈v〉tα/ε) + ε−1χ′(e−l〈v〉tα/ε)[e−l〈v〉tα− 1]

}
= (−l +Oξ(1))〈v〉d2 × e−l〈v〉tα

{
χ(e
−l〈v〉t

α/ε) + ε−1χ′(e−l〈v〉tα/ε)[e
−l〈v〉t

α−1]
}
/d2

∼ε (−l +Oξ(1))〈v〉d2,

from our cutoff function χ. Here Oξ(1) = 2v{v·∇3ξ(x)·v}ξ
α〈v〉 represents the geometric effect. Throughout this paper

we choose

l > max
2v{v · ∇3ξ(x) · v}ξ

α〈v〉
. (14)

Remark that if ξ is quadratic (for example the domain is a ball or an ellipsoid) then we are able to set l = 0 and
{∂t + v · ∇x}d2 = 0.
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Theorem 2. Assume the compatibility condition (4) and recall (3). For any fixed 2 ≤ p < ∞ and p−2
p <

λ < p−1
p , if ||dλ∂tf0||p + ||dλ∇xf0||p + ||dλ∇vf0||p < ∞ and ||eζ|v|2f0||∞ � 1 for some 0 < ζ < 1

4 then
dλ∂tf,d

λ∇xf,dλ∇vf ∈ L∞loc([0,∞);Lp(Ω× R3)) such that for all t ≥ 0,

||dλ∂tf(t)||pp + ||dλ∇xf(t)||pp + ||dλ∇vf(t)||pp +

∫ t

0

{
|dλ∂tf(s)|pγ,p + |dλ∇xf(s)|pγ,p + |dλ∇vf(s)|pγ,p

}
ds

.t ||dλ∇tf0||pp + ||dλ∇xf0||pp + ||dλ∇vf0||pp + ||eζ|v|
2

f0||p∞.

If ||d∇tf0||∞ + ||d∇xf0||∞ + ||d∇vf0||∞ < +∞ and ||eζ|v|2f0||∞ � 1 for some 0 < ζ < 1
4 , then d∂tf,d∇xf ,

d∇vf ∈ L∞loc([0,∞);L∞(Ω× R3)) such that for all t ≥ 0,

||d∂tf(t)||∞ + ||d∇vf(t)||∞ + ||d∇xf(t)||∞ .t ||d∂tf0||∞ + ||d∇xf0||∞ + ||d∇vf0||∞ + ||eζ|v|
2

f0||∞.

Furthermore, if df0 ∈ C0(Ω̄× R3) and

v · ∇xf0 + Lf0 − Γ(f0, f0) = cµ
√
µ

∫
n·u>0

{
u · ∇xf0 + Lf0 − Γ(f0, f0)

}√
µ{n · u}du, (15)

is valid for γ− ∪ γ0, then df ∈ C0([0,∞)× Ω̄× R3) with the same estimate.

There is again no size restriction on initial derivatives. Remark that the assumption ||eζ|v|2f0||∞ � 1 ensures
a uniform-in-time bound sup0≤t≤∞ ||eζ|v|

2

f(t)||∞ . ||eζ|v|2f0||∞ due to [7, 2]. We remark for l 6= 0, d(t) v
e−l〈v〉td(0) so that in terms of solution f(t), such an estimate not only creates an exponential growth in time, but
also creates less integrability in velocity. Furthermore, when l 6= 0, we crucially need a strong weight function
eζ|v|

2

to balance such a factor e−l〈v〉t, which produces a super exponential growth et
2

in time in controls of the
non-local collision operator. We suspect that it is impossible to obtain a uniform in time estimate especially
when l 6= 0. Distance functions similar to d play an important role in the study of regularity in convex domains
for Vlasov equations ([6, 10]), which can be controlled along the characteristics via so-called velocity lemma.
However, such an approach has not been successful in the study of Boltzmann equation due to the non-local
nature of the Boltzmann collision operator, which mixes up different velocities so that their distance towards
γ0 can not be controlled. In addition of the key boundary representation, we establish a delicate estimate for
interaction of d and the collision kernel dλK( f

dλ
) in (85) for λ < p−1

p . An additional requirement λ > p−2
p is

needed to control the boundary singularity in (89). These estimates are sufficient to treat the case for λ < 1, but
unfortunately these fail for the case λ = 1, which accounts for the important C1 estimate. In order to establish
the C1 estimate, we employ the Lagrangian view point, estimating along so-called stochastic cycles [7, 2].

Our fourth new ingredient is a key estimate in Lemma 12. Even though dK( fd ) is impossible to estimate
directly due to severe singularity of 1

d in the velocity space, along the characteristics, 1
d(s,x−st,v) is integrable in

time for a convex domain. Therefore, the integral∫ t

0

∫
R3

dK(
f

d
)

can be controlled by first integrating over time, and we can close the estimate.
Our paper is organized as follows: In Section 2, we establish some preliminary estimates. Section 3 is devoted

to in-flow problems with the prescribed incoming data. Theorem 1 is established in Section 4, and weighted
W 1,p estimate in Theorem 2 is established in Section 5. We finally conclude the proof of weighted C1 estimate in
Theorem 2 in Section 6.

2 Preliminary
It is standard to write the linear Boltzmann operator as

Lf ≡ ν(v)f −Kf,
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with the collision frequency ν(v) ≡
∫
S2

∫
R3 |v − u|γq0( v−u

|v−u| · ω)µ(u)dudω ∼ 〈v〉γ for the hard potential 0 ≤ γ ≤ 1

and
Kf =

∫
R3

k(u, v)f(u)du, k = k2 − k1, (16)

where

k1(u, v) =
√
µ(u)

√
µ(v)|u− v|γ

∫
S2

q0(
v − u
|v − u|

· ω)dω, (17)

k2(u, v) =
2

|u− v|2
e
− 1

8 |u−v|
2− 1

8
(|u|2−|v|2)2

|u−v|2

∫
w·(u−v)=0

q∗0(|w|, |u− v|)e−|w+ς|2(|w|2 + |u− v|2)γ/2dw,

where q∗0 is bounded, and ς = 1
4 (u+v)− 1

4
|u|2−|v|2
|u−v|2 (u−v), so that ς ·(u−v) = 0 and |ς|2 = 1

8 |u+v|2− 1
8

(|u|2−|v|2)2

|u−v|2 .
See page 44 of [8] for details.

Lemma 1. Recall (17) and the Grad estimate [9, 8] for hard potential, 0 ≤ γ ≤ 1,

|k(u, v)| . {|v − u|γ + |v − u|−2+γ}e−
1
8 |v−u|

2− 1
8

(|v|2−|u|2)2

|v−u|2 . (18)

For % > 0 and −2% < θ < 2% and β ∈ R, we have for 0 < γ ≤ 1,∫
R3

{|v − u|γ + |v − u|−2+γ}e−%|v−u|
2−% (|v|2−|u|2)2

|v−u|2
〈v〉βeθ|v|2

〈u〉βeθ|u|2
du . 〈v〉−1, (19)

and, for γ = 0,∫
R3

{|v − u|+ |v − u|−2}e−%|v−u|
2−% (|v|2−|u|2)2

|v−u|2
〈v〉βeθ|v|2

〈u〉βeθ|u|2
du . 〈v〉−1+δ, for any 0 < δ � 1. (20)

Moreover for p ∈ [1,∞), if h,∇vh in Lp(R3), we have

‖Kh‖p .p ‖h‖p, ‖∇vKh‖p .p ‖h‖p + ‖∇vh‖p. (21)

Proof. The proof is based on [7]. Notice that

〈v〉βeθ|v|2

〈u〉βeθ|u|2
. [1 + |v − u|2]

β
2 e−θ(|u|

2−|v|2).

Set v − u = η and u = v − η in the integration of (19) and (20). Now we compute the total exponent of the
integrand of (19) and (20) as

− %|η|2 − % ||η|
2 − 2v · η|2

|η|2
− θ{|v − η|2 − |v|2} = −2%|η|2 + 4%{v · η} − 4%

|v · η|2

|η|2
− θ{|η|2 − 2v · η}

= (−θ − 2%) |η|2 + (4%+ 2θ) v · η − 4%
|v · η|2

|η|2
.

Since −2% < θ < 2%, the discriminant of the above quadratic form of |η| and v·η
|η| is negative : (4%+ 2θ)

2
+

16%(−θ − 2%) = 4θ2 − 16%2 < 0. We thus have

−%|η|2 − % ||η|
2 − 2v · η|2

|η|2
− θ{|v − η|2 − |v|2} .%,θ

|η|2

2
+ |v · η|.

Therefore, for 0 ≤ γ ≤ 1∫
R3

{
|v − u|γ + |v − u|−2+γ

}
e
−%|v−u|2−% (|v|2−|u|2)2

|v−u|2
〈v〉βeθ|v|2

〈u〉βeθ|u|2
du .

∫
R3

{
|η|γ + |η|−2+γ

}
〈η〉βe−C%,θ|η|

2

.%,θ,γ 1.
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Therefore, in order to show (19) and (20) it suffices to consider the case |v| ≥ 1. We make another change of
variables η‖ =

{
η · v|v|

}
v
|v| and η⊥ = η−η‖, so that |v ·η| = |v||η‖| and |v−u| ≥ |η⊥|.We can absorb 〈η〉β , |η|〈η〉β

by e−C%,θ|η|
2

, and bound the integral of (19) and (20) by, for δ ≥ 0∫
R3

{
1 + |η|−2+γ

}
e
−C%,θ

{
|η|2

2 +|v·η|
}

dη ≤
∫
R3

{
1 + |η|−2+γ+δ

}
e−

C%,θ
2 |η|

2

|η|−δe−C%,θ|v·η|dη

≤
∫
R2

{1 + |η⊥|−2+γ+δ}e−
C%,θ

2 |η⊥|
2

{∫
R
|η‖|−δe−C%,θ|v|×|η‖|d|η‖|

}
dη⊥

. 〈v〉−1+δ

∫
R2

{1 + |η⊥|−2+γ+δ}e−
C%,θ

2 |η⊥|
2

{∫ ∞
0

y−δe−C%,θydy

}
dη⊥, (y = |v||η‖|).

If γ > 0 we can set δ = 0 to conclude (19) since |η⊥|−2+γ ∈ L1(R2). On the other hand if γ = 0 we conclude (20)
since |η⊥|−2+δ ∈ L1(R2) for δ > 0.

For the first estimate of (21) we have |Kh(v)| ≤
(∫
|k(u, v)|du

)1/q × (∫ |k(u, v)||h(u)|pdu
)1/p to conclude

‖Kh‖p ≤ sup
v

(∫
|k(u, v)|du

)1/q

sup
u

(∫
|k(u, v)|dv

)1/p

‖h‖p . ||h||p,

where we have used (19) and (20).
For the second estimate of (21) we use a change of variable u = v − u in the integral (16) : Kf(v) =∫

k(v − u, v)f(v − u)du, so that

∇v(Kh) =

∫
R3

{∇uk(v − u, v) +∇vk(v − u, v)}h(v − u)du+

∫
R3

k(v − u, v)∇vh(v − u)du

=

∫
R3

{∇uk(u, v) +∇vk(u, v)}h(u)du+Khv ≡ Kvh+Khv.

(22)

From (17) we have
|∇uk1|+ |∇vk1| ≤ C

√
µ(u)

√
µ(v)(|u|γ+1 + |v|γ+1), (23)

so that supv
(∫
|∇uk1|+ |∇vk1|du

)
and supu

(∫
|∇uk1|+ |∇vk1|dv

)
are finite. For k2, we absorb the terms in

|w + ζ|, in |u− v| and in ||u|
2−|v|2|
|u−v| in the associated exponential terms in (17) to have

|∇uk2|+ |∇vk2| ≤ C
2

|u− v|2
e
− 1

10 |u−v|
2− 1

10
(|u|2−|v|2)2

|u−v|2

∫
w·(u−v)=0

q∗0(|w|, |u− v|)e− 1
2 |w+ζ|2(|w|2 + |u− v|2)γ/2dw.

This expression is of the same shape as the expression of k2 in (17) up to some constants in the exponential
terms. The proof of the Grad estimate (18) is also valid for this expression, so that

|∇uk2(v, u)|+ |∇vk2(v, u)| . {|v − u|γ + |v − u|−2+γ}e−
1
16 |v−u|

2− 1
16

(|v|2−|u|2)2

|v−u|2 , (24)

and we deduce that supv
(∫
|∇uk2|+ |∇vk2|du

)
and supu

(∫
|∇uk2|+ |∇vk2|dv

)
are finite from (19) and (20).

Then we conclude the second estimate of (21) as the first estimate.

Lemma 2. There exists a constant C > 0 such that for any g1, g2, g3, we have for (i, j) = (1, 2) and for
(i, j) = (2, 1) ∣∣∣∣∫∫

Ω×R3

Γ(g1, g2)g3dvdx

∣∣∣∣ ≤ C sup
Ω

{∫
R3

ν|gi|pdv
}1/p

‖ν1/pgj‖p‖ν1/qg3‖q,

|Γ(g1, g2)| ≤ ||eζ|v|
2

g1||∞
(
|〈v〉γg2| +

∫
R3

kζ(v, u)|g2|du
)
,

(25)

where for some Cζ > 0,

|kζ(v, u)| .ζ
{
|v − u|γ +

1

|v − u|2−γ
}
e
−Cζ

[
|v−u|2+

||v|2−|u|2|2

|v−u|2

]
. (26)
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For β > 0, θ > 0,∣∣Γ(g1, g2)(v)
∣∣ . 〈v〉γ−β ||〈v〉βg1||∞||〈v〉βg2||∞,

∣∣Γ(g1, g2)(v)
∣∣ . e−

θ
4 |v|

2

||eθ|v|
2

g1||∞||eθ|v|
2

g2||∞. (27)

Proof. Recall the definition of Γ:

Γ(g1, g2) =

∫
R3

∫
S2

√
µ(u)

[
g1(u′)g2(v′)− g1(u)g2(v)

]
|u− v|γq0(θ)dωdu = Γgain(g1, g2)− Γloss(g1, g2).

First notice that (for p > 1)∫
|u|γqe−|u−v|

2q/2du =

∫
|u−v|<|u|/2

|u|γqe−|u−v|
2q/2du+

∫
|u−v|≥|u|/2

|u|γqe−|u−v|
2q/2du

≤ 2γq|v|γq
∫
e−|u|

2q/2du+ 2γq
∫
|u|γqe−|u|

2q/2du . 1 + |v|γq . ν(v)q,

and similarly, for p = 1,
sup
u∈R3

{|u|γe−|u−v|
2/2} . 1 + |v|γ . ν(v).

For the loss term, we compute∣∣∣∣∫
R3

Γloss(g1, g2)g3dv

∣∣∣∣ . ∣∣∣∣∫
R3

∫
R3

√
µ(u)g1(u)g2(v)g3(v)|u− v|γdudv

∣∣∣∣
.

∣∣∣∣∫
R3

|g1|pdv
∣∣∣∣1/p ∫

R3

∣∣∣∣∫
R3

√
µ(u)

q
|u− v|qγdu

∣∣∣∣1/q |g2(v)||g3(v)|dv

.

∣∣∣∣∫
R3

|g1|pdv
∣∣∣∣1/p ∫

R3

ν(v)|g2(v)||g3(v)|dv .

∣∣∣∣∫
R3

ν|g1|pdv
∣∣∣∣1/p ∣∣∣∣∫

R3

ν|g2|pdv
∣∣∣∣1/p ∣∣∣∣∫

R3

ν|g3|qdv
∣∣∣∣1/q ,

where we have used Hölder’s inequality in u, and Hölder’s inequality in v. We then integrate over the domain Ω
and apply Hölder’s inequality in space.

For the gain term, using successively Hölder’s inequality in u, Hölder’s inequality in v, the inequality |v| ≤
|v′|+ |u′| and the change of variable (u, v) := (u′, v′), we obtain∣∣∣∣∫

R3

Γgain(g1, g2)g3dv

∣∣∣∣ =

∣∣∣∣∫
R3

∫
R3

∫
S2

√
µ(u)g1(u′)g2(v′)g3(v)|u− v|γq0(θ)dωdudv

∣∣∣∣
.

