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Abstract

This paper is devoted to the use of the entropy and duality methods for the existence theory
of reaction-cross diffusion systems consisting of two equations, in any dimension of space. Those
systems appear in population dynamics when the diffusion rates of individuals of two species depend
on the concentration of individuals of the same species (self-diffusion), or of the other species (cross
diffusion).

1 Introduction

We are interested in populations consisting of individuals belonging to two distinct species (or two classes in the same
species) of (typically) animals, and interacting through diffusion and competition.

The unknowns are the concentration (number density) of individuals of the first species u; := u1(¢,z) > 0 and of the
second species ug = ua(t, ) > 0.

In absence of competition, the respective populations u; and ug would grow at a (strictly positive) rate r1 and rs.

The competition is taken into account through logistic-type terms, in such a way that the growth rate becomes
r1 —s11(u1) — s12(u2) for the first species, and r2 — s22(u2) — s21(u1) for the second one. The (nonnegative) terms s11(u1)
and s22(ug2) are called intraspecific competition, while the (nonnegative) terms s12(u2) and s21(u1) are by definition the
interspecific competition. Since we are interested here in situations when there is no cooperation (or predator-prey type
interaction), we shall assume in the sequel that all functions s;; are nonnegative and increasing (see [22], p.94).

We also assume that the individuals of the two species diffuse with a rate that depends on the number density of both
species: we denote di1(u1) + ai12(u2) the diffusion rate of the first species, and daz(uz) + a21(u1) the diffusion rate of
the second species. The diffusion terms related to di1(u1) and daa(u2) are called self diffusion, those related to ai2(u2)
and a21(u1) are called cross diffusion. We are interested in this paper in the case when all the functions d;;, a;; are
nondecreasing (that is, all individuals try to leave the points where the competition is highest). This type of model were
introduced in [24].

In the sequel, we systematically denote

aii(us) = w; dig(u;). (1)
We are led to write down the following system (on R4 x ©, where Q is a smooth bounded open subset of RY with outward
unit normal vector n(x) at point x € 99Q):

Ou1 — Alar1(u1) + viar2(uz)] = w1 (r1 — s11(u1) — s12(u2)) = Riz(u1, u2), (2)
Oruz — Alagz(uz) + uzazi (u1)] = ua(rz — s22(u2) — s21(u1)) = Ro1(uz,u1), (3)

with the homogeneous Neumann boundary conditions
Vui -n(z) =Vuz -n(z) =0 on Ry x09Q, (4)

and the initial condition ) )
ul (0» ) = ulln Z 07 u2(07 ) = u%n Z 0. (5)



The case treated in this paper corresponds to a situation where the reaction terms are strictly subquadratic or dominated
by the self diffusion, and where the cross diffusions are subquadratic. Extensions to other cases with faster growth of
reaction terms or cross diffusion pressure will be studied in a future work.

We detail below the set of mathematical assumptions that will be imposed on the coefficients a;;, s;;, and which
correspond to the case described above:

H1 For 4,5 € {1,2}, r; € Ry and s;; is a nonnegative continuous function on Ry which is either strictly sublinear:

S”Tm = 0; or dominated by the self diffusion in the following sense: limgz— o0 ZS;(Z) =0 and (for ¢ # j)

1imz~>+oo
lim —ul@)
z—+00 xzy/dj; (z)+aij (z)
H2 For i # j € {1,2}, a;; is continuous on Ry and belongs to %2(]0,+o0[). Tt is also nonnegative, nondecreasing,
concave and vanishes at point 0. Furthermore, there exists a €]0,1[, C > 0, such that

Va E]O,—l—OO[, zaa‘;j(‘r) Z C.
H3 The self diffusion rate d;; (recall notation (1)) is continuous on R4 and belongs to 1 (]0, +oo[). It is also nonnegative,

nondecreasing and such that d;;(0) > 0 (note in particular that a}, is bounded below by a strictly positive constant).
In the proof of our main Theorem, we use d;; > 1 for the sake of readability.

The union of the assumptions H1, H2 and H3 on the parameters [for i,j € {1,2}] 7, s5;, a;; (and thus d;;) will be called
in the sequel the H assumptions.

Since we consider the homogeneous Neumann boundary condition, it is useful to introduce the following notation :

Definition 1.1. for any space of functions defined on 2 whose gradient has a well-defined trace on the boundary 952
(such as € () or H?(Q) for instance), we add the subscript v (the former spaces hence become €°(Q) or H2(Q)) to
describe the subspace of functions satisfying the homogeneous Neumann boundary condition.

Our main Theorem reads:

Theorem 1.2. Let Q be a smooth (62) bounded open subset of RNV (N >1). Let u® := (ui™,ui") € L2(Q)? be a couple
of nonnegative functions and assume that assumptions H are satisfied on the coefficients of the system.

Then, for any T > 0, there exists a couple u := (u1,u2) of nonnegative weak solutions to (2)- (3) - (4) on [0,T] in
the following sense: fori=1,2 (j #1),

T
[ {du(ui(t, 2)) + aij (s ¢, z))} i (t, 2)|? da dt < +o0, (6)
0 Q
and for any 0 € 2([0, T[; €°(Q)), we have the weak formulation
- /Qu"i"(a:) 0(0,z) dx — /0 /Qul(t,x) 0:0(t,x) de dt
_ /°° / A0(t,2) [ans (ua (1, 2)) + w1 (1, 2) ara (ua(t,2)] da
o Ja
:/ / Ri2(u1(t, z), ua(t, z)) de dt,
o Ja

and
— / ud™(x) 6(0, ) da — / / u2(t, z) 0:6(¢t, x) de dt
Q o Jo
—/ / AO(t, ) [agg(uz(t, ) + ua(t, ) am(ul(t,x))} dz dt
o Jo
oo}
:/ / Ra1(u1(t, z), ua(t, z)) de dt.
o Jo
Moreover, denoting QT := [0,T] X Q, the following bounds hold:

< Kr(1+ ||u0||L2(Q))7
L2(Qr)

1
+ H—a'u(uz)Vug
u2

1
H —aj; (u1)Vuy
U1 L2(Qr)

[ ezt 2@ [zt L2(Qr)

for some positive constant Kt depending only on T and the data of the equations (aij, ri, sij).

+ || Vvaz(unasz ()| < Kp(1+[[ull12(0),

L2(Qr)

Note that all the terms in the weak formulation above are well-defined thanks to assumptions H. Indeed, remembering
that d;; is bounded below, estimate (6) implies u; € L2([0,7] x 2) so that the reaction terms are integrable (thanks to
H1). Using the identity

S U U U a U
512 (u2) u1 :< 12(u2) > ( 2 v/d22(u2) + a12( 2)) wr \/ara(aa),

u2 \/da2(u1) + a12(u2) a12(u2)

the terms coming out of cross diffusion are also well defined due to concavity assumptions H2. Those coming out of self
diffusion are integrable thanks to (6).



We now comment the assumptions on the initial data and coefficients of system (2)—(3). The requirement that u® €
(L2(€2))2 can certainly be relaxed to u® € H71(2)? and 9;(ui") € L}(Q), with v; defined later in Definition 2.1 (this
should be enough to keep estimate (6)). It is most likely possible to relax assumption H1, provided that H2 and H3 are
reinforced. Finally, there is some hope of treating the special case when reaction terms are exactly quadratic, thanks to
recent improvements in the theory of duality Lemmas [5].

We restricted in this paper our study to the case when both a;;, i # j are concave, whereas our methods should adapt
in the case when one of them is concave and the other one is convex. The corresponding theory is then quite different
and will be left to a future work. Note that when both a;;, i # j are convex, our feeling is that existence of weak global
solutions does not hold in general.

Our opinion is that for systems involving cross diffusion and consisting of more than two equations, the type of
Lyapounov functional that we build in the sequel can exist only for a very small class of cross diffusion terms (that is,
strong algebraic constraints have to be assumed on the cross diffusion coefficients).

Finally, we do not treat the case when one cross diffusion term is missing (sometimes called the “triangular case”),
since the Lyapounov functional that we introduce in the sequel degenerates in this case.