∫
S2

q0(θ)

∫
R3

|g3(v)|ν(v)

∣∣∣∣∫
R3

|g1(u′)|p|g2(v′)|pdu
∣∣∣∣1/p dvdω

.

∣∣∣∣∫
R3

ν|g3|qdv
∣∣∣∣1/q ∫

S2

q0(θ)

∣∣∣∣∫
R3

∫
R3

ν(v)|g1(u′)|p|g2(v′)|pdudv

∣∣∣∣1/p dω

.

∣∣∣∣∫
R3

ν|g3|qdv
∣∣∣∣1/q ∫

S2

q0(θ)

∣∣∣∣∫
R3

∫
R3

ν(v′)ν(u′)|g1(u′)|p|g2(v′)|pdudv

∣∣∣∣1/p dω

.

∣∣∣∣∫
R3

ν|g3|qdv
∣∣∣∣1/q ∣∣∣∣∫

R3

ν|g1|pdv
∣∣∣∣1/p ∣∣∣∣∫

R3

ν|g2|pdv
∣∣∣∣1/p .

We then integrate over the domain Ω and apply Hölder’s inequality in space.
For the second estimate of (25), we first define for some Cζ > 0,

νζ(v) =

∫
R3

∫
S2

|v − u|γq0(θ)
√
µ(u)e−ζ|u|

2

dωdu, kζ,1(v, u) =

∫
S2

|v − u|γq0(θ)e−ζ|u|
2

e−ζ|v|
2

dω,

kζ,2(v, u) =
2

|v − u|2
e
−Cζ

[
|u−v|2+

(|u|2−|v|2)2

|u−v|2

] ∫
w·(u−v)=0

q∗0(|w|, |u− v|)e−Cζ |w+ς|(|w|2 + |u− v|2)γ/2dw,
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and kζ = kζ,2 − kζ,1. Clearly the estimate of (26) is valid for kζ by the same proof in Lemma 1. Furthermore, if
||eζ|v|2g1||∞ <∞,

|Γ(g1, g2)| ≤
{∣∣Γgain(e−ζ|v|

2

, g2)
∣∣+
∣∣Γloss(e

−ζ|v|2 , g2)
∣∣}× ||eζ|v|2g1||∞

≤
{∣∣µ−1/2(v)Qgain(µ1/2e−ζ|v|

2

, µ1/2g2)
∣∣+
∣∣µ−1/2(v)Qloss(µ

1/2e−ζ|v|
2

, µ1/2g2)
∣∣}× ||eζ|v|2g1||∞

≤ ||eζ|v|
2

g1||∞ × µ(v)−1/2

∫
R3

∫
S2

|v − u|γq0(θ)
{
µ(v′)1/2|g2(v′)|µ1/2(u′)e−ζ|u

′|2

+ µ(u′)1/2|g2(u′)|µ1/2(v′)e−ζ|v
′|2 + µ(u)1/2|g2(u)|µ1/2(v)e−ζ|v|

2

+ µ(v)1/2|g2(v)|µ1/2(u)e−ζ|u|
2
}

≤ ||eζ|v|
2

g1||∞ ×
{∫

R3

{
kζ,1(v, u) + kζ,2(v, u)

}
|g2(u)|du+ νζ(v)|g2(v)|

}
.

We therefore conclude second estimates of (25). In order to prove (27) we plug in g1 = g2 = e−ζ|v|
2

to have

|Γ(g1, g2)| ≤ µ−1/2(v)
∣∣Qgain(µ1/2e−ζ|v|

2

, µ1/2e−ζ|v|
2

) +Qloss(µ
1/2e−ζ|v|

2

, µ1/2e−ζ|v|
2

)
∣∣× ||e−ζ|v|2g1||∞||e−ζ|v|

2

g2||∞

=

∫
R3

∫
S2

|v − u|γq0(θ)
[
e−ζ|v

′|2−ζ|u′|2 + e−ζ|v|
2−ζ|u|2]||e−ζ|v|2g1||∞||e−ζ|v|

2

g2||∞ . e−
ζ
4 |v|

2

||e−ζ|v|
2

g1||∞||e−ζ|v|
2

g2||∞.

The first estimate of (27) is a direct consequence of Lemma 5 of [7].

Lemma 3. For any g1, g2, g3, we have for (i, j) = (1, 2) and for (i, j) = (2, 1)∣∣∣∣∫∫
Ω×R3

∇vΓ(g1, g2)g3dvdx

∣∣∣∣ . sup
Ω

{∫
R3

ν|gi|pdv
}1/p

‖ν1/pgj‖p‖ν1/qg3‖q

+ sup
Ω

{∫
R3

ν|g2|pdv
}1/p

‖ν1/p∇vg1‖p‖ν1/qg3‖q + sup
Ω

{∫
R3

ν|g1|pdv
}1/p

‖ν1/p∇vg2‖p‖ν1/qg3‖q,

|Γv(g1, g2)(v)| . 〈v〉γ−β ||〈v〉βg1||∞||〈v〉βg2||∞, |Γv(g1, g2)(v)| . e−
θ
4 |v|

2

||eθ|v|
2

g1||∞||eθ|v|
2

g2||∞.

(28)

Proof. We compute the velocity derivative of Γ after the change of variable u := v − u:

∇vΓ(g1, g2) = Γ(g1,∇vg2) + Γ(∇vg1, g2) + Γv(g1, g2) ≡ Γ(g1,∇vg2) + Γ(∇vg1, g2)

+

∫
R3

∫
S2

∇v(
√
µ)(v − u)g1(v − u⊥)g2(v − u‖)|u|γq0(θ)dωdu

− g2(v)

∫
R3

∫
S2

∇v(
√
µ)(v − u)g1(v − u)|u|γq0(θ)dωdu,

(29)

where u‖ = (u · ω)ω and u⊥ = u − (u · ω)ω. The two first terms are estimated directly with lemma 2. Since
|∇v(
√
µ)(v−u)| ≤ C√µ1/2(v−u), the two remaining terms are estimated as in the proof of Lemma 2. Following

the same proof of Lemma 2 we have the last two estimates.

3 Traces and the In-flow Problems
Let tb(x, v) be the the backward exit time as defined in [7]:

tb(x, v) = sup{τ > 0 : x− sv ∈ Ω for all 0 ≤ s ≤ τ}, xb(v) = x− tbv. (30)

Recall the almost grazing set γε+ defined in (11). We first estimate the outgoing trace on γ+ \γε+. We remark that
for the outgoing part, our estimate is global in time without cut-off, in contrast to the general trace theorem.

Lemma 4. Assume that ϕ = ϕ(v) is L∞loc(R3). For any small parameter ε > 0, there exists a constant Cε,T,Ω > 0
such that for any h in L1([0, T ], L1(Ω × R3)) with ∂th + v · ∇xh + ϕh in L1([0, T ], L1(Ω × R3)), we have for all
0 ≤ t ≤ T, ∫ t

0

∫
γ+\γε+

|h|dγds ≤ Cε,T,Ω
[
||h0||1 +

∫ t

0

{
‖h(s)‖1 +

∥∥[∂t + v · ∇x + ϕ]h(s)
∥∥

1

}
ds

]
.
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Furthermore, for any (s, x, v) in [0, T ]×Ω×R3 the function h(s+ s′, x+ s′v, v) is absolutely continuous in s′ in
the interval [−min{tb(x, v), s},min{tb(x,−v), T − s}].

Proof. With a proper change of variables (e.g. Page 247 in [1]) we have∫ T

0

∫∫
Ω×R3

h(t, x, v)dvdxdt (31)

=

∫ 0

−min{T,tb(x,v)}

∫∫
Ω×R3

h(T + s, x+ sv, v)dvdxds+

∫ min{T,tb(x,−v)}

0

∫∫
Ω×R3

h(0 + s, x+ sv, v)dvdxds

+

∫ T

0

∫
γ+

∫ 0

−min{t,tb(x,v)}
h(t+ s, x+ sv, v)dsdγdt+

∫ T

0

∫
γ−

∫ min{T−t,tb(x,−v)}

0

h(t+ s, x+ sv, v)dsdγdt.

For (t, x, v) ∈ [0, T ]× γ+ and 0 ≤ s ≤ min{t, tb(x, v)},

h(t, x, v) = h(t− s, x− sv, v)e−ϕ(v)s +

∫ 0

−s
eϕ(v)τ [∂th+ v · ∇xh+ ϕ(v)h](t+ τ, x+ τv, v)dτ.

Now for (t, x, v) ∈ [ε1, T ]× γ+ \ γε+, we integrate over
∫ T
ε1

∫
γ+\γε+

∫ 0

min{t,tb(x,v)} to get

min{ε1, ε
3} ×

∫ T

ε1

∫
γ+\γε+

|h(t, x, v)|dγdt . min
[ε1,T ]×[γ+\γε+]

{t, tb(x, v)} ×
∫ T

ε1

∫
γ+\γε+

|h(t, x, v)|dγdt

.
∫ T

0

∫
γ+

∫ 0

−min{t,tb(x,v)}
|h(t+ s, x+ sv, v)|dsdγdt

+ T

∫ T

0

∫
γ+

∫ 0

−min{t,tb(x,v)}
|∂th+ v · ∇xh+ ϕh|(t+ τ, x+ τv, v)dτdγdt

.
∫ T

0

||h(t)||1dt+

∫ T

0

||[∂t + v · ∇x + ϕ]h(t)||1dt,

where we have used the integration identity (31), and (40) of [7] to obtain tb(x, v) ≥ CΩ|n(x) · v|/|v|2 ≥ CΩε
3 for

(x, v) ∈ γ+ \ γε+. Now we choose ε1 = ε1(Ω, ε) as

ε1 ≤ CΩε
3 ≤ inf

(x,v)∈γ+\γε+
tb(x, v).

We only need to show, for ε1 ≤ CΩε
3,∫ ε1

0

∫
γ+\γε+

|h(t, x, v)|dγdt .Ω,ε,ε1 ||h0||1 +

∫ ε1

0

||[∂t + v · ∇x + ϕ]h(t)||1dt.

Because of our choice ε and ε1, tb(x, v) > t for all (t, x, v) ∈ [0, ε1]× γ+ \ γε+. Then

|h(t, x, v)| . |h0(x− tv, v)|+
∫ t

0

∣∣∣[∂t + v · ∇x + ϕ(v)]h(s, x− (t− s)v, v)
∣∣∣ds,

where the second contribution is bounded, from (31), by∫ ε1

0

∫
γ+\γε+

∫ t

0

∣∣∣[∂t + v · ∇x + ϕ(v)]h(s, x− (t− s)v, v)
∣∣∣dsdγdt .

∫ ε1

0

||[∂t + v · ∇x + ϕ(v)]h(t)||1dt.

Consider the initial datum contribution of |h0(x − tv, v)| : Assume ∂x3
ξ(x0) 6= 0. By the implicit func-

tion theorem ∂Ω can be represented locally by the graph η = η(x1, x2) satisfying ξ(x1, x2, η(x1, x2)) = 0 and
(∂x1

η(x1, x2), ∂x2
η(x1, x2)) = (−∂x1

ξ/∂x3
ξ,−∂x2

ξ/∂x3
ξ) at (x1, x2, η(x1, x2)). We define the change of variables

(x, t) ∈ ∂Ω ∩ {x ∼ x0} × [0, ε1] 7→ y = x− tv ∈ Ω̄,
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where
∣∣∣ ∂y
∂(x,t)

∣∣∣ = −v1
∂x1ξ

∂x3
ξ − v2

∂x2ξ

∂x3
ξ − v3. Therefore

|n(x) · v|dSxdt = (n(x) · v)
[
1 +

(∂x1ξ

∂x3
ξ

)2
+
(∂x2ξ

∂x3
ξ

)2]1/2
dx1dx2dt =

[
−v1

∂x1ξ

∂x3
ξ
− v2

∂x2ξ

∂x3
ξ
− v3

]
dx1dx2dt = dy,

and
∫ ε1

0

∫
γ+\γε+∩{x∼x0} |h0(x − tv, v)|dγdt .ε,ε1,x0

∫∫
Ω×R3 |h0(y, v)|dydv. Since ∂Ω is compact we can choose a

finite covers of ∂Ω and repeat the same argument for each piece to conclude∫ ε1

0

∫
γ+\γε+

|h0(x− tv, v)|dγdt .Ω,ε,ε1

∫∫
Ω×R3

|h0(y, v)|dydv.

Lemma 5 (Green’s Identity). For p ∈ [1,∞) assume that f, ∂tf + v · ∇xf ∈ Lp([0, T ];Lp(Ω × R3)) and fγ− ∈
Lp([0, T ];Lp(γ)). Then f ∈ C0([0, T ];Lp(Ω× R3)) and fγ+

∈ Lp([0, T ];Lp(γ)) and for almost every t ∈ [0, T ] :

||f(t)||pp +

∫ t

0

|f |pγ+,p = ||f(0)||pp +

∫ t

0

|f |pγ−,p +

∫ t

0

∫∫
Ω×R3

{∂tf + v · ∇xf}|f |p−2f.

Lemma 6 (Velocity Lemma). Let Ω be strictly convex as defined in (2). Recall (12) and define along the
trajectories for x ∈ Ω̄ and s ∈ [t1, t2] with t1 = t− tb(x, v), t2 = t+ tb(x,−v),

α(s; t, x, v) ≡ |v · ∇ξ(x− (t− s)v)|2 − 2{v · ∇2ξ(x− (t− s)v) · v}ξ(x− (t− s)v).

Then there exists constant CΩ > 0 such that, for t1 ≤ s1 ≤ s2 ≤ t2,

eCΩ〈v〉s1α(s1) ≤ eCΩ〈v〉s2α(s2), e−CΩ〈v〉s1α(s1) ≥ e−CΩ〈v〉s2α(s2).

See [7] for the proof. Now we state and prove following propositions for the in-flow problems:

{∂t + v · ∇x + ν(v)}f = H, f(0, x, v) = f0(x, v), f(t, x, v)|γ− = g(t, x, v). (32)

For notational simplicity, we define

∂tf0 ≡ −v · ∇xf0 − νf0 +H(0, x, v), (33)

∇xg ≡ n

n · v

{
− ∂tg −

2∑
i=1

(v · τi)∂τig − νg +H
}

+

2∑
i=1

τi∂τig. (34)

We remark that ∂tf0 is obtained from formally solving (32), and (34) leads to the usual tangential derivatives of
∂τig, while defines new ‘normal derivative’ ∂ng from the equation (32).

Proposition 1. Assume a compatibility condition

f0(x, v) = g(0, x, v) for (x, v) ∈ γ−. (35)

For any fixed p ∈ [1,∞), assume

∇xf0,∇vf0,−v · ∇xf0 − νf0 +H(0, x, v) ∈ Lp(Ω× R3),

g, ∂tg,∇vg, ∂τig,
1

n(x) · v
{−∂tg −

∑
i

(v · τi)∂τig − ν(v)g +H} ∈ Lp([0, T ]× γ−),

and, assume 1/p+ 1/q = 1 there exist TCT ∼ O(T ) and ε� 1 such that for all t ∈ [0, T ]∣∣∣∣∫∫
Ω×R3

∂H(t)h(t)dxdv

∣∣∣∣ ≤ CT{||h(t)||q + ε||ν1/qh(t)||q
}
.
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Then for sufficiently small T > 0 there exists a unique solution f to (32) such that f, ∂tf,∇xf,∇vf ∈ C0([0, T ];Lp(Ω×
R3)) and the traces satisfy

∂tf |γ− = ∂tg, ∇vf |γ− = ∇vg, ∇xf |γ− = ∇xg, on γ−,

∇xf(0, x, v) = ∇xf0, ∇vf(0, x, v) = ∇vf0, ∂tf(0, x, v) = ∂tf0, in Ω× R3,
(36)

where ∂tf0 and ∇xg are given by (33) and (34). Moreover

||∂tf(t)||pp +

∫ t

0

|∂tf |pγ+,p + p

∫ t

0

||ν1/p∂tf ||pp (37)

= ||∂tf0||pp +

∫ t

0

|∂tg|pγ−,p + p

∫ t

0

∫∫
Ω×R3

∂tH|∂tf |p−2∂tf,

||∇xf(t)||pp +

∫ t

0

|∇xf |pγ+,p + p

∫ t

0

||ν1/p∇xf ||pp (38)

= ||∇xf0||pp +

∫ t

0

|∇xg|pγ−,p + p

∫ t

0

∫∫
Ω×R3

∇xH|∇xf |p−2∇xf,

||∇vf(t)||pp +

∫ t

0

|∇vf |pγ+,p + p

∫ t

0

||ν1/p∇vf ||pp (39)

= ||∇vf0||pp +

∫ t

0

|∇vg|pγ−,p + p

∫ t

0

∫∫
Ω×R3

{∇vH −∇xf −∇vνf}|∇vf |p−2∇vf.