Let us also explain the meaning of assumptions H when all the functions appearing in (2)—(3) are of the form = — z?
(or @ — x + 9 for the self diffusion), with ¢ € R. In this case, if s;;(z) = Sij 7% and a;;(x) = D; x §;; + Asj i3, with
Sij,Aij, D; > 0 and 05, a;; € R, those assumptions become:

Vi=1,2, 0 < 04 < sup(l,a;);
Vi£j,  0<o <Sup(ajjT+1,1+ 0‘57')7
0<ay <1
As a consequence, our Theorem provides existence of global weak solutions for systems like
Oruy — A[(D1 + Appuf + Aro ug) u1] = w1 (ry — S11u1 — Si2uz), (7)
druz — A[(D2 + Ay u] + Az ud) uz] = uz(ra — So1ur — Sz us2), (8)

with 0 < «,6 < 1; 8,7 > 0, and r;, D;, A;5, Si5 > 0.

Let us now describe how our work fits in the existing literature.

The question of local and global existence of classical solutions of systems like (2)—(3) was treated in many particular
cases. Most of them deal either with the case when the system is in fact parabolic (that is, when the diffusion matrix
is elliptic), which amounts to assume that self diffusion is dominant w.r.t. cross diffusion (for instance when 8 A1 >
Ai2,8A22 > A1 ineq. (7), (8) with o= =~ =46 =1, cf. [26]), or in the triangular case (when a21(u1) = 0, cf. [20]).
The question of local existence is usually treated using Amann’s theorem [1], and extension to global existence requires
additional structure to preserve boundedness of solutions see [8, 12] for instance.

Our work is concerned with situations that are neither parabolic, nor triangular. It extends to a very large class
of problems the result of 7], dedicated to the cross diffusion model for population dynamics introduced by Shigesada,
Kawasaki and Teramoto in [24], where the cross diffusions have a linear form, that is 8 =~ =1 in eq. (7), (8). Note that
this system can be seen as a limiting case of the equations that we treat.

Our results rely on two main ingredients: entropy structure and duality Lemmas. We show that our systems possess
a hidden entropy-like structure, strongly reminiscent of the entropy structure exhibited in [7]. In general, this structure
however gives less estimates than in [7]. We therefore need another ingredient in order to recover existence of weak global
solutions, namely duality Lemmas: we recall that duality Lemmas enable to recover L2 type estimate for solutions to
linear singular parabolic equations (with variable coefficients) when the diffusion rate is inside the Laplacian. This is how
estimate (6) is derived.

For the use of an underlying entropy structure, its link with symmetrization, and its applications to existence of weak
solutions, we refer to [18, 9]. The possibility to use such a structure in the case of cross diffusion was first noticed in [13],
and exploited in [7, 6, 17, 15]. The duality estimate that we use comes from [23], and was applied together with entropy
methods in the framework of reaction-diffusion systems in [11]. Is was also applied in the framework of cross diffusion or
similar models in [2, 3, 4].

We finally quote some works dealing with other aspects of cross diffusion models. For modeling issues, we refer to
[16, 10, 3, 2]. For the analysis of equilibria, we cite [16, 19] for instance.

Unfortunately, as often in papers dealing with cross diffusion, the process of approximation enabling to make the
estimates and structures rigorous is quite involved, and gives rise to various difficulties which explain the length and
technicality of the proofs.

Our paper is structured as follows: in Section 2, we introduce notations which are used in the proof of our main Theorem,
especially those related to the Lyapounov functional that we systematically use. We also present some classical lemmas
used in the sequel. Then, Section 3 is devoted to the proof of existence of a solution to a finite-dimensional (Galerkin)
approximation of a discrete time version of our (smoothed) system. A priori estimates (and their dependence with respect
to the various approximations) are provided for such solutions. We let the dimension of the Galerkin approximation go to
infinity in Section 4. The duality estimate is presented and proven in Section 5. The last section (that is, Section 6) is
devoted to the relaxation of all remaining approximations, which leads to the proof of our main Theorem.



2 Preliminaries

2.1 Entropy structure

We first introduce some notations which enable to rewrite our system under a form in which a Lyapounov functional
naturally appears.

Definition 2.1. For given cross diffusion parameters ai12 and a21 (satisfying assumption H2), we introduce @;, ¢; (for

i=1,2), as: @ o
T a5, (t T aio(t
e1(z) :=/ —Hodt, o () :=/ =t
1 1

wila) = [ euoar
We also define
w;(t, z) = pi(ui(t,x)).

One can then rewrite the system in a symmetric form:

=A(u1,u2)
A () - div % ! vz Vwi _ (Riz(u1,u2) 9)
t \ s w1 s W“Q Vuws ) = \Roi(uz,u1) )
alzu

The terms Vw; have to be considered as scalars for the matrix product, the divergence being understood line by line (after
the matrix product).

Multiplying the equations of the system by wi, w2 and integrating in space we obtain formally the entropy identity

%/g (wl(ul)wz(uz))+/Q(vfw1,w2)A<u1,u2) (ggg) = (w1, w2) (ﬁ;j). (10)

2.2 Properties of the symmetric matrix
For uy,u2 > 0, u := (u1, u2), the matrix A(u) is defined by

aly (u1)+aia(ug)

aby (u1)
A(ui,ug) := 21
uULU

uiu

; (11)

agp(uz)taz (u1)

a5 (u2)

and we denote the associate quadratic form Q(u). For a function u = (ug,u2) : Q —]0, +00[?, we defined in the previous
subsection w = (w1, w2) = (p1(u1), p2(u2)). We will have to deal with the expression

Q(u)(Vw),

since this term naturally appears in the entropy estimate. We establish the following proposition, that will be useful later.

Proposition 2.2. Under the H assumptions, the application A : ]0,4oc0[> — Ma(R) (defined by (11)) belongs to
%9(10, +00[%) and takes its values in ST (R) (space of strictly positive symmetric matrices). We have furthermore the
two following estimates on the quadratic form Q

Qu)(Vw) 2 by (w)|Vur* + iaﬁz(uﬂ\vﬂz\?, (12)
Q(u)(Vwo) > 4{ ‘v\/am(ul)f + ‘v\/alg(m)f + ‘V\/agl(ul)alg(ug)‘z 3 (13)

Proof. The fact that A € ¥°(]0,+oc[2) is an easy consequence of the regularity of the functions a;j. As for the strict
positiveness of the matrix, we just decompose A between self (clearly strictly positive) and cross diffusion:

B(u1,u2) C(u1,u2)
aq(u1) a12(u2)
A(ui,uz) = ENC ° + CACh o
’ 0 “lzz(“2)u2 w19 azy (u1)
a’12(u2) alz(u2)

We see that due to the assumptions on a12 and a21, the cross diffusion matrix C(u1,u2) is nonnegative. Indeed, for
uy,ug >0

1
)ug Z uUiuU2 X ui1u2

i

a12(uz)az1 (u1) > uruzals(uz)ay; (u1),



which is true by concavity. We get

Q(u)(Vw) = ['Vw] [A(w)Vw] > [tVw] [B(uw)Vw] = aél(ul)ul\vmﬁ + Muﬂvm\?.
aby (u1) a5 (u2)

: . , a;i(x)
Since w; = ¢;(u;), with ¢j(z) =

, we end up with

a (u1
712( )a’zl(m)IVulF + aho(u2)|Vuz|?,
1

Q) (Vew) > o2 (u2)
u2

which, using assumption H3, leads to the first lower bound (12). On the other hand, expanding directly Q(u)(Vw) with
the definitions of A(u) and w, we get

Qu)(Vaw) = [af (u2) + ana(u2)) 2 (T + [ah )+ 021 )] 22 [T

+ 2 aby (u1)ays(u2)(Vur, Vug).

aqo(uz)
u2

The concavity property a;;(u;) > a’;(u;)u; used before can be written (here for i =1, j = 2)

2
by (1)  ay ()
> ,
u1 a21(u1)

and together we the assumption H3, we get

’ 2
Qu)(Vw) > afy (un) 2 | |2 4 aly(u 2>“12(“2) Vs ?

az21(u1) 2(u2)
abi(ug)? a',(u

+a12(u2)721( ) |Vu1|2+a21(u1)712( 2) [Vua|? + 2ab; (u1)d) o (uz)(Vut, Vug)
az21(u1) a12(u2)

= 4VVaz1 (u)? +4|VVar2(uz)?
+ 4V ar2(u2) V/az1 (u1)|? + 4[v/az1 (u1) V/arz (uz)?
+4 % 2/az1 (u1) vVarz(u2)(V/azi (u1), Vv/arz (u2)),
and we thus end up with eq. (13). (]

2.3 Properties of the functions ¢; and v,

We shall need in the sequel the following elementary result:

Lemma 2.3. Take h,¢ € €°(R4+) N €L(]0, +-00[) with h concave and £ nonnegative and convex, with £/ (x) > 0 for all x
large enough.
Then there exists a constant Ap g > 0 such that h(z) < Ap ¢ (1 +£(x)) for all z € Ry

Proof. If h is bounded from above, then Ap,; = suph works. Otherwise, b’ > 0 on Ry. Say that 0 < ¢/(zx) for z > M.

Then forallz e Ry, z — M < % Then since h’ > 0 and h is concave, we can write

k' (M) h'(M)
h < h(M h (M — M) < h(M Y4 — (M M L(x
() < BOM) 4+ /(M) = M) < W(M) 4 G () — €M) < AOM) + Gl o6a),
so that the constant Aj ; = max (h(M), [,((M))> works. That concludes the Proof of Lemma 2.3. O

Using the previous assumptions on the a;;, one can see that the ¢;,1; at least belong t0%2(]0, +00[). The 1; are
convex functions and the ¢; strictly nondecreasing. Moreover:

Lemma 2.4. We assume H2 on the coefficients a;; (i # j). Then the v; are convex functions and the p; are strictly
nondecreasing. Moreover (for i # j):

(i) For all x,y € Ry, ¢j(z)(x —y) 2 vi(x) — ¥i(y).
(i) ¥i(x) = 0,0+ (1/x) and hence xy(x) > B, for some constant B < 0 for all x €]0, +ool.
(iii) i has a limit at point 07 (11(0) = a21(1)), furthermore v; is strictly positive on R .
(i) There exists a constant D > 0 such that, for all x € Ry

Va € [0,1], z%+4aji(z) < D(1+i(x
zi(z) < D (14 iz

Proof. Let us treat only the case ¢ = 1, the other one being similar.

))7
).
(1) 1 is convex.
(ii) ] (x) = p1(x) and
(t) az1(t)1® T ag1(t
¢1(z) =/1 aﬁ dt = [th( )]1 +/1 72;2( Jar = o (1),

since as1 € ¥°(R4) and a21(0) = 0. The function & — z¢1(z) is strictly nondecreasing after x = 1 and bounded
near 0, hence lower bounded.



(iii) Note that ¥} (t)t = a%,(t). We have

az1(1) — az1(z) = /1 ! ()dt = [tw'l(t)]l - /zl P (t)dt,

T

then noticing that ¢;(1) = ¢;(1) = 0 by construction, we have
az21(1) — a21(x) = Y1 (x) — zp1(2).

hence the previous point (i7) gives the limit near 0. For the positiveness, just notice that ¢; = 1/}2 is negative on
[0, 1].

(iv) We use Lemma 2.3 with h(z) = « + aj;(z), £(z) = ¢1(x) and * < 1 + z in order to obtain the first inequality. For
the second inequality, we use the same Lemma with h(z) = 29| (z) — 2¢1(), and £(x) = 1 ().

O

2.4 A small perturbation

Since ¢; may not be one to one, we use a small perturbation of this function and consider the following definition:
Definition 2.5. Let us assume H2 (and recall Definition 2.1) on the coefficients a;; (i # j), and H3 on the coefficients
o For all € > 0 (small enough), we introduce

©f (z) = ¢i(z) + £ In(x),

and, equivalently, (for i # j) af; = ai;j + ez, and ¥5(x) 1= ¥i(z) + exIn(z) —ew.

We also introduce aS;(x) = x d5;(x), with d5; = ve(di;), where (Ve)e>o0 is an increasing family of smooth nonnegative
and nondecreasing functions, such that ve < e ! on Ry, (1) = 1 and (ye)e>0 s uniformly converging to the identity on
compact sets.

Finally, we denote by A® the matric A (defined by (11)), where the coefficients a;; are replaced by as; (for all

1,7 € {1,2}).

The crucial point is the following: Proposition 2.2 is still true when one replaces the functions a;; and A by their
g-approximations, a$; and A%, (assumption H2 and H3 hold for the af;), and if one tries to reproduce Lemma 2.4 with
these new functions, all the inequalities remain the same, the constants being a little bit changed but not depending on €.
We write the following lemma, which summarizes the situation:

Lemma 2.6. We assume that H2 and H3 holds on the coefficients a;; (for all i,5 € {1,2}), and use the notations of
Definition 2.5.

Then, the coefficients afj also satisfy H2 and H3 (with constants independent of € for € > 0 small enough). Also B
and D (the constants of Lemma 2.4) may be changed in order to have, for i =1,2 and 0 < ¢ < 1:

(i) For all z,y € Ry, ¥’ (2)(x — y) > ¥f(z) — ¥ (y).
(i) 5’ (z) = 0,_ o+ (1/2) and furthermore, for all z €]0, +oo[, z¢5'(z) > B —ee™ 1.
(i) Y5 has a limit at point 0t. For e small enough, Y5 is strictly positive on R4
(iv) For all z € Ry
Va € [0,1], 2%+ aji(z) < D(1+¢€) (1+ 47 (2)),
2 (2) < D1+ ) (1 + 95 (),

where D is the constant defined above in lemma 2.4.

Proof. As before, we treat only the case i = 1.
(i) 95 is still convex.
(i) In(z) =o0,_,0+(1/z) and exIn(z) > —ce~1 > —e L.
(iii) zln(z) — x goes to 0 with z and e(zIn(x) — z) > —e.
(iv) Firstly, we notice that D > 1+a;;(1) > 1. For the first inequality, is sufficient to notice that since ¥ < v;, we have
ex < e(x+aij(x)) <eD(1+ ¢y),
and we conclude with
z% +af;(z) < DA +e)(1+i(z)) < D(1+¢e)(1+ 95 (2).
For the second inequality, we use
exln(z) <e(zln(z) —z + 1) + ez < De(zln(z) — z + 1) + D(1 + ¢;(x)),
so that
aypf’ (z) < 2yi(z) + exln(z) < D(1+¢i(x)) + De(zIn(z) — z + 1) + D(1 + ¢i(z)) < D(1 +€)(1 + 5 (z))

for some constant D (obviously not depending on ¢). Then we add these inequalities to those of point (iv) of Lemma
2.4, that we already proved.

O



2.5 Two standard results

The preliminaries are concluded by the statement of two results taken from the existing literature, and that will be used
in the sequel.

Lemma 2.7 (Discrete Gronwall). Consider two nonnegative sequences (vn, Wn )nen, Satisfying for some positive constants
C > 0,0 €]0,1],

Vn € N*, v, <vp_1+ 0vn + wn.
Then, for all m € N*:

n—1

vy < ”’\Gvo—l—Zek)"’w _p<ete [UO+Z (= k+1)>‘9w]
k=0 k=1

with g := 0/(1 —0). If wp, = C is constant, we have

v < eMe {vo + %:| .

1
Proof. Notice first that 1-¢ <o by the convexity inequality of the exponential. We hence have

Wn,

v < ekgvn—l + 1—06

By straightforward induction, we get

Un

Vo + Z wke<1k))‘9:| .

k=1

vo + Z 0)1 [ ] < et

1 " Wy 1
< — <
= (1_9)n”°+kz::1 A—gn i =T _gn

In case of constant wy,, we use the following fact

1 C C
- < n)\9<7 | < nig .
(1— ) ””Z (10 ] S a-en {“”9]*6 {””9]
O

The following Theorem can be found in [14] (in the more general case of an infinite dimensional Banach space) where
it is presented as the “Leray-Schauder Theorem” (p.286, Theorem 11.6):

Theorem 2.8. Let (E,|| - ||) be a Euclidian vector space and
T:[0,1] x E — E a continuous function satisfying T'(0,-) = 0. Suppose furthermore the existence of R > 0 such that for
any s € 0,1], the following a priori estimate holds for the fized points of T'(s,-):

T(s,z) =z = ||z|]| < R.
Then T'(1,-) : E — E has at least one fized point in B(0, R).