Proof. We apply the trace theorem to the derivatives of f by explicit computations. First we assume f0, g and H
have compact support in v ∈ R3. We integrate the equation (32) along the backward trajectories. If the initial
condition is reached before hitting the boundary (case t < tb), we have

f(t, x, v) = e−tν(v)f0(x− tv, v) +

∫ t

0

e−sν(v)H(t− s, x− vs, v)ds.

If the boundary is first reached (case t > tb), we have

f(t, x, v) = e−tbν(v)g(t− tb, xb, v) +

∫ tb

0

e−sν(v)H(t− s, x− vs, v)ds.

Let us rewrite it

f(t, x, v) =1{t≤tb}e
−tν(v)f0(x− tv, v) + 1{t>tb}e

−tbν(v)g(t− tb, xb, v)

+

∫ min(t,tb)

0

e−sν(v)H(t− s, x− vs, v)ds.
(40)

We take derivative of f with respect to time, space and velocity for t 6= tb. Recall the following derivatives of xb
and tb (see lemma 2 in [7]) :

∇xtb =
n(xb)

v · n(xb)
, ∇vtb = − tbn(xb)

v · n(xb)
, ∇xxb = I − n(xb)

v · n(xb)
⊗ v, ∇vxb = −tbI +

tbn(xb)

v · n(xb)
⊗ v. (41)

Since g is defined on a surface, we cannot define its space gradient. We then use directly the gradient in space of
g(xb). Regarding g(t− tb, xb(x, v), v) as function on [0, T ]× Ω̄× R3 we obtain from (41)

∇x[g(t− tb, xb, v)] = −∇xtb∂tg +∇xxb∇τg = − n(xb)

v · n(xb)
∂tg +

(
I − n⊗ v

n · v

)
∇τg

= τ1∂τ1g + τ2∂τ2g −
n(xb)

v · n(xb)
{∂tg + v · τ1∂τ1g + v · τ2∂τ2g} ,

∇v[g(t− tb, xb, v)] = −tb∇x[g(t− tb, xb, v)] +∇vg,

where τ1(x) and τ2(x) are unit vectors satisfying τ1(x) · n(x) = 0 = τ2(x) · n(x) and τ1(x)× τ2(x) = n(x).
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Therefore by direct computation for t 6= tb, we deduce

∂tf(t, x, v)1{t 6=tb} = −1{t<tb}e
−tν(v)[νf0 + v · ∇xf0 −H|t=0](x− tv, v) + 1{t>tb}e

−tbν∂tg(t− tb, xb, v) (42)

+

∫ min(t,tb)

0

e−sν∂tH(t− s, x− vs, v)ds,

∇xf(t, x, v)1{t 6=tb} = 1{t<tb}e
−tν∇xf0(x− tv, v) (43)

+1{t>tb}e
−tbν

{ 2∑
i=1

τi∂τig −
n(xb)

v · n(xb)

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}}

(t− tb, xb, v)

+

∫ min(t,tb)

0

e−sν∇xH(t− s, x− vs, v)ds,

∇vf(t, x, v)1{t 6=tb} = 1{t<tb}e
−tν [−t∇xf0 +∇vf0 − t∇vν(v)f0](x− tv, v) (44)

−1{t>tb}tbe
−tbν

{ 2∑
i=1

τi∂τig −
n(xb)

v · n(xb)

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}}

(t− tb, xb, v)

+1{t>tb}e
−tbν

{
∇vg(t− tb, xb, v)− tb∇vν(v)g(t− tb, xb, v)

}
+

∫ min(t,tb)

0

e−sν{∇vH − s∇xH − s∇νH}(t− s, x− vs, v)ds.

We, first, show that ∂f1{t>tb} ∈ Lp and ∂f1{t<tb} separately. Now we take Lp norms above with the changes
of variables in Lemma 2.1 of [6] and using Jensen’s inequality in [0, t]. More precisely, for φ ∈ L1 with φ ≥ 0,∫∫

Ω×R3

1{x−tv∈Ω}φ(x− tv, v) =

∫
R3

[∫
Ω

1{x−tv∈Ω}φ(x− tv, v)dx

]
dv ≤

∫∫
Ω×R3

φ(x, v),∫∫
{Ω×R3}∩B((x0,v0);δ)

1{t≥tb}φ(t− tb(x, v), xb(x, v), v) ≤
∫ t

0

∫
∂Ω×R3

φ(s, x, v)|n(x) · v|dSxdvds,

(45)

where for the second inequality we have used the change of variables for fixed t, v,

x 7→ (t− tb(x, v), xb(x, v)). (46)

In fact, without the loss of generality we may assume ∂x3
ξ(xb(x, v)) 6= 0 for (x, v) ∈ B((x0, v0); δ) so that

xb(x, v) = (xb,1, xb,2, η(xb,1, xb,2)). Using (41), we compute the Jacobian

det

 −∇xtb
−∇xxb,1
−∇xxb,2

 = det

 −(v · n)−1n
−∇xxb,1
−∇xxb,2

 =

∣∣∣∣−v1
∂x1

ξ

∂x3ξ
− v2

∂x2
ξ

∂x3ξ
+ v3

∣∣∣∣−1

.

Therefore dxdv =
∣∣∣−v1

∂x1ξ

∂x3
ξ − v2

∂x2ξ

∂x3
ξ + v3

∣∣∣dx1dx2dvdt = |n ·v|dSxdvdt = dγdt. Using these changes of variables,
we obtain

‖f(t)1{t 6=tb}‖p ≤ ‖f0‖p +

[∫ t

0

∫
γ−

|g|pdγds

]1/p

+ t(p−1)/p

[∫ t

0

‖H‖ppds
]1/p

,

‖∂tf(t)1{t 6=tb}‖p ≤ ‖v · ∇xf0 + νf0 −H(0, ·, ·)‖p

+

[∫ t

0

∫
γ−

|∂tg|pdγds

]1/p

+ t(p−1)/p

[∫ t

0

‖∂tH‖ppds
]1/p

,

‖∇xf(t)1{t 6=tb}‖p ≤ ‖∇xf0‖p + t(p−1)/p

[∫ t

0

‖∇xH(s)‖ppds
]1/p

+

[∫ t

0

∫
γ−

∣∣∣∣∣{
2∑
i=1

τi∂τig −
n(xb)

v · n(xb)

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H(0, x, v)
}}

(t− tb, xb, v)

∣∣∣∣∣
p

dγds

]1/p

,

(47)
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‖∇vf(t)1{t6=tb}‖p ≤ t‖∇xf0‖p + ‖∇vf0‖p + C‖f0‖p + Ct

[∫ t

0

∫
γ−

|g|pdγds

]1/p

+t

[∫ t

0

∫
γ−

∣∣∣∣∣{
2∑
i=1

τi∂τig −
n(xb)

v · n(xb)

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H(0, x, v)
}}

(t− tb, xb, v)

∣∣∣∣∣
p

dγds

]1/p

+

[∫ t

0

∫
γ−

|∇vg|pdγds

]1/p

+ t

[∫ t

0

∫
γ−

|〈v〉g|pdγds

]1/p

+ t(p−1)/p

[∫ t

0

‖∇xH‖ppds
]1/p

+t(p−1)/p

[∫ t

0

‖∇vH‖ppds
]1/p

+ Ct(p−1)/p

[∫ t

0

‖H‖ppds
]1/p

.

From our hypothesis and assumption on f0, g and H to have compact supports, these terms are bounded, therefore

∂f1{t6=tb} ≡
[
∂tf1{t6=tb},∇xf1{t6=tb},∇vf1{t6=tb}

]
∈ L∞([0, T ];Lp(Ω× R3)).

On the other hand, thanks to the compatibility condition, we need to show f has the same trace on the set

M≡ {t = tb(x, v)} ≡ {(tb(x, v), x, v) ∈ [0, T ]× Ω× R3}. (48)

We claim : Let φ(t, x, v) ∈ C∞c ((0, T )× Ω× R3) and we have∫ T

0

∫∫
Ω×R3

f∂φ = −
∫ T

0

∫∫
Ω×R3

∂f1{t6=tb}φ,

so that f ∈W 1,p with weak derivatives given by ∂f1{t 6=tb}.
Proof of claim. We first fix the test function φ(t, x, v). There exists δ = δφ > 0 such that φ ≡ 0 for t ≥ 1

δ , or
dist(x, ∂Ω) < δ, or |v| ≥ 1

δ . Let φ(t, x, v) 6= 0 and (t, x, v) ∈ M. If follows that t = tb(x, v) so that xb = x− tbv.
Hence |x− xb| = tb|v| and

dist(x,Ω) ≤ |x− xb| = tb|v|.

Since tb ≤ 1
δ , this implies that

|v| ≥ δ

tb
≥ δ2.

Otherwise dist(x, ∂Ω) ≤ δ so that φ(t, x, v) = 0. Furthermore, by the Velocity lemma (Lemma 6) and this lower
bound of |v|, we conclude that there exists δ′(δ,Ω) > 0 such that

|v · n(xb)|2 &Ω |v · ∇xξ(xb)|2 = α(t− tb; t, x, v) ≥ e−CΩ〈v〉tbα(t; t, x, v) ≥ e−CΩ〈v〉tbCξ|v|2|ξ(x)|

≥ e−CΩδ
−2

Cξδ
4 min

dist(x,∂Ω)≥δ
|ξ(x)| = 2δ′(δ,Ω) > 0.

In particular, this lower bound and a direct computation of (41) imply that {φ 6= 0} ∩ M is a smooth 6D
hypersurface.

We next take C1 approximation of f l0, H l, and gl (by partition of unity and localization) such that

||f l0 − f0||W 1,p → 0, ||gl − g||W 1,p([0,T ]×γ−\γδ
′
− ) → 0, ||H l −H||W 1,p([0,T ]×Ω×R3) → 0.

This implies, from the trace theorem, that

f l0(x, v)→ f0(x, v) and gl(0, x, v)→ g(0, x, v) in L1(γ−\γδ
′

− ).

We define accordingly, for (t, x, v) ∈ [0, T ]× Ω× R3,

f l(t, x, v) = 1{t<tb}e
−tν(v)f l0(x− tv, v) + 1{t>tb}e

−tbν(v)gl(t− tb, xb, v) +

∫ min{t,tb}

0

e−sν(v)H l(t− s, x− sv, v)ds,

(49)
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and f l±(t, x, v) ≡ 1{t≷tb}f
l. Therefore for all (x, v) ∈ γ−,

f l+(s, x+ sv, v)− f l−(s, x+ sv, v) = e−sν(v)gl(0, x, v)− e−sν(v)f l0(x, v).

Since {φ 6= 0} ∩M is a smooth hypersurface, we apply the Gauss theorem to f l to obtain∫∫∫
∂eφf

ldxdvdt =

∫∫
[f l+ − f l−]φ e · nMdM−

{∫∫∫
t>tb

φ ∂ef
l
+dxdvdt+

∫∫∫
t<tb

φ ∂ef
l
−dxdvdt

}
, (50)

where ∂e = [∂t,∇x,∇v] = [∂t, ∂x1 , ∂x2 , ∂x3 , ∂v1 , ∂v2 , ∂v3 ] and nM = e1 ∈ R7. We have used (s, x + sv, v) and
(x, v) ∈ γ− as our parametrization for the manifold M∩ {φ 6= 0}, so that n(xb(x, v)) · v ≥ 2δ′ is equivalent to
n(x) · v ≥ 2δ′. Therefore the above hypersurface integration over {t 6= tb} is bounded by

Cφδ

∫ 1
δ

0

∫
n(x)·v≥2δ′

|f l+(s, x+ sv, v)− f l−(s, x+ sv, v)|dSxdvds

.φ,δ

∫
n(x)·v≥2δ′

|gl(0, x, v)− f l0(s, v)|dSxdv → 0, as l→∞,

since the compatibility condition f0(x, v) = g(0, x, v) for (x, v) ∈ γ−. Clearly, taking difference of (49) and (40),
we deduce f l → f strongly in Lp({φ 6= 0}) due to the first estimate of (47). Furthermore, due to (47), we have a
uniform-in-l bound of f l± in W 1,p({t ≷ tb, φ 6= 0}) such that, up to subsequence,

∂ef
l
+ ⇀ ∂ef1{t>tb}, ∂ef

l
− ⇀ ∂ef1{t<tb}, weakly in Lp({φ 6= 0}).

Finally we conclude the claim by letting l→∞ in (50).
Now notice that from its explicit form (40), and since all the data are compactly supported in velocity, f is

itself compactly supported in velocity. Recall ∂ = [∂t,∇x,∇v]. From this and the Lp bounds above, we conclude

{∂t + v · ∇x + ν(v)}∂f = ∂H − ∂v · ∇xf − ∂νf ∈ Lp. (51)

By the trace theorem (Lemma 4), traces of ∂tf,∇xf,∇vf exist. To evaluate these traces, we take derivatives
along characteristics. Letting t → tb and t → 0, we deduce (36). From the Green’s identity, Lemma 5, we have
(37), (38) and (39), and therefore we conclude ∂f ∈ C0([0, T ];Lp).

In order to remove the compact support assumption we employ the cut-off function χ used in (13). Define
fm = χ(|v|/m)f then fm satisfies

{∂t + v · ∇x + ν(v)}fm = χ(|v|/m)H, (52)
fm(0, x, v) = χ(|v|/m)f0, fm|γ− = χ(|v|/m)g. (53)

Note that ∇v[χ(|v|/m)g] = χ(|v|/m)∇vg+g∇vχ(|v|/m) and χ(|v|/m)f0(x, v) = χ(|v|/m)g(0, x, v) for (x, v) ∈ γ−.
Apply previous result to compute the traces of the derivatives of fm. It is standard (using Green’s identity) to
show that ∂tfm,∇xfm and ∇vfm are Cauchy and we can pass a limit.

We now study weighted W 1,p estimate. Recall (13). We first define an effective collision frequency:

νl,λ(t, x, v) = ν(v)− λd−1(t, x, v){∂t + v · ∇x}d(t, x, v)

= ν(v)− λ

2d2

(
− l〈v〉e−〈v〉tα− e−l〈v〉t2v{v · ∇3ξ(x) · v}ξ(x)

)
×
(
χ(e−l〈v〉tα/ε) + ε−1χ′(e−l〈v〉tα/ε)[e−l〈v〉tα− 1]

)
.

(54)

Clearly νl,λ(t, x, v) ∼ε ν(v) + λ(l − Oξ(1))〈v〉 ∼ λ〈v〉 from our choice (14), and from the definition, it is easy to
verify that

{∂t + v · ∇x}dλ = [−νl,λ(v) + ν(v)]dλ, (55)

so that

dλ{∂t + v · ∇x + ν(v)}∂f = {∂t + v · ∇x + ν(v)}[dλ∂f ]− ∂f{∂t + v · ∇x}dλ

= {∂t + v · ∇x + νl,λ}[dλ∂f ].
(56)
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Proposition 2. Let f be a solution of (32). Assume (35) and 〈v〉g ∈ L∞([0, T ]×γ−), 〈v〉H ∈ L∞([0, T ]×Ω×R3).
For any fixed p ∈ [2,∞], assume

dλ∂tg, dλ∇τg ∈ L∞([0, T ];Lp(γ−)),

dλ
{
|∇τg|+

1

n(x) · v
(
|∂tg|+ 〈v〉|∇τg|+ |H|

)}
∈ L∞([0, T ];Lp(γ−)),

dλ
∣∣− v · ∇xf0 − ν(v)f0 +H0

∣∣ ∈ Lp(Ω× R3),

and assume 1/p+ 1/q = 1 there exist TCT = O(T ) and ε� 1 such that for all t ∈ [0, T ]∣∣∣∣∫∫
Ω×R3

dλ∂H(t)h(t)

∣∣∣∣ ≤ CT{||h(t)||q + ε||ν1/q
l,λ h(t)||q

}
.

Then f(t, x, v) satisfies

||f(t)||∞ ≤ ||f0||∞ + sup
0≤s≤t

||g(s)||∞ +
∣∣∣∣∣∣ ∫ t

0

H(s)ds
∣∣∣∣∣∣
∞
.

Recall ∂ = [∂t,∇x,∇v], then

{∂t + v · ∇x + νl,λ}[dλ∂f ] = dλ∂H − ∂v · dλ∇xf − ∂ν(v)dλf,

dλ∂f |t=0 = dλ∂f0, dλ∂f |γ− = dλ[∂g|γ− ],

where [∂g|γ− ] is given in (36). Moreover, recalling (33) and (34), we have for 2 ≤ p <∞,∫
Ω×R3

|dλ∂f(t)|p +

∫ t

0

∫
Ω×R3

νl,λ|dλ∂f |p +

∫ t

0

∫
γ+

|dλ∂f |p (57)

.
∫

Ω×R3

|dλ∂f0|p +

∫ t

0

∫
γ−

|dλ∂g|p +

∫ t

0

∫
Ω×R3

|dλ∂H − ∂v · dλ∇xf − ∂νdλf ||dλ∂f |p−1,

||dλ∂f(t)||∞ . ||dλ∂f0||∞ + ||dλ∂g||∞ +

∫ t

0

||dλ∂H − ∂v · dλ∇xf − ∂νdλf ||∞, for p =∞.

Proof. First we assume f0, g and H have compact supports in {v ∈ R3 : |v| < m}. We estimate ∂f in the bulk.
From the velocity lemma (Lemma 6), we have

sup
t≤tb

d(t, x, v)λ

d(0, x− tv, v)λ
≤ eCm,λt, sup

t≥tb

d(t, x, v)λ

d(t− tb, xb, v)λ
≤ eCm,λtb , sup

max{t−tb,0}≤s≤t

d(t, x, v)λ

d(t− s, x− sv, v)λ
≤ eCm,λs.

Multiply d(t, x, v)λ by (42), (43) and (44) and use the above inequalities to get

dλ|∂tf(t, x, v)|
. eCm,λte−tν(v)dλ

∣∣[νf0 + v · ∇xf0 −H|t=0](x− tv, v)
∣∣1{t<tb}

+ eCm,λtbe−tbνdλ∂t
∣∣g(t− tb, xb, v)

∣∣1{t>tb}
+

∫ min(t,tb)

0

eCm,λse−sνdλ
∣∣∂tH(t− s, x− vs, v)

∣∣ds,
dλ|∇xf(t, x, v)|

. eCm,λte−tνdλ
∣∣∇xf0(x− tv, v)

∣∣1{t<tb} + eCm,λtbe−tbν
2∑
i=1

τid
λ|∂τig(t− tb, xb, v)|1{t>tb}

+ eCm,λtbe−tbνn(xb)
dλ(t− tb, xb, v)

|v · n(xb)|

∣∣∣{∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}

(t− tb, xb, v)
∣∣∣1{t>tb}

+

∫ min(t,tb)

0

eCm,λse−sνdλ
∣∣∇xH(t− s, x− vs, v)

∣∣ds,

(58)
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dλ|∇vf(t, x, v)|
. eCm,λte−tνdλ

∣∣[−t∇xf0 +∇vf0 − t∇vν(v)f0](x− tv, v)
∣∣1{t<tb}

+ eCm,λtbe−tbν
2∑
i=1

τid
λ|∂τig(t− tb, xb, v)|1{t>tb}

+ eCm,λtbe−tbνn(xb)
d(t− tb, xb, v)λ

|v · n(xb)|

∣∣∣{∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}

(t− tb, xb, v)
∣∣∣1{t>tb}

+ eCm,λtbe−tbνdλ
{
|∇vg(t− tb, xb, v)|+ |tb∇vν(v)||g(t− tb, xb, v)|

}
1{t>tb}

+

∫ min(t,tb)

0

eCm,λse−sνdλ
∣∣{∇vH − s∇xH − s∇νH}(t− s, x− vs, v)

∣∣ds.
Following (45) and (46) of Proposition 1 and using the condition of Proposition 2, we deduce

||dλ∂tf(t)||p .t,m,λ ||dλ[v · ∇xf0 + νf0 −H(0, ·, ·)]||p +

[∫ t

0

||dλ∂tg(s)||pγ,pds
]1/p

+

[∫ t

0

||dλ∂tH(s)||ppds
]1/p

,

||dλ∇xf(t)||p .t,m,λ ||dλ∇xf0||p +

2∑
i=1

[∫ t

0

||dλ∂τig(s)||pγ,pds
]1/p

+

[∫ t

0

∣∣∣∣∣∣ dλ
v · n
{∂tg +

∑
(v · τi)∂τig + νg −H}

∣∣∣∣∣∣p
γ,p

ds

]1/p

+

[∫ t

0

||dλ∇xH(s)||ppds
]1/p

,

||dλ∇vf(t)||p .t,m,λ ||dλ∇vf0||p +

2∑
i=1

[∫ t

0

||dλ∂τig(s)||pγ,pds
]1/p

+ sup
0≤s≤t

||〈v〉g(s)||∞

+

[∫ t

0

∣∣∣∣∣∣ dλ
v · n
{∂tg +

∑
(v · τi)∂τig + νg −H}

∣∣∣∣∣∣p
γ,p

ds

]1/p

+

[∫ t

0

||dλ∇vg(s)||ppds
]1/p

+

[∫ t

0

||dλ∇vH(s)||pp + ||dλ∇xH(s)||ppds
]1/p

+ sup
0≤s≤t

||〈v〉H(s)||∞.

By the hypothesis of Proposition 2 and assumption on f0, g and H to have compact support, the right hand sides
are bounded and hence dλ∂tf,d

λ∇xf, and dλ∇vf are in L∞([0, T ];Lp(Ω× R3)).
Since f0, g and H are compactly supported on {v ∈ R3 : |v| ≤ m}, the derivatives dλ∂tf,dλ∇xf and dλ∇vf

are compactly supported on {v ∈ R3 : |v| ≤ m} and hence from (56) and (51)

{∂t + v · ∇x + νl,λ}[dλ∂f ] = dλ∂H − ∂v · dλ∇xf − ∂ν(v)dλf. (59)

Moreover, from the general definition of traces, by choosing a test function multiplied by dλ, we deduce dλ∂f
has the same trace as dλ[∂f |γ ].

Now we can apply Lemma 5 to have (57) which does not depend on the velocity cut-off. Therefore for the
general case, we use (52) and (53) and pass a limit to conclude the proof.

Proposition 3. Let f be a solution of (32). Assume the compatibility condition (35) and compatibility condition

∂tg(0, x, v) = −v · ∇xf0 − ν(v)f0 +H(0, x, v), for (x, v) ∈ γ− ∪ γ0. (60)

Assume

d∂tg, d∇τg ∈ C0([0, T ]× γ− ∪ γ0),

d

n(x) · v

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}
∈ C0([0, T ]× γ− ∪ γ0),

H, d∂H ∈ C0([0, T ]× Ω× R3),

d
{
− v · ∇xf0 − ν(v)f0 +H0

}
, d∇xf0, d∇vf0 ∈ C0(Ω̄× R3).

Then d∂f ∈ C0([0, T ]× Ω̄× R3).
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Proof. We only need to prove that d∂f ∈ C0([0, T ]× Ω̄×R3). Recall that we have compatibility conditions (35)
and (60). We multiply by d the formulas (42), (43) and (44). Clearly d∂f(t, x, v) is continuous for (x, v) /∈ γ0

and t 6= tb(x, v). We first show that d∂f(t, x, v) is continuous at (x, v) ∈ γ0 with t 6= tb(x, v) and then prove that
d∂f(t, x, v) is continuous at t = tb(x, v) for (x, v) ∈ Ω̄× R3.

We first consider the time-derivative d∂tf at the grazing set γ0. We define

d∂tf(t, x, v) ≡ d∂tg(t, x, v) for t > 0, (x, v) ∈ γ0,

d∂tf(0, x, v) ≡ d{−v · ∇xf0(x, v)− ν(v)f0(x, v) +H(0, x, v)} for (x, v) ∈ γ0.

Due to (60) we have d∂tf(t, x, v) → d∂tf(0, x, v) as t ↓ 0. In order to show that d∂tf(t, x, v) is continuous at
(x, v) ∈ γ0 we choose a sequence (yj , uj) ∈ (Ω̄×R3)\γ0 such that (yj , uj)→ (x, v). By the velocity lemma (Lemma
6) and (yj , uj) /∈ γ0, we have (xb(yj , uj), uj) < 0. Since tb(yj , uj) → tb(x, v) = 0 we may assume t > tb(yj , uj)
for sufficiently large j � 1. Now we multiply (42) by d(t, x, v) to get

d∂tf(t, yj , uj) =
d(t, yj , uj)

d(t− tb(yj , uj), xb(yj , uj), uj)
e−tb(yj ,uj)ν(uj)d∂tg(t− tb(yj , uj), xb(yj , uj), uj)

+

∫ tb(yj ,uj)

0

d(t, yj , uj)

d(t− s, yj − suj , uj)
e−sν(uj)d∂tH(t− s, yj − suj , uj)ds.

From Lemma 6 we have, for j � 1,

d(t, yj , uj)

d(t− tb(yj , uj), xb(yj , uj), uj)
= e−

l〈uj〉
2 tb(yj ,uj)

α(t; t, yj , uj)

α(t− tb(yj , uj); t, yj , uj)
≤ eCΩ,l〈uj〉tb(yj ,uj) .Ω,l 1,

d(t, yj , uj)

d(t− s, yj − suj , uj)
= e−

l〈uj〉
2 s α(t; t, yj , uj)

α(t− s; t, yj , uj)
≤ eCΩ,l〈uj〉s .Ω,l 1, for 0 ≤ s ≤ min(t, tb),

and hence
d(t, yj , uj)

d(t− tb(yj , uj), xb(yj , uj), uj)
→ d(t, x, v)

d(t, x, v)
= 1.

Since the integrand of
∫ tb(jj ,uj)

0
(· · · )ds is finite due to the hypothesis of the proposition and the above inequality

we conclude from tb(yj , uj)→ tb(x, v) = 0∣∣∣∣∣
∫ tb(yj ,uj)

0

d(t, yj , uj)

d(t− s, yj − suj , uj)
e−sν(uj)d∂tH(t− s, yj − suj , uj)ds

∣∣∣∣∣→ 0,

and d∂tf(t, yj , uj)→ d∂tg(t, x, v).
Therefore d∂tf(t, x, v) is continuous at γ0.
In order to show that d∂tf(t, x, v) is continuous at t = tb(x, v) we separate two cases: If t < tb we use (42)

to get

lim
t↑tb

d∂tf(t, x, v) =
d(t, x, v)

d(0, x− tv, v)
e−tν(v)d{−v · ∇xf0 − ν(v)f0 +H|t=0}(x− tv, v)

+

∫ t

0

d(t, x, v)

d(t− s, x− sv, v)
e−sν(v)d∂tH(t− s, x− sv, v)ds.

Using Lemma 6, we deduce, for all 0 ≤ s ≤ t < tb,

d(t, x, v)

d(s, x− sv, v)
= e−

l〈v〉
2 s α(t; t, x, v)

α(s; t, x, v)
≤ e−

l〈v〉
2 seCΩ〈v〉s <∞.

Hence,

lim
t↑tb

d∂tf(t, x, v) =
d(tb, x, v)

d(0, xb, v)
e−tbν(v)d{−v · ∇xf0 − νf0 +H|t=0}(xb, v)

+

∫ tb

0

d(tb, x, v)

d(tb − s, x− sv, v)
e−sν(v)d∂tH(tb − s, x− sv, v)ds.
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Similarly for t > tb we use (42) again to obtain

lim
t↓tb

d∂tf(t, x, v) =
d(tb, x, v)

d(0, xb, v)
e−tbν(v)d∂tg(0, xb, v) +

∫ tb

0

d(tb, x, v)

d(tb − s, x− sv, v)
e−sν(v)d∂tH(tb,−s, x− sv, v)ds.

Finally we use the compatibility condition (60) and (36) for λ = 1 to conclude limt↓tb d∂tf(t, x, v) = limt↑tb d∂tf(t, x, v).
We next consider the spatial derivative d∇xf . We define

d∇xf(t, x, v) =

2∑
i=1

τid∂τig(t, x, v) + ne−
l〈v〉

2 t|∇ξ(x)|
{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}

(t, x, v), for t > 0, (x, v) ∈ γ0,

d∇xf(0, x, v) = d∇xf0(x, v), for (x, v) ∈ γ0.

Due to (60) and (36) for λ = 1, we have, for (x, v) ∈ γ0,

lim
t↓0

d∇xf(t, x, v) =

2∑
i=1

τid∂τif0(x, v) + n|∇ξ(x)|
{

[−v · ∇xf0 − νf0 +H|t=0] +

2∑
i=1

(v · τi)∂τif0 + νf0 −H|t=0

}
(x, v)

=

2∑
i=1

τid∂τif0(x, v) + n|∇ξ(x)|(−v · n(x))∂nf0(x, v) = d∇xf0(x, v),

where we have used d(0, x, v) = |∇ξ(x) · v| or d(0, x, v) = −|∇ξ(x) · v| for (x, v) ∈ γ0. In order to show that
d∇xf(t, x, v) is continuous at (x, v) ∈ γ0 and t > 0, we choose a sequence (yj , uj) → (x, v) ∈ γ0 as in the proof
for the time-derivative d∂tf. Then using (43) for sufficiently large j � 1, we deduce

d∇xf(t, yj , uj) =
d(t, yj , uj)

d(t− tb(yj , uj), xb(yj , uj), uj)

{
e−tb(yj ,uj)ν(uj)

2∑
i=1

τid∂τig(t− tb(yj , uj), xb(yj , uj), uj)

+ n(xb(yj , uj))
d(t− tb(yj , uj), xb(yj , uj), uj)

|v · ∇ξ(xb(yj , ui))||∇ξ(xb(yj , uj))|−1

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}

(t− tb(yj , uj), xb(yj , uj), uj)

}

→
2∑
i=1

τi(x)d∂τig(t, x, v) + n(x)e−
l〈v〉

2 t|∇ξ(x)|
{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}

(t, x, v).