3 Approximate system of finite dimension

3.1 Notations

We start with a definition related to the discretization w.r.t. time, as in [7]:

N
Definition 3.1. We decompose the time interval, |0,T] = U |(k — 1)1, k7], where N € N* and 7 := T/N, and introduce
k=1
uk _ uk*l
the finite difference operator : dyu” =
-

We also introduce new definitions related to the reaction terms:

Definition 3.2. Let us denote by R and R21 the positive/negative parts of the source terms, and use the same notation
for RE. To write things more preczsely, we have

ree (7 0) (), mo (4 0) (sl o)

R(u) = RT(u) — R~ (u).

and obviously

We introduce the following approximation for this reaction term

R®(u) = R"(u) - R (u),

ro= () GG TR

where e s the truncation function that we used in Definition 2.5.

with



Let us consider a sequence (Vy)nen of subspaces of €2°(Q), such that for all n, Vy, is n-dimensional, V,, C V41, and
Unen Vn is dense in L2(Q). We assume that Vi = (1q)r, so that the constant function 1q lies in all subspaces V.

For the sake of clarity, let us denote in boldface the two component vectors:
(X1 _ (uw _ [w L R12(U17u2)
X = (X2> , U= (uz) ,Ww = (w2) and R(u):= (Rzl(ug,ul) .

As previously, all linear operators (such as V,0- ...) have to be understood line by line in the previous expressions.
Any dot product (-, -)g on some space E of functions defined on ) has to be understood as (u, x)g = (u1, x1)E + (u2, X2)E
The nonnegative symmetric matrix A¢(u1,u2) will be denoted A®(u) and we also will often denote by Q¢ (u) the associated
quadratic form. Finally we will use the obvious notation

oo (u) = (@i(ul)) 7

@5 (u2)
in such a way that according to the previous notations, w = ¢.(u) and o7 *(w) = u.

We are going to define recursively solutions to a discrete-time problem, all lying in V,, (n is fixed for the moment).
Recall that the initial condition u® belongs to L2(Q)2. Given u*~1 € L2(Q)?, we study the following problem (for fixed
e>0,0€[0,1], k>1):

Problem PS (k,u*~1):

Find w* € V2 such that [denoting u* = oz ! (w*)] we have for all x € V2,

”[<X’3T“k>m<m * <VX’ AE(Uk)VWk>L2(Q) - <X’RE(“k)>L2<m] =° <X’ wk>H1<n> '

Since w* € V, C L™(Q), u” takes its values in some compact set of ]0,+oo[2, hence the coefficients of A®(uF) all
belong to L>°(f), and this ensures that all the previous brackets are well-defined. Furthermore, u* clearly belongs to
L>°(92)2 C L%(Q)?, so that the previous inductive definition is consistant.

The collection of problems (P% (k,u*~1))x—1.. N is hence a discrete-in-time version of the V,-weak form of (9) in which
an e-perturbation and a parameter ¢ have been added.

We end up this subsection by introducing (bearing in mind the notations of Definition 2.5) the:

Definition 3.3. We introduce the entropy (for some vector function u : Q2 — 10, 4-00[?):
2
£o(u) = Z/ 0E (1) (2) da
=179

3.2 A priori estimate

Proposition 3.4. Under the assumptions of Theorem 1.2 and keeping in mind the definitions of Subsection 3.1 (and
Definition 2.5), there exists a constant Kr depending only on T and the data of the equation (a”, ri, Sij) such that for
any 7 > 0, € > 0 (small enough), and o € [0,1] and any sequence (of length less than N) ('wj)1<J<k, with wJ solving
PE(4,ul~ 1) the following entropy inequality holds:

k k
o8 (u) + 710 Y] /Q Q°(w)(Vw!) dz +er Y |[w’|[f ) < Kr(6:(u®) +1). (14)
L =

Proof. Plug w’ in P%(j,u?~1) to obtain
U/Q w’ - 9;u! do + O'/Q Q° (w?)(Vw?)dz + E”ijIQ‘Il(Q = O'/Q w’ - R¥(u’)dz
Using (i) of Lemma 2.6, one gets, since w; = 9’ (u;),
/wj-a.,-ujdm:l/wjv ['u,j ]dm> (éa(uj)—éa(u] .
Q T JQ

For the reaction term, we have

/wJ R (w)do = [ w] 12<u1,u2>dx+/ w} RS, (ud, uf) da.
Q

For the sake of clarity, we avoid writing the superscript j for a few lines. Let us focus on the first term of the right-hand
side (the second one will be similar):

/ w1 RS o (u1,ue) de = / PF (ur)us (r1 — vels11(u1) + s12(u2)]) dz
Q Q

—r / W’ (ur)urde — / 5 (un a1 e 511 (ua) + s12(u2)] de.
Q Q



From (iv) of Lemma 2.6, we get the existence of a constant D such that
zpi’ () < D(1 +e)(1 +9i(2)),

which implies
m/wwmwmxSnmrmMmm+&w»
Q

For the two other terms, we use the fact that 1/Jf’ >0 on [1,4o0], so that

- /Q i (u1)urvelsi1(ua) + s12(uz)] do < —/ PS5 (u1)urve[s11(u1) + s12(u2)],

1<1

—/ W5 (un Yurye [s11 (un) + s12(u2)] da < (—B+1)/ su(ur)da + (—B + 1)/ s12(uz)da.
Q e Q e Q

Finally, we use s;;(u) < K(1+ u) to get

- /Q ¥§ (u1)urve[s11(u1) + s12(u2)]dz < C (M(Q) + /ﬂ[m + ug]) .
By lemma 2.6 (iv), we have
[ i+ us] < DO+ (@) + 6 w).

Finally we have, recovering the superscripts that we omitted before:
o . . . . . .
—(Ge(w?) — &e (v ")+ G/Q Q°(W)(Vw!)de + ef|w’|[f o < oK (1 + Ex(u’)), (15)

for some constant K independent of j,n,e,7,0. Hence if one takes 7 small enough (such that 1 — 7K > 1/2), one has in
particular :

E(uw) < & (N +7KE (W) + 7K,
which implies by Lemma 2.7, with 0 = C := 7K,
Ee(w)) < 9?6 (u") +1] < 2T (8 (u) + 1) < TR (& (u) + 1),
Plugging this last inequality in (15), we get for some constant Cr > 0,

U(&(uj) — (S“‘g(ujfl)) + ’7’0’/ Qs(uj)(ij)da: + fra||ij§II(Q < Crr(l1+ éag(uo)),
Q

which, after summation over j € {1,...,k} and using k7 < T, ends the Proof of Proposition 3.4. O

3.3 Existence and estimates

The a priori estimate proven in the previous subsection leads to the following proposition about existence:

Proposition 3.5. Consider the assumptions of Theorem 1.2 and recall the Definitions of Subsection 3.1 (and Definition
2.5).

For fized (= T/N) (small enough), n € N*, w® € V2 and ¢ > 0, there ewists a sequence (W*)1<x<n such that w"
solves P§ (k:,'u.k’l) for all k € {1,...,N}, and which furthermore satisfies the estimate (with K1 depending only on T
and the data of the equation (a;j, Ti, Sij)):

k k
Ee(uF)+7y° /Q Q° (uF)(Vwh) dz + 27y ”ijill(ﬂ) < Kp(&(ul) 4+ 1), (16)
j=1 j=1
¥ oy < [l ) + OB e ™, (17)
k
TS IRT W)L (g < 1wl ) + OWE)] (1 +Tre™ ™), (18)
j=1

where the sequence of positive scalars (r™)r goes to r = max(ri,r2) when 7 — 0.

Proof. Step 1: Estimates

Let us notice that the two last estimates (17)—(18) are essentially a discrete version of the classical formal L! estimate
obtained by integrating our system on . In order to recover this rigorously, we notice that since 1 € Vy,, it is an
admissible test function for the problem P¢(j,u?~1) for all j € [1,k], k € [1, N], and we hence get

w1 () = llu? i) +€T/ij TR (W) L1 () = TIRT (w1 (- (19)

It follows easily from the definition of R that the right-hand side of the previous inequality is not larger than 7r||u/|| 1 (-
Thus,

e Iy < 1w Mgy + mrllwd gy — 57’/9[“’{ +wi].



We notice then that,
_57'/(21"]1. + w% = er (|Q| + 5||wj||2Lz(Q)) :
This leads to
lw Il o) < 1w iy + 7l o) + Ver <|Q| + €||wj||2Lz(Q)) )

which implies by Lemma 2.7

J
i . 1 . r
753 < {10hs @y + V2 (3719046 3 07 By | | e {ir =}
k=1

Using the entropy estimate, one has

J
aTkZ:l w172, < Kr(8(u’) +1) and 7] < |QIT.

Therefore, we obtain
w1 0y < 110l @) + VE (T10] + Kr(6(u®) + 1) [e T,

with 7(7) having the mentioned property, that is precisely (17).
Quite similarly, we sum up in (19) and obtain after using the bound on ||w||1:

k k

[u*ll L1y +7 D IR (@)llLiq) = 7 Y IR (W)L ) + Ve (TI0] + Kr(&(u) + 1),
j=1 j=1

and we conclude the estimate using the previous bound.

Step 2: Existence
In the rest of the Proof, we will work in the finite dimensional Hilbert space E = V?L with the dot product (-, ')Hl(Q)

and the associated norm. We will proceed by induction and only prove the first iteration u® € LQ(Q)2 = Jw! solving
PS(1,uP), all the other induction steps will be similar.
First notice that the problem P (1,u%) can be seen in the following way

Find w! € E such that Vx € E, 0L,0 1 (X) = —¢€ <x,'w1>H1(Q) s

where, for w,x € E, L0 ,, is defined by

,w

Lo, (X) = %(xﬁsogl(w) =) 2 gy + (VXA (02 (W) V) 2 ) — (X B (92 (W) 12 -
As noticed before, for w € E € L®(Q)2, oz ' (w) takes its values in some compact set of ]0, +00[2, so that the coefficients
of A%(pz ! (w)) lie in L(Q), whence L0 ,,1 € V5.
Let us now define a map
T:[0,1]xE—E
(o,v) — w,
such that:
VX EE oLy ,(X) =—c (X W (q)-
Such a map is well-defined because of the usual representation theorem for finite dimensional spaces.
Lemma 3.6. The map T is continuous.

Proof. Let v' € E. We want to prove that T is continuous at v!. Since all norms are equivalent on E, one can use the

metric [+ [+ || - [[Leo(q) on [0,1] X E and || - |lg1(q) on E. In all what follows, we assume that v? belongs to the following
open set of E

o} = v?]loo + [lo* —v? 1 < L.
Not that this means that v2 belongs to a compact set of E (just consider the inequalities as large) that we denote K. In
fact for ||x|| 1 < 1, one has

[t 0~ Lo ] 00| < Tl (01) = 077 @22
+ 1A% (o H(v1)) Vo1 — A%(o7 H(v2)) Vo2l 20),
IR (o2 (v1)) = B (02 ' (v2) L2 (e
and one can write for the second term of the right-hand side:
4% (0= (1)) Vo1 — A% (97 1 (v2)) V2 llL2) < {A%(02 H(v1)) — A%(0z T (v2))} VoillL20)
+ 1A% (02 (v2)){ Vo1 — Vor 20
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Since wgl, Afo gogl and Rf o Lpgl are all continuous, they are uniformly continuous (and bounded) on every compact
of R?, and particularly on K. Let wg be a continuity modulus for all the previous functions on this compact. Hence, if
v1,ve take their values in K and [[v1 — v2|lLe0 () < 1, we have

wi (1
ey~ L) 00| < 4 e ()21 901 .
1A% @)l @ o1 — w2llas @) +wxc (),

where we used the continuous injection L (Q) — L2(Q). Since all norms are equivalent on E,

Loy = Lo )0 < Crca(wrc(n) + ),

hence using the very definition of T :

g e
IT(o,01) = T(oyv2) iy = = sup_|[Luo w, = Luo 0,]00| £ ZCka(@rc(n) +m),
€ lxll 1<t €

which gives the continuity w.r.t. the second variable. The continuity w.r.t. both variables is then straightforward. O

It is now time to use Proposition 3.4 to get an a priori estimate on any fixed point of T'(o, ), for any o € [0,1]. In
fact, the case k = 1 of this Proposition exactly tells us that all this fixed points are in the ball of center 0 and radius
K71 (&(u®) +1)/er. Since clearly T(0,-) = 0, we now can apply Theorem 2.8 to see that 7'(1,-) has a fixed point, which is
exactly the existence of w! and hence the first step of our induction machinery. Inequality (16) is then a direct consequence

of (14) (with o =1). |
The previous Proposition shows that (for fixed 7(= T/N) small enough, n € N*, u® € L?(Q)2, and ¢ > 0) there exists
a sequence (wk)lngN such that, for all k € {1,..., N}, denoting uF := Lpgl('wk), we have for all x € V2:
k 5 k k k _ 5 k
<X’8Tu >L2(Q) + <VX’A (W) Vw >L2(Q) +€<X’w >H1(Q) - <X’R (u )>L2(Q)’ (20)

that we also can write (1 # j = 1,2)

8Py uk — P, A [afi (Wh) + ubay; (uf) + sufuﬂ +ewk —eAwk =P, [Rfj (u¥, u?)] ,

where P,, is the L2-orthonormal projection on Vp,.

4 Asymptotic with respect to n

This Section is devoted to the passage to the limit in the space discretization (n — 400), which can be summarized by the
following Proposition:

Proposition 4.1. Consider the assumptions of Theorem 1.2 and recall the notations of Definitions 2.5, 3.3, 3.2 and 3.1.
For fized (= T/N) (small enough), and € > 0, there exists a sequence (uk)lngN of LP(Q)? for some p > 1 (and a
corresponding sequence (w*)1<x<n) such that for all x € €°(Q)? (and for allk € {1,...,N}),

1

=(xi>uf M2y — (Axi, [afi(uf) + ufai;(uf) + Eufuf] JL2(Q) (21)

(Xir uf )20 —
-

;
+ebu = e whlia) = (o R0 ) o

and which furthermore satisfies the estimates (with KT depending only on T and the data of the equation (a;j, T, Sij)):

k
Ee(uh) + 27 3 w2 ) < Kr(8:(u) +1); (22)
j=1
k o
> [ 1980 ()] do < K6 () + 1), (23)
=1/
where Ba(z) = zl_Ta;
¥l @y < Il e’ 7 (24)
k k
e > lw iy + 7 Y IR W)L gy < l[ul sy |1+ Tre D7), (25)
j=1 j=1

Proof. We first recall the bounds that hold on 'u,]fl (and 'wfl), whose existence is given by Proposition 3.5.
Using (12), for all k € {1,..., N} and n € N*, we have

1 1

k k k, k,n 2 k, k,n 2

Qs(un)(vwn) Z k,n a%l/(ul ")|vu1 71‘ + k,n 052,(“2 n)lvu2 "| .
ul u2

Since af;(z) = a;j(x) + ez, assumption H2 leads to
4 E 2 % 2 % 2
Q° (uf)(Vwy) > a2 ’V/Ba “1’n)‘ + VaJul ™| +4e |[VaJus ™|

( %04)2 )vga(u’;”)f +4e

(
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(where we recall that Bq(z) = xliTa) We also have, because of (17), the boundedness of (uf),cn+ in L1(Q). Since

the asymptotics that we are studying is only w.r.t. n (that is, € and 7 are fixed), we see finally that (\/ ’f ”) and
neN*
(\/ I; ") are bounded in H(Q) < L2"(Q), with 2* = 2d/(d — 2) > 2, and hence (ukf),en+ is eventually bounded in
neN*

some LP(Q) space with 1 < p < oo.

On the other hand, estimate (13) gives us
2

)

QE(UQ)(’U’Z) >4 ’V a21(u1 )am(u’;’")

which together with (16) leads to

|95, a0

Using Poincaré-Wirtinger inequality, we get, for some constant Cq depending only on

| Va8 (E™ag, ()|

2
1

< —Kp(&:(u®) +1).