In order to show that d∇xf(t, x, v) is continuous at t = tb(x, v), we take limits t → tb for both t < tb and
t > tb in (43). Due to the common H integral, it suffices to observe that the part of limt↑tb

d(tb, x, v)

d(0, xb, v)
e−tbν(v)d(0, xb, v)∇xf0(xb, v),

coincides with the part of limt↓tb

d(tb, x, v)

d(0, xb, v)
e−tb(x,v)ν(v)

{ 2∑
i=1

τid∂τig − n(xb)
d(0, xb, v)

v · n(xb)

{
∂tg +

2∑
i=1

(v · τi)∂τig + νg −H
}}

(0, xb, v)

=
d(tb, x, v)

d(0, xb, v)
e−tb(x,v)ν(v)

{ 2∑
i=1

τid∂τif0(xb, v) + n(xb)
d(0, xb, v)

v · n(xb)

{
(v · n(xb))∂nf0(xb, v)

}}
=

d(tb, x, v)

d(0, xb, v)
e−tbν(v)d(0, xb, v)∇xf0(xb, v),

where we used (60) and (36). This completes the proof of continuity of d∇xf .
Finally we consider ∇vf . Because of the proof of continuity of d∇xf , we only need to show

lim
t↓tb

d(t, x, v)e−tν(v)[∇vf0 − t∇vν(v)f0](x− tv, v) = lim
t↑tb

d(t, x, v)e−tbν(v)[∇vg − tb∇vν(v)g](t− tb, xb, v),

which is clear from f |γ− = g and d∇vf |γ− = d∇vg and d∇vf |t=0 = d∇vf in (36).
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4 W 1,p (1 < p < 2) Estimate
Consider the following iteration :

{∂t + v · ∇x + ν(v)}fm+1 −Kfm = Γ(fm, fm), fm+1(0, x, v) = f0(x, v),

fm+1(t, x, v)|γ− = cµ
√
µ(v)

∫
n·u>0

fm(t, x, u)
√
µ(u){n · u}du,

(61)

with f0 ≡ f0, and with the compatibility condition for the initial datum (4). Remark that the normalized

Maxwellian is µ(v) = e−
|v|2

2 . From [2, 7], we have a uniform bound of

sup
m

sup
0≤t<∞

||〈v〉βfm(t)||∞ .Ω ||〈v〉βf0||∞ � 1, (62)

for β > 4. We apply Proposition 1 for m = 1, 2, ... with

H = −Kfm + Γ(fm, fm), g = cµ
√
µ(v)

∫
n·u>0

fm(t, x, u)
√
µ(u){n(x) · u}du. (63)

Recall ∂ = [∂t,∇x,∇v]. Then ∂fm satisfies

{∂t + v · ∇x + ν(v)}∂fm+1 = Gm, ∂fm+1(0, x, v) = ∂f0(x, v), (64)

where

Gm = −[∂v] · ∇xfm+1 − ∂ν(v)fm+1 − ∂[Kfm − Γ(fm, fm)], (65)
|Gm| . |∇xfm+1|+K|∂fm|+ |Γ(∂fm, fm)|+ |Γ(fm, ∂fm)|+ |∇vν(v)||fm+1|+ |Kvf

m|+ |Γv(fm, fm)|,

with Kvf
m and Γv(f

m, fm) defined in (22) and (29). Furthermore using (19) and Lemma 1, Lemma 2 and
Lemma 3 yields

|∇vν(v)||fm+1|+ |Kvf
m|+ |Γv(fm, fm)|

.
{
|∇vν(v)|〈v〉−β + |Kv〈v〉−β |+ |Γv(〈v〉−β , 〈v〉−β)|

}
||〈v〉βf0||∞ . 〈v〉−β+γ ||〈v〉βf0||∞.

(66)

For (x, v) ∈ γ−, from (63) and (34), the boundary condition is bounded by

|∂fm+1(t, x, v)| . cµ
√
µ(v)

(
1 +

〈v〉
|n(x) · v|

)∫
n(x)·u>0

|∂fm(t, x, u)|〈u〉√µ{n(x) · u}du

+
1

|n(x) · v|

{
ν(v)|fm+1|+ |Kfm|+ |Γ(fm, fm)|

}
(67)

.
√
µ(v)

(
1 +

〈v〉
|n(x) · v|

)∫
n(x)·u>0

|∂fm(t, x, u)|µ1/4{n(x) · u}du+
〈v〉γ−β

|n(x) · v|
||〈v〉βf0||∞,

where we used the boundary condition for fm+1|γ− again, and (62), (19) and Lemma 2 and 〈u〉
√
µ(u) . µ(u)

1
4 .

Set ∂f0 = [∂tf
0,∇xf0,∇vf0] = [0, 0, 0]. The main estimate is the following :

Lemma 7. For 1 ≤ p < 2, if 0 < T∗ � 1 and ||〈v〉βf0||∞ � 1 for β > 4, and the compatibility condition (4) then
uniformly-in-m,

sup
0≤t≤T∗

||∂fm||pp +

∫ T∗

0

|∂fm|pγ,p +

∫ T∗

0

||ν1/p∂fm||pp .Ω,T∗ ||∂f0||pp + ||〈v〉βf0||p∞. (68)

Recall that the time derivative of the initial datum is defined as ∂tf0 ≡ −v ·∇xf0−Lf0 +Γ(f0, f0). We remark
that the sequence (61) is the one used in [7, 2] and shown to be Cauchy in L∞. Therefore the limit function f
is a solution of the Boltzmann equation with the diffuse boundary condition (1). On the other hand, due to the
weak lower semi-continuity for Lp in the case of p > 1, once we have Lemma 7 then we pass a limit ∂fm ⇀ ∂f

weakly in supt∈[0,T∗] || · ||
p
p and

∫ T∗
0
||ν1/p · ||pp and ∂fm|γ ⇀ ∂f |γ in

∫ T∗
0
| · |pγ,p to conclude that ∂f satisfies the

same estimate of (68). Repeat the same procedure for [T∗, 2T∗], [2T∗, 3T∗], · · · , to conclude Theorem 1.
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Proof of Lemma 7. We prove the lemma by induction. From Proposition 1, ∂f1 exists. Because of our choice
∂f0 the estimate (68) is valid for m = 1. Now assume that ∂f i exists and (68) is valid for all i = 1, 2, · · · ,m.
Applying Proposition 1 to show that ∂fm+1 exists and to get (37)− (39), we have

sup
0≤s≤t

||∂fm+1(s)||pp +

∫ t

0

|∂fm+1|pγ+,p +

∫ t

0

||ν1/p∂fm+1||pp

. ||∂f0||pp +

∫ t

0

|∂fm+1|pγ−,p +

∫ t

0

∫∫
Ω×R3

{
|K∂fm|+ |Γ(fm, ∂fm)|+ |Γ(∂fm, fm)|

}
|∂fm+1|p−1

+ t sup
0≤s≤t

||∂fm+1(s)||pp + ||〈v〉βf0||∞ + ||〈v〉βf0||∞
∫
R3

|∂fm+1|pdv,

where we have used (65) and (66) and∫∫
Ω×R3

〈v〉−β+γ ||〈v〉βf0||∞|∂fm+1|p−1dv ≤||〈v〉βf0||∞
{∫∫

〈v〉−β+γdv +

∫∫
〈v〉−β+γ |∂fm+1|p

}
.||〈v〉βf0||∞

{
1 +

∫∫
Ω×R3

|∂fm+1|pdv
}
.

(69)

Estimate for K and Γ : Use Lemma 1 and Lemma 2 to have∫ t

0

∫∫
Ω×R3

{
|K∂fm|+ |Γ(fm, ∂fm)|+ |Γ(∂fm, fm)|

}
|∂fm+1|p−1

.
∫ t

0

||K∂fm||pp +

∫ t

0

||∂fm+1||pp + sup
x

{∫
R3

ν|fm|pdv
}1/p{∫ t

0

||ν1/p∂fm||pp +

∫ t

0

||ν1/p∂fm+1||pp
}

.
∫ t

0

||∂fm||pp +

∫ t

0

||∂fm+1||pp + Cγ,p,β ||〈v〉βf0||∞
{∫ t

0

||ν1/p∂fm||pp +

∫ t

0

||ν1/p∂fm+1||pp
}
,

(70)

where we used
∫
R3

ν(v)
〈v〉pβ dv .

∫
R3〈v〉γ−pβdv = Cγ,p,β <∞ for β > 4.

Boundary Estimate : Recall (11). We use (67) to obtain

∫ t

0

∫
γ−

|∂fm+1(s)|p

.p sup
x∈∂Ω

(∫
γ−

√
µ(v)

p
(
|n · v|+ 〈v〉p

|n · v|p−1

)
dv

)∫ t

0

∫
∂Ω

[∫
u·n(x)>0

|∂fm(s, x, u)|µ1/4(u){n · u}du

]p
dSxds

+ sup
x∈∂Ω

(∫
γ−

〈v〉−p(β−γ)|n · v|1−pdv

)
× t||〈v〉βf0||p∞

.p

∫ t

0

∫
∂Ω

[∫
u·n(x)>0

|∂fm(s, x, u)|µ1/4(u){n · u}du

]p
dSxds+ t||〈v〉βf0||p∞. (71)

It suffices to estimate
∫ t

0

∫
∂Ω

[∫
u·n(x)>0

|∂fm(s, x, u)|µ1/4(u){n · u}du
]p

dSxds. We split the {u ∈ R3 : n(x)·u > 0}
as ∫ t

0

∫
∂Ω

[∫
n·u>0

|∂fm|µ1/4{n · u}du
]p

.p

∫ t

0

∫
∂Ω

[∫
(x,u)∈γ+\γε+

du

]p
+

∫ t

0

∫
∂Ω

[∫
(x,u)∈γε+

du

]p
. (72)

We use Hölder’s inequality to bound[∫
(x,u)∈γε+

du

]p
≤

[∫
(x,u)∈γε+

µ
p

4(p−1) {n · u}du

]p−1 [∫
(x,u)∈γε+

|∂fm(s, x, u)|p{n(x) · u}du

]
,
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to bound the second term of (72)∫ t

0

∫
∂Ω

[∫
(x,u)∈γε+

du

]p
.p ε

∫ t

0

|∂fm(s)|pγ+,pds. (73)

For the first term (non-grazing part) of (72) we use Hölder’s inequality and Lemma 4 and Lemma 1 and Lemma
2 for fm to estimate

∫ t

0

∫
∂Ω

[∫
(x,u)∈γ+\γε+

du

]p

.ε ||∂f0||pp +

∫ t

0

||∂fm(s)||ppds+

∫ t

0

∫∫
Ω×R3

∣∣[∂t + v · ∇x + ν(v)]∂fm
∣∣|∂fm|p−1dxdvds

.ε ||∂f0||pp +

∫ t

0

||∂fm(s)||pp (74)

+

∫ t

0

∫∫
Ω×R3

{
〈v〉−β+γ ||〈v〉βf0||∞ + |∂fm|+ |K∂fm−1|+ |Γ(fm−1, ∂fm−1)|+ |Γ(∂fm−1, fm−1)|

}
|∂fm|p−1

.ε ||∂f0||pp + (1 + ||〈v〉βf0||∞)

∫ t

0

||∂fm(s)||pp + (1 + ||〈v〉βf0||∞)

∫ t

0

||∂fm−1(s)||pp + t||〈v〉βf0||p∞.

Putting together the estimates (69), (73), (74) and (70), and choosing sufficiently small ε � 1, T∗ �
1, ||〈v〉βf0||∞ � 1, we deduce that

sup
0≤t≤T∗

||∂fm+1(t)||pp +

∫ T∗

0

|∂fm+1|pγ+,p +

∫ T∗

0

||ν1/p∂fm+1||pp

.CT∗,Ω
{
||∂f0||pp + ||〈v〉βf0||∞

}
+

1

8
max

i=m,m−1

{
sup

0≤t≤T∗
||∂f i(t)||pp +

∫ T∗

0

|∂f i|pγ+,p +

∫ T∗

0

||ν1/p∂f i||pp
}
.

(75)

To conclude the proof we use the following fact from [2] : Suppose ai ≥ 0, D ≥ 0 andAi = max{ai, ai−1, · · · , ai−(k−1)}
for fixed k ∈ N.

If am+1 ≤
1

8
Am +D then Am ≤

1

8
A0 +

(
8

7

)2

D, for
m

k
� 1. (76)

Proof of (76): In fact, we can iterate for m,m− 1, ... to get

am ≤ 1

8
max{1

8
Am−2 +D,Am−2}+D ≤ 1

8
Am−2 + (1 +

1

8
)D

≤ 1

8
max{1

8
Am−3 +D,Am−3}+ (1 +

1

8
)D ≤ 1

8
Am−3 + (1 +

1

8
+

1

82
)D

≤ 1

8
Am−k +

8

7
D.

Similarly am−i ≤ 1
8Am−k + 8

7D for all i = 0, 1, · · · , k − 1. Therefore if 1� m/k ∈ N,

Am = max{am, am−1, · · · , am−(k−1)} ≤
1

8
Am−k +

8

7
D

≤ 1

82
Am−2k +

8

7
(1 +

1

8
)D ≤ 1
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Am−3k +

8

7
(1 +

1

8
+

1

82
)D

≤
(

1

8

)[mk ]
Am−[mk ]k +

(
8

7

)2

D ≤
(

1

8

)m
k

A0 +

(
8

7

)2

D ≤ 1

8
A0 +

(
8

7

)2

D.

This completes the proof of (76).
In (75), setting k = 2 and

ai = sup
0≤t≤T∗

||∂f i(t)||pp +

∫ t

0

|∂f i|pγ+,p +

∫ t

0

||ν1/p∂f i||pp, D = CT∗,Ω
{
||∂f0||pp + ||〈v〉βf0||∞

}
,

and applying (76), we complete the proof of the lemma.
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The following result indicates that Theorem 1 is optimal :

Lemma 8. Let Ω = B(0; 1) with B(0; 1) = {x ∈ R3 : |x| < 1}. There exists an initial datum f0(x, v) ∈ C∞ with
f0 ⊂⊂ B(0; 1)×B(0; 1) so that the solution f to

∂tf + v · ∇xf = 0, f |t=0 = f0, f(t, x, v)|γ− = cµ
√
µ(v)

∫
n(x)·u>0

f(t, x, u)
√
µ(u){n(x) · u}du, (77)

satisfies ∫ 1

0

∫
γ−

|∇xf(s, x, v)|2dγds = +∞,

so that the estimate (5) of Theorem 1 fails for p = 2.

Proof. We prove by contradiction. Suppose
∫ 1

0

∫
γ−
|∂f(s, x, v)|2dγds < +∞. Then

∂nf(t, x, v) =
1

n · v

{
− ∂tf − (τ1 · v)∂τ1f − (τ2 · v)∂τ2f

}
, for (x, v) ∈ γ−,

We use the boundary condition to define :

∂tf(t, x, v)|γ− = cµ
√
µ(v)A(t, x) ≡ cµ

√
µ

∫
n·u>0

∂tf
√
µ{n · u}du,

∂τif(t, x, v)|γ− = cµ
√
µ(v)Bi(t, x)

≡ cµ
√
µ

∫
n·u>0

∂τif
√
µ{n · u}du+ cµ

√
µ

∫
n·u>0

∇vf
∂T
∂τi
T −1u

√
µ{n · u}du.

We make a change of variables v⊥ = v · n(x), vτ1 = v · τ1(x), vτ2 = v · τ2(x) to compute∫
∂Ω

dSx

∫ ∞
0

dv⊥

∫∫
R2

dvτ1dvτ2
µ(v)

v⊥

{
(A)2 + (vτ1)2(B1)2 + (vτ2)2(B2)2 + 2vτ1AB1 + 2vτ2AB2 + 2vτ1vτ2B1B2

}
=

∫ ∞
0

dv⊥
e−
|v⊥|

2

2

v⊥

∫
∂Ω

dSx
{

(A)2 + 2π(B1)2 + 2π(B2)2
}
.

Note that the integration over ∂Ω is a function of t only (independent of v). Since
∫∞

0
dv⊥
v⊥

= ∞, we conclude
that A = B1 = B2 ≡ 0 for (t, x) ∈ [0,∞)× ∂Ω. In particular from A(t, x) = 0 we have for all t ≥ 0∫

n(x)·u>0

f(t, x, u)
√
µ(u){n(x) · u}du =

∫
n(x)·u>0

f(0, x, u)
√
µ(u){n(x) · u}du. (78)

We now choose the initial datum to vanish near ∂Ω :

f0(x, v) = φ(|x|)φ(|v|),

where φ ∈ C∞([0,∞)) and φ ≥ 0 and suppφ ⊂⊂ [0, 1) and φ ≡ 1 on [0, 1
2 ]. Clearly

cµ
√
µ(v)

∫
n(x)·u>0

f0(x, u)
√
µ(u){n(x) · u}du = 0.