L2(Q) 4T

ag, (uy™)as, (us™) < Cq Kr(6:(uf) +1)

+
L1(Q) 2\[

< Ca/llag, (™)L oy a5 (uh ™ 1 o) +

L2(2)

2(’% Ko (62 (u0) + 1)
< Calass (o) + lofa(us"s o] + 5om /Ko (6w + 1),
and, again because point (iv) of Lemma 2.6, for some constant D (e < 1),
a5i(uf™) < D 2+ w5 (u™)),

so we finally have

H\/a§1(u1 n)a%(uz ")

< Cq [SDM(Q) +2Dé&:(u )] + 7 Kr(&:(u®) 4+ 1),

L2(2)
and hence thanks to (16), the sequence ( agl(ulf )(112(1/2€ ")) is bounded in H!(Q2) < L2"(Q), with 2* = 2d/(d —
neN*

2) > 2. The previous continuous injection implies then that (a$; (u1 )alz(ugC ))nen= is bounded in some LP(2) space

with 1 < p < oo and since af (u ™ = aj,-(u?’n) + 6uf’ , we eventually get that (ullC nug Inen*, (u’f’nam(ug’n)) N
neN*

and (uQ’nazl(ul’n)) N 3T bounded in the same LP(2).
neN*
Summing the bounds already obtained [we recall that they hold for a given e and 7|, we see that (for all k € {1,...,N}):

. (\/ulf’n> and (\/ug ") are bounded in H!(Q),

nenx nenx
. ( a21(ulf ")a‘iQ(ug")) is bounded in H'(Q),
neN*

o (uynenes (ug ™ nene, (up™uy™)

LP(Q) space, with 1 < p < oo,

neN*, (u’lC "aro(ul ”)) and (u2 agl(ulf’")) are bounded in some
neN* nEN*
e and obviously (wk), ey« is bounded in H(Q), because of estimate (16).

Since we are only dealing with a finite number of values for k € {1,..., N} (at this point, the functions are not
time-depending), we shall only detail the study of (’U«,ll)neN* , the other values of k being similar (one only has to extract
a finite number of subsequences). For every test function x = (x1,x2) € V2, the weak formulation (20) may be written

(i#7e{l,2})

1 1, 1 o, 1, 1, 1,n 1,n
— Oy "Y2) — — Oy "2 ) — (Bxi [afi(ui ") e (w0 ") + e M ]>L2(Q)

+e{xi — AXi,w,-l’n>L2(Q) = <Xi,Rfj(u}’”,u;’”)>.

First we extract (but do not change the indexes) a subsequence of (w} ), en+ converging in L2(Q) and alrnost everywhere to
some element w! € H'(€2)2. The almost everywhere convergence is transmitted to (u}),en+, since ul, = oz ! (wl), the 5
functions being homeomorphisms. Because of the LP(2) (1 < p < 00) bound for (u} )neN* we can extract a subsequence
(of the previous subsequence) converging weakly in LP(2) to some function v! € L1(Q)2. It follows by a classical argument

that v! is almost everywhere equal to u! := ¢z !(w'), that is the almost everywhere limit of (uwl),ecn+. The same
1,n

)nen+ and ( u; " ag; (uy )) N’ i # j = 1,2, since we have the same LP(2) bound. We may
neN*

argument holds for (u1 o 1 "

also assume! that (uO’")nGN* converges weakly in LP(Q) to some function u® € LP(2). Eventually, the cutoff perturbation

introduced on af; and the (superlinear) reaction terms ensures the weak convergence, in LP(Q2), of <a§i (uzl’n)> and
neN*

(R®(ul'™))nenx, Tespectively to af;(ul) and R (ul).

0,n

1In fact we have u%™ = «® ! This line is just to justify the handling of the same term in the other time steps.
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We now fix a test function x in U, ey« Vf” say X € an, m € N*. Then, for n greater than m, since the sequence of spaces
V5, is increasing, we have the previous weak formulation that passes to the limit thanks to all the extractions that we
made, and get eq. (21).

It remains to prove the bounds announced in the Proposition.

Since we have almost everywhere convergence of (uk), cy and weak H!(Q) convergence of (wk ), cn, Fatou’s Lemma
and the classical estimate for the weak limits give directly, for all k& € [1, N], estimate (22).

We use then (26) that we rewrite here:

Q) Twh) 2 — 2 |TBa ™[+ V™[ + e [l 4 ae|w S|
uy)(Vwy) > e o (uy e o (Ug € uy € Ug ,
1—a :

where we recall that Ba(z) = 272 . We notice that for all j € [1, k], the sequence (Ba(u},))nen Was, precisely in view
of the previous inequality, bounded in H'(2), so that we can (adding another extraction) assume that we also had the
convergence (Ba(uf))nen — Ba(uF) in H(Q) (using the uniqueness of the weak limit) and we hence have estimate (23)
using Fatou’s Lemma. ] '

As for (17) and (18), we notice that we had a LP(Q) (p > 1) bound for both (u?™)pen+ and (R (u?™))pen+,
associated with almost everywhere convergence. This is sufficient (using Egoroff’s theorem) to get the (strong) convergence
of these two sequences in L!(Q). Estimates (17) and (18) give hence (24), and (25) after taking the limit in n. |

5 Duality Estimate
5.1 Notations

Definition 5.1. For a given family h := (h*¥)1<p<n of functions defined on Q, we denote by h™ the step (in time)
function defined on 10, T] X Q by

N
BT (t2) =Y hF @)Lk 1yr ke (8)-
k=1

We then have by definition, for all p,q € [1, 00,

N 1/q
T k
1122 ||Lq([0YT];Lp(Q)) = <Z ||k ip(g))) >

and in particular
N 1/p
17 o o) = (ZT / |h’“(z>|pdz> .
k=1

5.2 Duality estimate: abstract result
This subsection is devoted to the establishment of a discretized version of the duality estimates devised for singular parabolic
equations in [23], [21]. We start with the following Lemma:
Lemma 5.2. Consider a smooth function b € € () such that b >~ > 0 for some constant v. For a given ¥ € L2(Q),
the variational problem associated to the equation

—D+bAD =T (27)

is well-posed in H,%(Q) (with LQ(Q) test functions). If ¥ is assumed to be nonpositive, then the solution of the previous
equation s nonnegative.

Proof. Since b is bounded from below (by 7) and above, we can first (uniquely) solve the (variationnal formulation of the)
problem
b1+ AD =b1y, (28)
in the Hilbert space H' (), using Lax-Milgram Theorem.
Elliptic regularity ensures that the constructed solution lies in fact in H2(Q), and even in H2(Q) because of the
variationnal formulation, so that (28) is satisfied almost everywhere and we recover a solution of (27) after a multiplication

by b. Uniqueness is straightforward. All L2(Q) test functions are obtained by density. The last part of the Lemma is
obtained by maximum principle. O

We then turn to the:

Lemma 5.3. Consider a real number r > 0 such that 1 —2r7 > 0 and two families b := (bk)lngN, F = (Fk)lngN of
€ (Q) functions. Assume that for all k € [1,N], b* > 1 and F* <0 (pointwise).
Then there exists a family ® := (®*)1<x<n € HZ(Q)N of nonnegative functions such that, (defining ®N+1:=0),
¢k+1 _ (}k
Vk € [1,N], ————— +b*A®* = VbkF* — rd¥, (29)
T

where eq. (29) has to be understood weakly, against L2(Q) test functions.

13



This family satisfies furthermore

VJ € HlvN]]v HVCI)J”LZ(Q) < er(T)THETHLQ(QT)’ (30)
VETALT[ 12,y S € DTNET (L2 (0 (31)
V] € [[1» NII: ”cI)]HH1 () S eT(T)TCQ [eT(T)T + H \/Q?HLQ(QT)] ||ET||L2(QT)7 (32)

where the sequence of positive scalars (r(7))r goes to r when T — 0.

Proof. A straightforward induction using Lemma 5.2 gives us step by step the existence of the family (@k)lngN and the
nonnegativity of its elements. Now in the k-th equation, TA®* € L2(Q) is an admissible test function and we have hence
after integration by parts:

/|V<I>k\2d:c—/ Vq?k-'—l'Vq)kd(E—‘rT/bk|Aq>k‘2dx:T/ \/bkaAékdm—&-rT/ |VoF|2da.
Q Q Q Q Q
Using
Fk 2 bk A@k 2
[k FF AR < [F7 * | > |

and
1
[VOk? — vakt! . vek > = (jvek|? - [vekt12),
we get, for all k € [1, N]

/\V¢k|2dm—/ |V<I>k+1\2dcc+fr/ b’f|A<1>k\2dng/ |Fk|2dx+2rfr/ Vo da.
Q Q Q Q Q

Let us introduce the auxiliary sequences (1 < k < N):

k._ o*
(1 —2r7)k/2’
GF = 7Fk
(1 —2r7)k/2’
we have then, dividing the previous inequality by (1 — 27"7')k+1
/ |[Vok|2dz — / |[VwktL|2dg +7 / bEIATE|2dz < / |G*|2dx
1—2rr —2r7 Jo 1—-2r7 Jq
2
1—-2r7 Jo
hence
/ |VIF 2z —/ |V o+ 2dg + — / bF|ATF2de < — / |G*)2da.
Q Q 1—2r7 Jq 1—2r7 Jo

Now for j € [1, N], summing up over j < k < N and using ®¥+1 =0, we get

/\V\Iﬂ\ dz+ —— Z/ b ATF|? dz < -

and hence, in terms of the ®F, F*

N N
VoI [2de + 7 / B ADF2dr < — / F*2da
/sz | | g Q | | (1 —2rr)N+t 2:: Q I
(N +1)2rr / k12
< F*|=d
_exp{ 1—2rr Z TIF e,

which gives immediately (30) and (31) in the particular case j = 1.

N
> [ 16¥ P,
T =179

Now for the last bound, notice that after integrating the k-th equation, we have
(1- rT)/ drde = / oFHldz + 'r/ {bFAQFE — Vb FFY da.
Q Q Q

Defining this time

.
T —rr)k’
G* = o
T —rr)k’

we get, dividing the previous equality by (1 — r7)*+1,

/\Ilkdx:/ \pk+1dz+L/ {BFATF — VohGF Y da,
Q Q 1—rrJq
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which, after summing up all over 57 < k < N, leads to

N
) ) 1
< [ Widz = BFATF — \/bkGE1d
[ [ wae 147,62:],7/9{ VG Jda

(1 —rr)N+1

N
1
< —— 7 ZT/ {vF|AD¥| + Vbk|F*|}dz,
k=; “9
and we have hence, using (31),

< [H\/E’-HLz(QT) +er(T)T]HETHLZ(QT)BT(T)T’

’/ dIde
Q

so that (32) follows from (30) and Poincaré-Wirtinger inequality.

If we want to use functions of the previous family ® as test functions in the weak formulation (21), we have to show

that they actually belong to w2 (Q2). This can be done using the following lemma

Lemma 5.4. Letr be a strictly positive real number. If w € H?,(Q) satisfies w > 0 and —Aw < f+rw almost everywhere,

for some f in L9(Q2), ¢ > max(d/2,2), then

ol @) < Coar (IFlLace) + ol ey ) -

Proof. Cq 4 and C,4 denotes constants that may vary from line to line. Lemma 5.2 gives us the existence of g € H2(Q),

unique solution of

g—Ag=(r+ 1w+ feLmin Q)

where p® is defined by the Sobolev embedding W2 (Q) < e’ (). If 2° < g, then the elliptic regularity of (Id — A) and

a Sobolev embedding (cf. [14]) ensures
lgll e () < Callgllyazs gy < Callr + w + fll e .
But we also have
w—Aw < (r+ 1w+ f,
that we can write
(w—=9) = Alw—g) <0,
so that by the weak maximum principle in HJ(Q), we have

0<w<gel?’ Q).

The previous argument can be iterated in order to finally get w € L9(Q2), and thus using the elliptic regularity mentioned

before,

lgllwz.a() < Call(r + Dw + fllLe)-
Since g > d/2, we get the L°>° estimate

lgllLe (@) < Cagll(r + Dw + fllLa),
that is again transmitted to w, thanks to the weak maximum principle :

lwllLeo (o) < Caqll fllLa(a) + Ca,q(r + DllwllLaq)-
Since
1 1/4’
lwllace) < lellghlo il ),

we get by Young’s inequality

Ca,q(r+ DllwllLa) < Cq,r

1
lwllp ) + §Hw||L°°(Q)7
and we are eventually able to conclude that

lwlloe @) < Cagr (Ifllace) + vl )

We now can prove the following:

Lemma 5.5. Under the assumptions of Lemma 5.3, the sequence of functions ® satisfies in fact, for all k € [1, N]

19 Igee (@) + 182 oo (@) < Cr[1+ VB 2o [ IE e 0y

the constant Cr o depending only on T and Q, but (severely) blowing up as T — 0. In particular we get that ok € W29(Q)

for all g € [1,00][.
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Proof. Since ®N >0, ®N+1 =0, FN <0 and bY > 1, the N-th equation of (29) gives us
—ADN < —FN 4 ol

and since F'N € L°°(Q) — L$(Q) for all s > 1, the previous Lemma applies:

19 oo ) < Cor [T ooy + 19 i (@]
and we use then (33) to get

N

12 oo ) < Cror [1+ IVE 2o I s (@ry-
For all k € [1, N], using the k-th equation of (29), we have in the same way
—ADF < @kt _ k4 ok
and hence a descending induction gives eventually (C o varies from line to line)
1951l (@) < Cr [1+ [VE 2o | IET e 0

To handle the laplacian terms, we write for all k € [1, N], using again (29),

Aq)k B @k-&-l _ q>k Fk (I:,k
ey

which directly gives, using the previous estimate,
k
182" oo 0) < Cra [1+ [VE 2 @ IET oo (-
In particular, the norms ||®* — A@kHLq(Q) are all finite for ¢ €]1, co[. Thereby, using again the aforementioned (see [14])

result on elliptic regularity, we get the finiteness of all the norms ||<I>k||wz,q(m for all ¢ < oo. O

5.3 Duality estimate: application to the system

Proposition 5.6. Under the assumptions of Theorem 1.2 and using the Definitions 2.5, 3.1 and 5.1, any weak solution
of eq. (21) satisfies the following estimate:

\/d + ajsy (u’g')

< D, (34)
L2(Qr)

where D is a constant depending only on T, Q and u®. The same estimate holds when the subscripts 1 and 2 are exchanged.

Proof. We shall denote by u] and w7 the step (in time) functions (see Definition 5.1) associated to the two families
(u¥)1<k<n and (ub)1<rp<n (excluding hence u? and uJ). Since the original system is symmetric in u; and ug, let us focus
on ui for now. As in Lemma 5.3, we consider two families b := (bk)lngN and F := (Fk)lngN of €°°(Q2) functions
such that b* > 1 and F* < 0, and the associated sequence ® := (@k)lngN, with r := r;. As shown in Lemma 5.5, the

functions ®* belong to W2’ () (for all p > 1) and are hence admissible in the weak formulation (21). We may therefore

write, for all k € [1, N], taking ®* for test function in the weak formulation on ulf:

1ok & 1ok k-1 k[ e (K k. e (o k
;<<p 7u1>L2(Q) — ;(<I> , Uy >L2<Q> - <A<I> ) [%1(“1) +U1‘112(“2)]>L2(Q)
+e(@F — A¢kvwlf>L2(Q) = <<I>’“,Rf2(u’f,u’2“)>.