Hence f(t, x, v) ≥ 0 from f0 ≥ 0 and the zero inflow boundary condition from (78) and the above equality.
Moreover following the backward trajectory to the initial plane for t ∈ [ 1

8 ,
1
4 ] and (x, v) ∈ γ+ and |v − x

|x| | <
1
64 ,

and |v| ∈ [ 1
8 ,

1
2 ],

f(t, x, v) = f0(x− tv, v) = 1,

which contradicts to cµ
√
µ(v)

∫
n·u>0

f(t, x, u)
√
µ(u){n(x) · u}du = 0 for (t, x, v) ∈ [0,∞)× γ− from (78).
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5 Weighted W 1,p (2 ≤ p <∞) Estimate
We now establish the weighted W 1,p estimate for 2 ≤ p < ∞ with the same iteration (61). From [2, 7] for
0 < ζ < 1

4 , we have a uniform bound

sup
m

sup
0≤t<∞

||eζ|v|
2

fm(t)||∞ .Ω ||eζ|v|
2

f0||∞. (79)

Recall ∂ = [∂t,∇x,∇v] and dλ∂fm satisfies

{∂t + v · ∇x + νl,λ}dλ∂fm+1 = Nm, dλ∂fm+1(0, x, v) = dλ∂f0(x, v), (80)

where Nm = dλGm in (65). Using (19) and (20), (23), (24) and (27), (29) and Lemma 2 and Lemma 3 to have

|Nm| .dλ
{
|K∂fm|+ |Γ(fm, ∂fm)|+ |Γ(∂fm, fm)|

}
+ dλ

{
|∂fm+1|+ |∇vν(v)||fm+1|+ e−

ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞)
}
.

(81)

For (x, v) ∈ γ , d(t, x, v) v e−
l〈v〉

2 t|n(x) · v|, and from (34) and (67), the boundary condition is bounded for
λ < p−1

p by

dλ|∂fm+1(t, x, v)| . dλ
√
µ
(

1 +
〈v〉

|n(x) · v|

)∫
n·u>0

|∂fm(t, x, u)|〈u〉√µ{n · u}du

+
dλ(t, x, v)

|n(x) · v|
e−

ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞).

(82)

Set f0 = f0 and ∂f0 = [∂tf
0,∇xf0,∇vf0] = [0, 0, 0]. The main estimate is the following :

Lemma 9. For p ≥ 2, p−2
p < λ < p−1

p , if 0 < T∗ � 1 and ||eζ|v|2f0||∞ � 1 for 0 < ζ < 1
4 , then uniformly-in-m,

sup
0≤t≤T∗

||dλ∂fm(t)||pp +

∫ T∗

0

|dλ∂fm|pγ,p +

∫ T∗

0

||ν1/p
l,λ dλ∂fm||pp .Ω,T∗ ||dλ∂f0||pp + ||eζ|v|

2

f0||p∞. (83)

Remark that νl,λ(t, x, v) ∼ 〈v〉. Once we have Lemma 9 then we pass to the limit, dλ∂fm ⇀ dλ∂f weakly
with norms supt∈[0,T∗] || · ||

p
p and

∫ T∗
0
||ν1/p
l,λ · ||pp and dλ∂fm|γ ⇀ dλ∂f |γ in

∫ T∗
0
| · |pγ,p and dλ∂f satisfies (83).

Repeat the same procedure for [T∗, 2T∗], [2T∗, 3T∗], · · · , to conclude Theorem 2.

Proof of Lemma 9. We prove the Lemma by induction. From Proposition 2 ∂f1 exits. More precisely we construct
∂tf

1,∇xf1 first and then ∇vf1. Because of our choice of ∂f0 the estimate (83) is valid for m = 1. Now assume
that ∂f i exists and (83) is valid for all i = 1, 2, · · · ,m. Applying Proposition 2 we deduce that ∂fm+1 exists.
From Lemma 5 we have

sup
0≤s≤t

||dλ∂fm+1(s)||pp +

∫ t

0

|dλ∂fm+1|pγ+,p +

∫ t

0

||ν1/p
l,λ dλ∂fm+1||pp

.||dλ∂f0||pp +

∫ t

0

|dλ∂fm+1|pγ−,p + {t+ ε} sup
0≤s≤t

||dλ∂fm+1(s)||pp + t||eζ|v|
2

fm||p∞(1 + ||eζ|v|
2

fm||p∞)

+ t||eζ|v|
2

fm+1||p∞ +

∫ t

0

∫∫
Ω×R3

dλp
{
|K∂fm|+ |Γ(fm, ∂fm)|+ |Γ(∂fm, fm)|

}
|∂fm+1|p−1.

(84)

Estimate for K∂fm : The key estimate is the following : For 0 < λ < p−1
p , 0 < ζ ≤ 1

4 , and some Cl,λ,p > 0,

sup
x∈Ω

∫
R3

kζ(v, u)
d(t, x, v)

λp
p−1

d(t, x, u)
λp
p−1

du .Ω,ζ 〈v〉
λp
p−1 eCl,λ,pt

2

. (85)
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Recall the function kζ(v, u) in (26) and remark that if ζ = 1
4 then kζ(v, u) ≡ k(v, u). We split

∫
R3

kζ(v, u)
d(t, x, v)

λp
p−1

d(t, x, u)
λp
p−1

du =

∫
d(t,x,u)>ε

+

∫
d(t,x,u)≤ε

.

The first term is bounded by ∫
R3

kζ(v, u)du .ε,γ 1,

from the lower bound of d(t, x, u). Denote u⊥ = u · n(x) = u · ∇ξ(x)
|∇ξ(x)| and u‖ = u− u⊥n(x). The second term for

0 ≤ γ ≤ 1 is bounded by

|v|
λp
p−1

∫
R3

{
|v − u|γ +

1

|v − u|2−γ
}
e−Cζ |v−u|

2 e−
lλp

2(p−1)
〈v〉t

e−
lλp

2(p−1)
〈u〉t

1

|u · ∇ξ(x)|
λp
p−1

du

.Ω |v|
λp
p−1

∫
R3

{
1 + |v − u|−2+γ

}
e−

Cζ |v−u|
2

2 e
lλp

2(p−1)
t|v−u||u⊥|

−λp
p−1 du

.Ω |v|
λp
p−1 eCl,λ,pt

2

∫
R2

du‖

∫
R

du⊥
{

1 + |v − u|−2+γ
}
e−

Cζ |v−u|
2

4 |u⊥|−
λp
p−1

.Ω |v|
λp
p−1 eCl,λ,pt

2

∫
R2

{
1 + |v‖ − u‖|−2+γ+δ

}
e−

Cζ |v−u|
2

16 du‖

∫
R

e−
Cζ |v⊥−u⊥|

2

8

|u⊥|
λp
p−1 |v⊥ − u⊥|δ

du⊥

.Ω Cγ |v|
λp
p−1 eCl,λ,pt

2

∫
R

e−Cζ
|v⊥−u⊥|

2

8

|u⊥|
λp
p−1 |v⊥ − u⊥|δ

du⊥.

where 0 < λ < p−1
p and δ > 0 is chosen such that λp

p−1 + δ < 1 and −2 + γ + δ > −2, and

e
lλp

2(p−1)
t|v−u| . eCl,λ,pt

2

× e−
Cζ |v−u|

2

4 , (86)

for some Cl,λ,p > 0. Furthermore we split the last integration as
∫
|u⊥|/2≤|v⊥−u⊥|+

∫
|u⊥|/2≥|v⊥−u⊥|. Both of them

are bounded by

C

∫ e−
Cζ |v⊥−u⊥|

2

8

|u⊥|
λp
p−1 +δ

du⊥ +

∫
e−

Cζ |v⊥−u⊥|
2

8

|v⊥ − u⊥|
λp
p−1 +δ

du⊥

 . 〈v⊥〉−
λp
p−1−δ + 1.

Therefore we conclude (85).
In order to estimate K∂fm contribution in (84) recall, for 1/p+ 1/q = 1,

dλ|K∂fm| ≤ dλ
∫
|k(v, u)||∂fm(u)|du = dλ(v)

∫
|k(v, u)|d(u)λ|∂fm(u)|

d(u)λ
du

≤
(∫
|k(v, u)|d(v)λq

d(u)λq
du

) 1
q
(∫
|k(v, u)|

∣∣∣dλ∂fm(u)
∣∣∣pdu) 1

p

≤ 〈v〉λeCl,λ,pt
2

(∫
|k(v, u)|

∣∣∣dλ∂fm(u)
∣∣∣pdu) 1

p

.
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The K∂fm contribution in (84) is therefore bounded by∫ t

0

∫∫
Ω×R3

dλp|K∂fm||∂fm+1|p−1dvdxds

≤
∫ t

0

∫∫
Ω×R3

〈v〉
λ
p eCl,λ,ps

2
(∫
|k(v, u)||dλ∂fm(u)|pdu

) 1
p 〈v〉

λ
q dλ(p−1)|∂fm+1(v)|p−1

≤ Cε

∫ t

0

∫∫
Ω×R3

epCl,λ,ps
2

〈u〉λ|dλ∂fm(u)|p
(∫
|k(v, u)| 〈v〉

λ

〈u〉λ
dv
)

dxduds

+ε

∫ t

0

∫∫
Ω×R3

〈v〉λdλp|∂fm+1|pdxdvds

≤ C

∫ t

0

∫∫
Ω×R3

eCl,λ,ps
2

〈v〉λ|dλ∂fm|p + ε

∫ t

0

∫∫
Ω×R3

〈v〉λ|dλ∂fm+1|p

≤ CteCl,λ,pt
2

sup
0≤s≤t

∫∫
Ω×R3

|dλ∂fm|p + (δ + ε) max
i=m,m+1

∫ t

0

∫∫
Ω×R3

〈v〉|dλ∂f i|p, (87)

where we used 〈v〉λ ≤ Cδ + δ〈v〉 and (19) and (20) in Lemma 1 and eCl,λ,ps
2

factor comes from (85).

Estimate of nonlinear terms : Recall kζ(v, u) in (26), (25) and (85). In order to estimate the nonlinear terms in
(84) we apply (85) to have

dλ
{
|Γ(fm, ∂fm)|+ |Γ(∂fm, fm)|

}
(s, x, v)

.ζ ||eζ|v|
2

f0||∞
{
νζ(v)dλ|∂fm|+ dλ

∣∣∣ ∫
R3

kζ(v, u)∂fm(u)du
∣∣∣}

.ζ ||eζ|v|
2

f0||∞〈v〉dλ|∂fm|

+||eζ|v|
2

f0||∞
(∫

R3

kζ(v, u)
d(s, x, v)λq

d(s, x, u)λq
du
) 1
q
(∫

R3

kζ(v, u)|dλ∂fm(u)|pdu
) 1
p

.ζ ||eζ|v|
2

f0||∞
{
〈v〉dλ|∂fm|+ 〈v〉eCs

2
(∫

R3

kζ(v, v
′)|dλ∂fm(u)|pdu

) 1
p
}
,

where at the last line we used p−2
p < λ < p−1

p so that 〈v〉λ ≤ 〈v〉.
Therefore the nonlinear contributions in (84) are bounded by∫ t

0

∫∫
dλp|Γ(fm, ∂fm) + Γ(∂fm, fm)||∂fm+1|p−1dvdxds (88)

.ζ ||eζ|v|
2

f0||∞
∫ t

0

∫∫
〈v〉

1
qd

λp
q |∂fm+1|p−1

×
{
〈v〉

1
pdλ|∂fm|+ eCs

2

〈v〉
1
p

(∫
R3

kζ(v, u)dλp|∂fm(s, x, u)|
) 1
p
}

.ζ ||eζ|v|
2

f0||∞
{∫ t

0

∫∫
〈v〉|dλ∂fm|p +

∫ t

0

∫∫
〈v〉|dλ∂fm+1|p

+

∫ t

0

eCps
2

∫∫∫
kζ(v, u)

〈v〉λ

〈u〉λ
〈u〉λ|dλ∂fm(u)|pdudvdx

}
.ζ ||eζ|v|

2

f0||∞
{∫ t

0

∫∫
eCl,λ,ps

2

〈v〉|dλ∂fm|p +

∫ t

0

∫∫
〈v〉|dλ∂fm+1|p

}
,

where we have used Lemma 1.
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Boundary Estimate: Recall (11). We use (82) to estimate the contribution of γ−∫ t

0

∫
γ−

|dλ∂fm+1(s, x, v)|p

.p

∫ t

0

∫
γ−

dλp
√
µ
p
(

1 +
〈v〉

|n(x) · v|

)p [∫
n(x)·u>0

|∂fm(s, x, u)|µ(u)1/4{n(x) · u}du

]p
dγds

+ ||eζ|v|
2

f0||p∞
∫ t

0

∫
γ−

d(s, x, v)λp

|n(x) · v|p
e−

ζp
4 |v|

2

dγds.

(89)

Using d(s, x, v) ≤ e−
l〈v〉

2 s|∇xξ(x) · v| for x ∈ ∂Ω, the last term is bounded by

CΩ||eζ|v|
2

f0||p∞
∫ t

0

∫
∂Ω

∫
R3

|n(x) · v|λp−p+1e−
ζp
4 |v|

2

dvdSxds .Ω,p,ζ t||eζ|v|
2

f0||p∞,

for λ > p−2
p so that λp− p+ 1 > −1.

For the first term in (89) we split as[∫
n(x)·u>0

· · · du

]p
.p

[∫
(x,u)∈γε+

· · · du

]p
+

[∫
(x,u)∈γ+\γε+

· · · du

]p
.

The γε+ contribution (grazing part) of (89) is bounded by

Cp

∫ t

0

∫
γ−

dλp
√
µ
p
(
|n · v|+ 〈v〉p

|n · v|p−1

) ∣∣∣∣∣
∫

(x,u)∈γε+
dλ∂fm{n · u}1/p {n · u}

1/qµ1/4

d(s, x, u)λ
du

∣∣∣∣∣
p

dvdSxds

.Ω,p

∫ t

0

∫
γ−

dλp
(
|n · v|+ 〈v〉p

|n · v|p−1

)√
µ
p

×

[∫
(x,u)∈γ+

dλp|∂fm|p{n · u}du

][∫
(x,u)∈γε+

d(s, x, u)−λqµq/4{n · u}du

]p/q
dvdSxds,

.Ω,p,l,λ ε
aeCl,λ,pt

2

∫ t

0

|dλ∂fm(s)|pγ+,pds,

where we used d(s, x, v) ≤ e−
l〈v〉

2 s|∇ξ(x) · v| .Ω |n(x) · v| and, for λ > p−2
p ,

dλp
(
|n · v|+ 〈v〉p

|n · v|p−1

)√
µ
p .Ω

(
|n(x) · v|1+λp + 〈v〉p|n(x) · v|(λ−1)p+1

)√
µ(v)

p
∈ L1({v ∈ R3}),

and a > 0 is determined by (13) at the boundary with p−1
p = 1

q ,∫
γε+

d(s, x, u)−
λp
p−1µ

p
4(p−1) {n · u}du .Ω

∫
γε+

[
e−

l〈u〉s
2 |u · ∇ξ(x)|

]− λp
p−1

e−
p

4(p−1)
|u|2 |n · u|du

.Ω

∫
γε+

|u · n|1−
λp
p−1 e

lλ
2(p−1)

〈u〉se−
p

4(p−1)
|u|2du .Ω eCl,λ,ps

2

∫
γε+

|u · n|1−
λp
p−1 e−

p
8(p−1)

|u|2du

.Ω,p ε
aeCl,λ,pt

2

,

for some a > 0 since 1− λp
p−1 > −1.
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On the other hand, for the non-grazing contribution γ+\γε+, we use a similar estimate to get∫ t

0

∫
γ−

dλp
√
µ
p
(

1 +
〈v〉

|n(x) · v|

)p [∫
γ+\γε+

|∂fm(s, x, u)|µ(u)1/4{n(x) · u}du

]p
dγds

.Ω

∫ t

0

∫
∂Ω

∫
R3

dλp(s, x, v)
(
|n · v|+ 〈v〉p

|n · v|p−1

)√
µ
p

[∫
γ+\γε+

dλ|∂fm(s, x, u)|{n · u}1/p {n · u}
1/qµ(u)1/4

d(s, x, u)λ
du

]p
dvdSxds

.Ω

∫ t

0

∫
γ−

dλp
(
|n · v|+ 〈v〉p

|n · v|p−1

)√
µ
p

[∫
γ+\γε+

dλp|∂fm|p{n · u}du

][∫
γ+

d(s, x, u)−λqµq/4{n · u}du

]p/q
dvdSxds

.Ω eCl,λ,pt
2

∫ t

0

∫
γ+\γε+

dλp|∂fm(s)|pdγds,

where we used p−2
p < λ < p−1

p and∫
γ+

d(s, x, u)−λqµ(u)q/4{n(x) · u}du =

∫
γ+

d(s, x, u)−
λp
p−1µ(u)

p
4(p−1) {n · u}du .Ω,p e

Cl,λ,pt
2

.

By Lemma 4 and (80), the non-grazing part is further bounded by∫ t

0

∫
γ+\γε+

.ε

∫ t

0

||dλ∂f0||pp +

∫ t

0

||dλ∂fm||pp +

∫ t

0

∫∫
Ω×R3

|{∂t + v · ∇x + νl,λ}(dλ∂fm)p|

.
∫ t

0

||dλ∂f0||pp +

∫ t

0

||dλ∂fm||pp +

∫ t

0

∫∫
dλp|K∂fm−1||∂fm|p−1

+

∫ t

0

∫∫
dλp{|Γ(fm−1, ∂fm−1)|+ |Γ(∂fm−1, fm−1)|}|∂fm|p−1

+ t sup
0≤s≤t

||dλ∂fm(s)||pp + (1 + t)||eζ|v|
2

f0||p∞(1 + ||eζ|v|
2

f0||p∞).

In summary, for small T∗ � 1, the boundary contribution of (84) is controlled by, for all 0 ≤ t ≤ T∗,∫ t

0

|dλ∂fm(s)|pγ−,pds

.
∫ T∗

0

||dλ∂f0||pp + εa
∫ T∗

0

|dλ∂fm|pγ+,p + T∗ max
i=m−1,m

sup
0≤t≤T∗

||dλ∂f i(t)||pp + ||eζ|v|
2

f0||p∞(1 + ||eζ|v|
2

f0||p∞)

+ CΩ,T∗

{∫ T∗

0

||dλ∂fm||pp +

∫ T∗

0

∫∫
dλp|K∂fm−1||∂fm|p−1

+

∫ T∗

0

∫∫
dλp{|Γ(fm−1, ∂fm−1)|+ |Γ(∂fm−1, fm−1)|}|∂fm|p−1

}
.

Applying (87) and (88) to the boundary estimates for m− 1, then putting together the estimates (90), (87) and
(88) we deduce from (84)

sup
0≤t≤T∗

||dλ∂fm+1(t)||pp +

∫ T∗

0

|dλ∂fm+1|pγ+,p +

∫ T∗

0

||ν1/p
l,λ dλ∂fm+1||pp

≤ CT∗,Ω
{
||dλ∂f0||pp + ||eζ|v|

2

f0||p∞
}

+
{
ε+ δ + ||eζ|v|

2

f0||p∞ + T∗e
Cl,λ,p(T∗)2}

× max
i=m,m−1

{
sup

0≤t≤T∗
||dλ∂f i(t)||pp +

∫ T∗

0

|dλ∂f i|pγ+,p +

∫ T∗

0

||ν1/p
l,λ dλ∂f i||pp

}
.

Recall Cl,λ,p from (85). Choose T∗ � 1, ||eζ|v|2f0||∞ � 1, and ε� 1, δ � 1 and hence

sup
0≤t≤T∗

||dλ∂fm+1(t)||pp +

∫ T∗

0

|dλ∂fm+1|pγ+,p +

∫ T∗

0

||ν1/p
l,λ dλ∂fm+1||pp

≤ CT∗,Ω
{
||dλ∂f0||pp + ||eζ|v|

2

f0||p∞
}

+
1

8
max

i=m,m−1

{
sup

0≤t≤T∗
||dλ∂f i(t)||pp +

∫ T∗

0

|dλ∂f i|pγ+,p +

∫ T∗

0

||ν1/p
l,λ dλ∂f i||pp

}
.
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Set k = 2 and

ai = sup
0≤t≤T∗

||dλ∂fm+1(t)||pp +

∫ T∗

0

|dλ∂fm+1|pγ+,p +

∫ T∗

0

||ν1/p
l,λ dλ∂fm+1||pp,

D = CT∗,Ω
{
||dλ∂f0||pp + ||eζ|v|

2

f0||p∞
}
.

Apply (76) to complete the proof.

6 Weighted C1 Estimate

We start with the same iterative sequences (80) with λ = 1. For (x, v) ∈ γ, note that d(t, x, v) v e−
l〈v〉

2 t|n(x) · v|.
From (82) with λ = 1, we have, for (x, v) ∈ γ−,

d|∂fm+1(t, x, v)| . 〈v〉cµ
√
µ(v)

∫
n(x)·u>0

d|∂fm(t, x, u)|e
l〈u〉

2 t〈u〉
√
µ(u)du

+ e−
ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞).

(90)

We use the stochastic cycles in [7, 2] : For (t, x, v) with (x, v) /∈ γ0 and let (t0, x0, v0) = (t, x, v). For
vk · n(xk+1) > 0 we define the (k + 1)−component of the back-time cycle as

(tk+1, xk+1, vk+1) = (tk − tb(xk, vk), xb(xk, vk), vk+1). (91)

Lemma 10. If t1 < 0 then

|d∂fm+1(t, x, v)| . ||d∂f0||∞ +

∫ t

0

|Nm(s, x− (t− s)v, v)|ds. (92)

If t1 > 0 then

|d∂fm+1(t, x, v)|

.
∫ t

t1

|Nm(s, x− (t− s)v, v)|ds+ e−
ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞)

+
1

w(v)

∫
∏k−1
j=1 Vj

k−1∑
i=1

1{ti+1<0<ti} |d∂f
m+1−i(0, xi − tivi, vi)| dΣk−1

i

+
1

w(v)

∫
∏k−1
j=1 Vj

k−1∑
i=1

1{ti+1<0<ti}

∫ ti

0

|Nm−i(s, xi − (ti − s)vi, vi)| ds dΣk−1
i

+
1

w(v)

∫
∏k−1
j=1 Vj

k−1∑
i=1

1{ti+1<0}

∫ ti

ti+1

|Nm−i(s, xi − (ti − s)vi, vi)| ds dΣk−1
i

+
1

w(v)

∫
∏k−1
j=1 Vj

k−1∑
i=2

1{ti−1<0}e
− ζ4 |vi−1|2 ||eζ|v|

2

f0||∞(1 + ||eζ|v|
2

f0||∞) dΣk−1
i−1

+
1

w(v)

∫
∏k−1
j=1 Vj

1{tk>0}|d∂fm+1−k(tk, xk, vk−1)| dΣk−1
k−1,

(93)

where Vj = {vj ∈ R3 : n(xj) · vj > 0} and
w(v) =

cµ

〈v〉
√
µ(v)

, (94)

and

dΣk−1
i =

{
Πk−1
j=i+1µ(vj)cµ|n(xj) · vj |dvj

}{
w(vi)e

l〈vi〉
2 ti〈vi〉2cµµ(vi)dvi

}{
Πi−1
j=1e

l〈vj〉
2 tj 〈vj〉2cµµ(vj)dvj

}
.
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Remark that dΣk−1
i is not a probability measure!

Proof. For t1 < 0 we use (80) with λ = 1 to obtain

d∂fm+1(t, x, v) = e−νl,1(v)td∂f0(x− tv, v) +

∫ t

0

e−νl,1(v)(t−s)Nm(s, x− (t− s)v, v)ds.

Consider the case of t1 > 0. We prove by the induction on k, the number of iterations. First for k = 1, along the
characteristics, for t1 > 0, we have

d∂fm+1(t, x, v) = e−νl,1(t−t1)d∂fm+1(t1, x1, v) +

∫ t

t1

e−νl,1(t−s)Nm(s, x− (t− s)v, v)ds.

Now we apply (90) to the first term above to further estimate

d|∂fm+1(t, x, v)| . e−νl,1(v)(t−t1)e−
ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞)

+ e−νl,1(v)(t−t1)〈v〉cµ
√
µ(v)

∫
n·v1>0

d|∂fm(t1, x1, v1)|e
l〈v1〉

2 t1〈v1〉
√
µ(v1)dv1

+

∫ t

t1

e−νl,1(v)(t−s)|Nm(s, x− (t− s)v, v)|ds

. e−
ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞)

+
cµ
w(v)

∫
V1

d|∂fm(t1, x1, v1)|e
l〈v1〉

2 t1w(v1)〈v1〉2µ(v1)dv1 +

∫ t

t1

|Nm(s, x− (t− s)v, v)|ds,

(95)

where w(v) is in (94). Now we continue to express ∂fm(t1, x1, v1) via backward trajectory to get

d|∂fm(t1, x1, v1)| ≤ 1{t2<0<t1}

{
d|∂fm(0, x1 − t1v1, v1)|+

∫ t1

0

|Nm−1(s, x1 − (t1 − s)v1, v1)|ds
}

+ 1{t2>0}

{
d|∂fm(t2, x2, v1)|+

∫ t1

t2

|Nm−1(s, x1 − (t1 − s)v1, v1)|ds
}
.

Therefore we conclude from (95) that

d|∂fm+1(t, x, v)|

.
∫ t

t1

|Nm(s, x− (t− s)v, v)|ds+ e−
ζ
4 |v|

2

||eζ|v|
2

fm||∞(1 + ||eζ|v|
2

fm||∞)

+
1

w(v)

∫
V1

1{t2<0<t1}d|∂f(0, x1 − t1v1, v1)|e
l〈v1〉

2 t1w(v1)〈v1〉2cµµ(v1)dv1

+
1

w(v)

∫
V1

1{t2<0<t1}

∫ t1

0

|Nm−1(s, x1 − (t1 − s)v1, v1)|dse
l〈v1〉

2 t1w(v1)〈v1〉2cµµ(v1)dv1

+
1

w(v)

∫
V1

1{t2>0}

∫ t1

t2

|Nm−1(s, x1 − (t1 − s)v1, v1)|dse
l〈v1〉

2 t1w(v1)〈v1〉2cµµ(v1)dv1

+
1

w(v)

∫
V1

1{t2>0}d|∂fm(t2, x2, v1)|e
l〈v1〉

2 t1w(v1)〈v1〉2cµµ(v1)dv1,

and it equals (93) for k = 2.
Assume (93) is valid for k ∈ N. We use (90) and express the last term of (93) as

1{tk>0}d|∂fm+1−k(tk, xk, vk−1)|

. 〈vk−1〉cµ
√
µ(vk−1)

∫
Vk

1{tk>0}d|∂fm+1−(k+1)(tk, xk, vk)|e
l〈vk〉

2 tk〈vk〉
√
µ(vk)dvk

+ e−
ζ
4 |vk−1|2 ||eζ|v|

2

f0||∞(1 + ||eζ|v|
2

f0||∞).

(96)
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Then we decompose 1{tk>0}d|∂fm+1−(k+1)(tk, xk, vk)| = 1{tk+1<0<tk} + 1{tk+1>0}, where the first part hits the
initial plane as

1{tk+1<0<tk}d|∂f
m+1−(k+1)(tk, xk, vk)| . d|∂f0(xk−tkvk, vk)|+

∫ tk

0

|Nm+1−(k+2)(s, xk−(tk−s)vk, vk)|ds, (97)

and the second part hits at the boundary as

1{tk+1>0}d|∂fm+1−(k+1)(tk, xk, vk)| . d|∂fm+1−(k+1)(tk+1, xk+1, vk)|+
∫ tk

tk+1

|Nm+1−(k+2)(s, xk−(tk−s)vk, vk)|ds.

(98)
To summarize, from (96) upon integrating over

∏k−1
j=1 Vj , we obtain a bound for the last term of (93) as

1

w(v)

∫
∏k−1
j=1 Vj

1{tk>0}|d∂fm+1−k(tk, xk, vk−1)|dΣk−1
k−1

.
1

w(v)

∫
∏k−1
j=1 Vj

1{tk>0}e
− ζ4 |vk−1|2 ||eζ|v|

2

f0||∞(1 + ||eζ|v|
2

f0||∞)dΣk−1
k−1

+
1

w(v)

∫
∏k
j=1 Vj

1{tk>0}d|∂fm+1−(k+1)(tk, xk, vk)|dΣkk,

where by (97) and (98), the last term is bounded by

1

w(v)

∫
∏k
j=1 Vj

〈vk−1〉cµ
√
µ(vk−1)

√
µ(vk)〈vk〉e

l〈vk〉
2 tkdvk

×
k−2∏
j=1

{
e
l〈vj〉

2 tj 〈vj〉2cµµ(vj)dvj

}{
w(vk−1)e

l〈vk−1〉
2 tk−1〈vk−1〉2µ(vk−1)dvk−1

}
×
{
1{tk+1<0<tk}

[
d|∂f(0, xk − tkvk, vk)|+

∫ tk

0

|Nm−k−2(s, xk − (tk − s)vk, vk)|ds
]

+1{tk+1>0}

[
d|∂fm−k−1(tk+1, xk+1, vk)|+

∫ tk

tk+1

|Nm−k−2(s, xk − (tk − s)vk, vk)|ds
]}
.

Now we use (94) to conclude Lemma 10.

Lemma 11. There exists k0(ε) > 0 such that for k ≥ k0 and for all (t, x, v) ∈ [0, 1]× Ω× R3, we have∫
∏k−1
j=1 Vj

1{tk(t,x,v,v1,··· ,vk−1)>0}dΣk−1
k−1 .Ω

(
1

2

)−k/5
.

Proof. The proof is based on [7]. We note that, for some fixed constant C0 > 0,

dΣk−1
k−1 ≤ w(vk−1)e

l〈vk−1〉
2 tk−1〈vk−1〉2cµµ(vk−1)Πk−2

j=1e
l〈vj〉

2 tj 〈vj〉2cµµ(vj)dv1 . . . dvk−1

≤ Πk−1
j=1{C

′eC
′t2µ(vj)

1
4 } dv1 . . . dvk−1 ≤ {C0}kΠk−1

j=1µ(vj)
1
4 dvj .

Choose δ = δ(C0) > 0 small and define

Vδj ≡ {vj ∈ Vj : vj · n(xj) ≥ δ, |vj | ≤ δ−1},

where we have
∫
Vj\Vδj

C0µ(vj)
1
4 . δ for some C0 > 0. Choose sufficiently small δ > 0.

On the other hand if vj ∈ Vδj then by Lemma 6 of [7], (tj − tj+1) ≥ δ3/CΩ. Therefore if tk ≥ 0 then there
can be at most

{[
CΩ

δ3

]
+ 1
}
numbers of vm ∈ Vδm for 1 ≤ m ≤ k− 1. Equivalently there are at least k− 2−

[
CΩ

δ3

]
numbers of vmi ∈ Vmi\Vδmi . Hence from {C0}k = {C0}m × {C0}k−1−m, we have
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∫
∏k−1
j=1 Vj

1{tk(t,x,v,v1,··· ,vk−1)>0}dΣk−1
k−1

≤

[
CΩ
δ3

]
+1∑

m=1

∫{
there are exactly m of vmi ∈ Vδmi
and k − 1−m of vmi ∈ Vmi\Vδmi

} k−1∏
j=1

C0µ(vj)
1/4dvj

≤

[
CΩ
δ3

]
+1∑

m=1

(
k − 1
m

){∫
V
C0µ(v)1/4dv

}m{∫
V\Vδ

C0µ(v)1/4dv

}k−1−m

≤
([

CΩ

δ3

]
+ 1

)
{k − 1}

[
CΩ
δ3

]
+1{δ}k−2−

[
CΩ
δ3

]{∫
V
C0µ(v)1/4dv

}[CΩ
δ3

]
+1

.
k

N
{Ck} kN

(
k

N

)−Nk10

≤ {CN} kN
(
k

N

) k
N
(
k

N

)− k
N
N2

20

≤
(
k

N

) k
N

(
−N2

20 +3
)
≤
(

1

k/N

)−N2

20
+3

N k

≤
(

1

2

)−k
,

where we have chosen k = N ×
([
CΩ

δ3

]
+ 1
)
and N =

([
CΩ

δ3

]
+ 1
)
� C > 1.

We now need a key lemma to overcome the singularity of 1
d along the integration over a characteristic line.

Lemma 12. Assume Ω is strictly convex (2). Recall kζ in (26) and k = kζ , if ζ = 1
4 . For ζ ∈ (0, 1

4 ] there exists
small δ1 > 0 such that

1{t1(t,x,v)≥0}

∫ t

t1

∫
R3

d(s, x− (t− s)v, v)

d(s, x− (t− s)v, u)
|kζ(v, u)| duds,

1{t1(t,x,v)<0}

∫ t

0

∫
R3

d(s, x− (t− s)v, v)

d(s, x− (t− s)v, u)
|kζ(v, u)| duds,

1{tm≥0,tm+1≥0}

∫ tm

tm+1

∫
R3

d(s, xm − (tm − s)vm, vm)

d(s, xm − (tm − s)vm, u)
|kζ(vm, u)| duds,

1{tm≥0,tm+1<0}

∫ tm

0

∫
R3

d(s, xm − (tm − s)vm, vm)

d(s, xm − (tm − s)vm, u)
|kζ(vm, u)| duds,

are bounded by
CΩ{teCt

2

|δ1|−
1
2 + eC|δ1|

2

|δ1|
1
2 }.

Proof. Notice that we use the estimate (26). Without loss of generality, we only consider the third estimate, by
the definition of d,

1{tm≥0,tm+1≥0}

∫ tm

tm+1

· · · ≤
∫ tm

tm+1

ds

∫
R3

du
{
|vm − u|γ +

1

|vm − u|2−γ
}
e−Cζ |vm−u|

2

× e
l|vm−u|

2 s

{
|∇ξ · vm|2 − 2

(
vm · ∇2ξ · vm

)
ξ
}1/2{

|∇ξ · u|2 − 2
(
u · ∇2ξ · u

)
ξ
}1/2

,

(99)

where ξ = ξ(xm − (tm − s)vm) and we have used −〈vm〉s+ 〈u〉s ≤ |vm − u|s in the exponent of e−
l〈vm〉

2 se
l〈u〉

2 s =

e−
l
2 (〈vm〉−〈u〉)s ≤ e l2 |vm−u|s. In order to bound e

l|vm−u|
2 s we split the exponent

l|vm − u|
2

s =
σl2

4
|vm − u|2 +

s2

4σ
− 1

4σ
{s2 − 2σl|vm − u|s+ σ2l2|vm − u|2}

=
σl2

4
|vm − u|2 +

s2

4σ
− 1

4σ
[s− σl|vm − u|]2,

to have, for sufficiently small σ > 0,

e
l|vm−u|

2 se−Cζ,l|vm−u|
2

. eCs
2

e−Cζ,l|vm−u|
2

.
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Therefore

(99) .
∫ tm

tm+1

∫
R3

eCs
2{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−u|

2

{
|∇ξ · vm|2 − 2

(
vm · ∇2ξ · vm

)
ξ
}1/2{

|∇ξ · u|2 − 2
(
u · ∇2ξ · u

)
ξ
}1/2

duds.

We now separate three different cases.
CASE 1 : ξ(xm − (tm − s)vm) < −δ1 (interior). By the convexity (2), u · ∇2ξ · u & |u|2,

|∇ξ · u|2 − 2(u · ∇2ξ · u)ξ ≥ −2(u · ∇2ξ(xm − (tm − s)vm) · u)ξ(xm − (tm − s)vm) ≥ CΩ δ1 |u|2.

Therefore, since
{
|∇ξ · vm|2 − 2

(
vm · ∇2ξ · vm

)
ξ
}1/2

. |vm|, (99) is bounded in this case by

CΩ

∫ t

0

∫
R3

eCs
2{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−u|

2 |vm|
|u|δ1/2

1

1{ξ<−δ1}duds

.Ω δ
−1/2
1 teCt

2

|vm|
∫
R3

1

|η + vm||η|2−γ
e−Cζ,l|η|

2

dη,

where we have used a change of variable η = u− vm.
Now we claim that, for 0 ≤ γ ≤ 1∫

R3

|vm|
|η + vm||η|2−γ

e−Cζ,l|η|
2

dη ≤ Cζ,l,γ . (100)

First consider the case of |vm| ≤ 1. We define η‖ = η · vm|vm| and η⊥ = η − η‖ vm|vm| . Then (100) is bounded by∫
R

dη‖

∫
R2

dη⊥
|vm|e−Cζ,l|η‖|

2

e−Cζ,l|η⊥|
2

[(η‖ + |vm|)2 + |η⊥|2]1/2 [η2
‖ + |η⊥|2]1−γ/2

.

If
∣∣η‖ + |vm|

∣∣ ≥ |vm|2 , then (100) is bounded by

4

∫
R

dη‖

∫
R2

dη⊥
e−Cζ,l|η‖|

2

e−Cζ,l|η⊥|
2

[η2
‖ + |η⊥|2]1−γ/2

.ζ,l,γ 1.

If
∣∣η‖ + |vm|

∣∣ ≤ |vm|2 , then |η‖| ≥ |vm|2 so that

[(η‖)
2 + |η⊥|2]1−γ/2 ≥ |η‖|2−γ ≥

|vm|2−γ

4
.

We define η̃‖ = |vm|−1η‖ ∈ R and dη‖ = |vm|dη̃‖. Remark that |η̃‖| ≤ 3
2 since |η‖| ≤ 3

2 |vm|. Using [(η‖ + |vm|)2 +

|η⊥|2]1/2 ≥ |η⊥|, we bound (100) by

4

∫
|η̃‖|≤ 3

2

dη̃‖|vm|
∫
R2

dη⊥
|vm|e−Cζ,l|η⊥|

2

|η⊥||vm|2−γ
.ζ,l,γ |vm|γ .ζ,l,γ 1.

On the other hand, if |vm| ≥ 1, we divide the integration as
∫
|η+vm|≥ |vm|2

dη +
∫
|η+vm|≤ |vm|2

dη. The first term
is easily bounded by ∫

|η+vm|≥ |vm|2

dη .
∫
R3

1

|η|2−γ
e−Cζ,l|η|

2

dη .ζ,l,γ 1.

In the case of |η + vm| ≤ |vm|2 then |η| ≥ |vm|2 and then∫
|η+vm|≤ |vm|2

dη .
∫
|η+vm|≤ |vm|2

|vm|
|η + vm||η|2−γ

e−Cζ,l|η|
2

dη .
∫
|η+vm|≤ |vm|2

e−Cζ,l|η|
2

|vm + η||vm|1−γ
dη

.
1

|vm|1−γ
e−

Cζ,l
4 |vm|

2

∫
|η̃|≤2|vm|

1

|η̃|
dη̃ . |vm|3e−

Cζ,l
4 |vm|

2

.ζ,l,γ 1.
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This proves the claim (100). We conclude the first case such that (99) is

CΩδ
−1/2
1 teCt

2

.

Now we further separate the situation near the boundary region of −δ1 ≤ ξ ≤ 0 into two cases.

CASE 2 : −δ1 ≤ ξ(xm − (tm − s)vm) ≤ 0 and |vm · ∇ξ(xm − (tm − s)vm)| ≤ |vm|
√
−ξ(xm − (tm − s)vm).

In this case, for ξ = ξ(xm − (tm − s)vm), from our assumption,

|∇ξ · vm|2 − 2(vm · ∇2ξ · vm)ξ .Ω |∇ξ · vm|2 . −|vm|2ξ(xm − (tm − s)vm).

By the convexity of ξ we also have

|∇ξ · u|2 − 2(u · ∇2ξ · u)ξ &Ω −|u|2ξ(xm − (tm − s)vm),

so that (99) is bounded by∫ tm

tm+1

ds

∫
R3

du1{−δ1≤ξ≤0,|vm·∇ξ|≤|vm
√
ξ|} e

Cs2
{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−u|

2 |vm|
√
−ξ(xm − (tm − s)vm)

|u|
√
−ξ(xm − (tm − s)vm)

. teCt
2

〈vm〉
∫
R3

1

|u|
{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−u|

2

du . t eCt
2

,

where we used (100).

CASE 3 : −δ1 ≤ ξ(xm − (tm − s)vm) ≤ 0 and |vm · ∇ξ(xm − (tm − s)vm)| > |vm|
√
−ξ(xm − (tm − s)vm).

For this case we shall apply a change of variables, at most twice, near the boundary. We need a geometric fact
that a straight line intersects a convex domain at most two points. Precisely we claim that for a strictly convex
domain Ω there exists δ0 > 0 such that for all 0 < δ1 ≤ δ0{

s ∈ [tm+1, tm] : ξ(xm − (tm − s)vm) ∈ [−δ1, 0 ]
}
⊂ [tm+1, tm+1 + σ1] ∪ [tm − σ2, tm],

where σ1 = σ1(tm, xm, vm, δ0), σ2 = σ2(tm, xm, vm, δ0) > 0 and

vm · ∇ξ(xm − (tm − s)vm) ≥ 0 for s ∈ [tm − σ2, tm],

vm · ∇ξ(xm − (tm − s)vm) ≤ 0 for s ∈ [tm+1, tm+1 + σ1].

In fact, we define Z(s) ≡ ξ(xm − (tm − s)vm) for tm+1 ≤ s ≤ tm. Note that Z ′(s) = vm · ∇ξ and Z ′′(s) = vm ·
∇2ξ · vm > 0 from convexity (2) for vm 6= 0. Hence Zm(s) is a strictly convex function and Z(tm+1) = Z(tm) = 0.
Denote the unique minimizer t∗ such that

Z(t∗) = min
tm+1≤s≤tm

Z(s) < 0, (101)

such that Z ′ < 0 for s < t∗ and Z ′ > 0 for s > t∗. If −δ1 ≤ Z(t∗), then we can choose σ1 = t∗ − tm+1 and
σ2 = tm − t∗. On the other hand, if −δ1 > Z(t∗), we simply choose σ1 and σ as two unique numbers such that

Z(tm+1 + σ1) = Z(tm − σ2) = −δ1,

where tm+1 + σ1 < t∗ < tm − σ2. This proves the claim.
In this case (99) is bounded by, from our assumption,∫ tm

tm+1

∫
R3

eCs
2{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−v

′|2 |∇ξ(xm − (tm − s)vm) · vm|
|u|
√
−ξ(xm − (tm − s)vm)

du ds =

∫ tm

tm−σ2

+

∫ tm+1+σ1

tm+1

.

Apply the change of variables for s ∈ [tm+1, tm+1 + σ1] and for s ∈ [tm − σ2, tm] as

s → ξ = ξ(xm − (tm − s)vm), (102)
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where the Jacobian is
∣∣dξ
ds

∣∣ = |vm · ∇ξ(xm − (tm − s)vm)|. Therefore∫ tm

tm−σ2

+

∫ tm+1+σ1

tm+1

≤ 2

∫ 0

−δ1
dξ

∫
R3

du eC|δ1|
2{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−u|

2 1

|u||ξ|1/2

. eC|δ1|
2

∫ δ1

0

|ξ|− 1
2 d|ξ|

∫
R3

|u|−1
{

1 + |vm − u|γ−2
}
e−Cζ,l|vm−u|

2

du .Ω,ζ,l,γ |δ1|
1
2 eC|δ1|

2

,

where we used (100).

Now we are ready to prove the weighted C1 part of the main theorem :

Proof of weighted C1 part in Theorem 2. First we show W 1,∞ estimate. Recall that we use the same sequences
(80) with λ = 1 used for the weighted W 1,p estimate (2 ≤ p <∞). We estimate along the stochastic cycles with
(92) and (93). For t1 < 0, the backward trajectory first hits t = 0. From Lemma 10 and Lemma 12, and Lemma
2 for (81), we deduce

sup
0≤t≤T∗

||1{t1<0}d∂f
m+1(t)||∞ ≤ ||d∂f0||∞ + ||eζ|v|

2

f0||∞(1 + ||eζ|v|
2

f0||∞)

+ T∗ sup
0≤t≤T∗

||d∂fm+1(t)||∞ +
{
T∗e

CT 2
∗ |δ1|−

1
2 + eC|δ1|

2

|δ1|
1
2

}
(1 + ||eζ|v|

2

f0||∞) sup
0≤t≤T∗

||d∂fm(t)||∞.
(103)

If t1(t, x, v) ≥ 0, the backward trajectory first hits the boundary, then from (93) we have the following
line-by-line estimate

|d∂fm+1(t, x, v)|
≤ t sup

0≤s≤t
||d∂fm+1(s)||∞ + tk max

1≤i≤k−1
sup

0≤s≤t
||d∂fm+1−i(t)||∞

+ (1 + ||eζ|v|
2

f0||∞){teCt
2

|δ1|−
1
2 + eC|δ1|

2

|δ1|
1
2 } sup

0≤s≤t
||d∂fm(s)||∞ + e−

ζ
4 |v|

2

||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞)

+ k max
1≤i≤k−1

||d∂fm+1−i(0)||∞ sup
i

(∫
∏k−1
j=1 Vj

dΣk−1
i

)
+ k(1 max

j
||eζ|v|

2

f j ||∞){teCt
2

|δ1|−
1
2 + eC|δ1|

2

|δ1|
1
2 } × max

1≤i≤k−1
sup

0≤s≤t
||d∂fm−i(s)||∞ sup

i

(∫
∏k−1
j=1 Vj

dΣk−1
i

)
+ Ctmax

j
||eζ|v|

2

f0||∞(1 + max
j
||eζ|v|

2

f0||∞)
(∫

∏k−1
j=1 Vj

dΣk−1
i

)
+

(
1

2

)− k5
sup

0≤s≤t
||d∂fm+1−k(s)||∞,

where we have used (80), Lemma 12, Lemma 11, and Lemma 2 for (81). Further we use the proof of Lemma 11
to show that

sup
i

∫
∏k−1
j=1 Vj

dΣk−1
i ≤

(
C

∫
R3

µ(v)
1
4 dv

)k
≤ Ck.

Denote T∗ ≡ t and estimate

sup
0≤t≤T∗

||1{t1≥0}d∂f
m+1(t)||∞ ≤ O(T∗) max

0≤i≤k−1
sup

0≤t≤T∗
||d∂fm+1−i(t)||∞

+ Ck,T∗ ||eζ|v|
2

f0||∞(1 + ||eζ|v|
2

f0||∞)

+ Ck(1 + ||eζ|v|
2

f0||∞)
{
T∗e

CT∗ |δ1|−
1
2 + eC|δ1|

2

|δ1|
1
2

}
max

1≤i≤k−1
sup

0≤t≤T∗
||d∂fm+1−i(t)||∞

+

(
1

2

)− k5
sup

0≤t≤T∗
||d∂fm+1−k(t)||∞.

(104)

We put together (103) and (104) and choose k � 1 so that
(

1
2

)−k/5 ≤ 1
100 . Then we further choose T∗ =

δ1 �k 1 so that
Ck(1 + ||eζ|v|

2

f0||∞)
{
T∗e

CT∗ |δ1|−
1
2 + eC|δ1|

2

|δ1|
1
2

}
≤ 1

100
.
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We conclude

sup
0≤t≤T∗

||d∂fm+1(t)||∞ ≤ 1

8
max

1≤i≤k
sup

0≤t≤T∗
||d∂fm+1−i(t)||∞ + ||d∂f0||∞ + C||eζ|v|

2

f0||∞.

Set D = ||d∂f0||∞ + C||eζ|v|2f0||∞,

ai = sup
0≤t≤T∗

||d∂f i(t)||∞, Ai = max{ai, ai−1, · · · , ai−(k−1)},

then we have am+1 ≤ 1
8Am +D. Use (76) to conclude

sup
0≤t≤T∗

||d∂fm+1(t)||∞ . ||d∂f0||∞ + ||eζ|v|
2

f0||∞.

The existence and uniqueness and the estimate in Theorem 2 are clear for short time T∗ > 0. We follow the same
procedure for t ∈ [T∗, 2T∗] to conclude

sup
T∗≤t≤2T∗

||d∂f(t)||∞ .Ω,T∗ ||d∂f(T∗)||∞ + ||eζ|v|
2

f0||∞.

Then we conclude the weightedW 1,∞ part of Theorem 2 following the same procedure for [T∗, 2T∗], [2T∗, 3T∗], · · · .
Now we consider the continuity of d∂f . Remark that for each step d∂fm satisfies the condition of Proposition

3. Therefore we conclude d∂fm ∈ C1([0, T∗]× Ω̄×R3). Now we follow W 1,∞ estimate part for d[∂fm+1 − ∂fm]
to show that d∂fm is Cauchy in L∞. Then d∂fm → d∂f strongly in L∞ so that d∂f ∈ C0([0, T∗]× Ω̄×R3).
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