Thanks to the regularity of ®*, one can take u’f as a test function in the k-th equation (29), so that

1
;(q’kﬂvulfh?(m (‘b su)rz(a) + (ARF R ut) 2 ) = (VOFFF ul) 2 () — r1(®F, uf)r2(q)-
We hence have, for all k& € [1, N], adding the two previous equations,

1 1 _ 5 €
;(‘Pkﬂzulfh?(m - ;(‘I’k»ulf 1>L2(Q) + <A‘I>kv [bk - 11(ulf) - a12(u12€)Jull€>L2(Q)

+e(@F — ADk wh) L2(0) = (Vb FER uf L2(Q)_<<I) Rig° u17u2)>

recalling that a$,(z) = a12(x) + e, a‘{l(az) = xd5, (z), d5, := 7e(d11), and the decomposition R§, = Rf, — R7;°. Since

®* is nonnegative, we get, if we denote c* := b¥ — d5, (u¥) — a§,(uk), after summing over k € [1, N] (and recalhng that
q>N+l = 0)7
1 N
<‘I> sud)i2(a) + Z (ADF, Fuf)2q) + Z e(@F, wh) o) < Z (VVEF® )12 0. (35)
k=1 k=1 k=1

The following approximation Lemma will help us to handle the sequence ¢ := (ck)lngN:
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Lemma 5.7. There exists a sequence of families (bm)men = (b, b2, ..., bN)men of €2 (Q) functions such that

V(k,m) € [1, N] x N, bf >1, (36)
vk e [LN], [ b - dis(ud) — aa(uh)|(1 + ub)dz > o, (31)
Q m oo}

k
(I14+uy)de e 0, (38)

Vk € [1,N], ’@—\/m
aas

2

(39)

d; u +afs(u da:—H\/d ul —|—a5 ul .
LQ(QT)’m—>+OOZ /| 11(u1) 12 2| 11 1 12( 2) L2 (@

Proof. This Lemma is a rather direct consequence of the regularity of the borelian measure (1 + u’f) dz: we know that
d§, (uF)+a5,(uk) € LT (Q, (1+uF)dz) and is lower bounded by a strictly positive constant, we may hence approximate it in
this space by smooth €°° () functions, which are still lower bounded by a strictly positive constant. This gives (36)—(37).

Using the mentioned lower bound, we have
’\/ Y di; ( “1 + a12(“2 '\/ bk, — V diy (uf) + afy(ub) [ bk, + \V dgy (uf) + a12(u2)}
\bk - d11(“1) - a12(u]2€)|7

so that we also get (38). Noticing that

Vel

ooy = Wl ) = Z /. e,

we see that (39) is a simple consequence of the convergence (37). |
We now fix a family F := (Fk)lngN of €°°(2) nonpositive functions, and for each family bn, of the sequence
(bm)men defined in Lemma 5.7, we define the corresponding family ®,, := (®L ,®2 ..., &) using Lemma 5.3. The
previous estimate (35) can now be written
N N
—(@h, u) 2y + D T(ADE, cf, u1>L2(Q)+ZT6(‘1’m7 Q) Z bk FF uf)r2 )
k=1 k=1

where ck, := bk, — d5, (uF) — a5, (ub). Since the right-hand side is nonpositive, we may write
/—’_
k k k
< (@, u)r2(0) + Z ‘ Aq)mvcmu’1>L2(Q)‘

N
+> T ‘(‘Pﬁmwlf)Hl(n)‘ .

k=1

N

Z \/7F ul 1.2 Q)

k=1

Using (32) of Lemma 5.3 and (39), we get (for a given 7,¢),

0 ri(m)T ™ T r1(7)T
[2]] < Callu® ez [ O ez LQ(QT)} 17 2 g™
motoo Callu’® ”LQ(Q){ nOT 4 H\/dll(ul) +afy(ug) (@) ||ET||L2(QT)6T1(T)T'

Using Lemma 5.5, we get on the other hand

’.‘<TN sup {I|A<1>mHLoo(Q>||C u1||L1(Q)}

< o <V

using (37) and (39) for the convergence. In order to treat , notice that we know, from inequality (22):

FT. su Cr U — 0,
Lz(QT):||| ”L (QT)1<kE e IHle) —+oo

N

ery w1 ) < K1(8e(u®) + 1),
k=1
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hence, using again (32) of Lemma 5.3, we get (7N =1T)

[ <7 'ean NNz

< en(MTe, n<T>T+H\/7‘
< en(MTe, TlmT*H\/i‘

and we may use again (39) to get that the last upper bound is converging, as m goes to 400, to

eTl(T)TCQ |:er1(‘r)T + H\/d‘il (@71') +ai, (y'g)

] N
4 k
Lz(QT) HE HL(X)(QT) I;TEHwIHHl(Q)

L3(Qr) |

N 1/2
!ET HLOO(QT)Te\/N{ Z ”“ﬂf”?{l(g) }
k=1

VET\/Kp(6:(u®) + 1),

L3(Qr) | |ETHL°°(QT)

o 100 T

Finally, because of (38), we can see that converges, as m goes to +o00, to

| [T\, (D) + ot (uh) E7do .
QT

All the previous estimates give hence, denoting A7 := u74/d5; (71) +ai, (g’z'),

T Q“lf d11(“1)+a12 F dx

’ W Eda dt‘ < enTgy T | H V5 (uT) + o (u3) }
Qr L2(QT)
x [\/ﬁ Kr(&(u®) +1) + \|u0||L2(n>] IE7 20

Since AT is a step (in time) nonnegative function and the previous holds true for all non-positive smooth (in ) step (in
time) functions, we have then by duality

WV D) )| <@ 1y ) iy (03) ]
L2(QT) L2(QT)
x [VETVEr(8:(u0) + 1) + [’ 2oy -
Hence, in L' norms, we get
T2 4ry ()T
0+ ], 27 | ) e
x [eTEr (8. u”) + 1) + [u’ [F20) -
Since € < 1 and (r1(7))~ T the previous inequality can be written in a simpler form :
T
T2| 4¢ € T
Hgl [ 1(u7) + i (u )] P i EHCH ISRy eI ”Ll(QT)}

where the constant D only depends on T, Q and u?. Because of the concavity of a5, (and since it vanishes in 0), we have,
with some constant Cp,C2 not depending on ¢,

afs(z) < C1 + Caps(2),

so that, from (22), we have

ot [ ) +afa@d)][ |, < D1l (D) s gy + B (@) + 1))
that we may write (changing the definition of D)
o )+ 0], < 214 148 6D |
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But we have then, since d; < di1 which is a non-decreasing function,

|7 [d5: () + o> (u3)]

ut<vaDb A (u])

T>‘/7d *1)’ L1(Q) ’

Ll(QT)

Ll(ﬂj

D1t o [Jut®ds (u])

du(\/@)u(ﬂ)] ,

L1(Q)
so that
1
up?[3d5: (u) + af (u3)] < D[1+di(V2D)u(@)],

LY(QT)
that is to say, eq. (34). O
6 Proof of the main Theorem
This section is dedicated to the proof of our main Theorem.
Proof. Thanks to Proposition 4.1, we can consider a solution u7%,u%® to system (21). For the sake of clarity, we shall

denote this solution by w7, u%. Let us keep in mind that since we are deahng with the limit (7,¢) — (0,0), we shall have to
use bounds that are uniform w.r.t. these two parameters. Hence in the sequel, if not mentioned, the term “bounded” will
always have to be understood as “uniformly w.r.t. 7 and €”. We shall only work with u7, the study of u7 being exactly
identical.

We start with a simple computation. Take some real number 1 > 0 and write

N

uT(t+m2) —uT(t2) =D (Y1) E+ 1) = Ygo1)ren 0] uf (2)
k

Il
—

M-

(1) (k)7 = k7 —n) (8) = L1,k (8)] ().

>
Il
-

Hence, using

Yk—1)yr—nkr—n®) = Lk—1)rkr] (&) = Y—1)r—n, (k=1)7] &) = Lrr—n k) (1),

we get

N—1 N

uT(t+m2) —uT(62) = D> Yeroypr tuf T (z) - D Yprner (Bul ()
k=0 k=1
N—1
k
= D> Lpr—qrn O (@) — wf (@)] + 1y 0 (O)ui (2) = Lp_py (D0 (@)

k=1
If we denote by oy, the translation operator g(-,z) — g(- + n,x), we have, introducing the space E, := LY([0,T —
n); W2 (Q)'),

k+1 _ ok
logut = uTlle, <n Y luy™ —ufllwzeoqy-

Now recall that, for all 5 € [1, N],
Orul — A (15, (u]) + afa(ud)]ud ) +e(w] — Aw]) = Rfy(u),
weakly. We then have (taking j = k + 1), since H!(Q) — H™1(Q) — W2>°(Q)’, and L (Q) — W?>°(Q)’

1 kg1
=Juy

(@) + afa (b N |+ eCallwl i ) + RS () L1 g

— uflwz.00 () < H[du Uy

L1 ()

k+1 k+1 k+1
= || [d5s b ™) + afo (b T L

k k k
+ H[ il(u1+1) +a§2(u2+1)]u1+11u,f+1<1‘

L1(Q)
+eCoqllwit? iy + 1RSs (@ )Ly + 7"1||“If+1||L1(Q)~

Using 1 = 1u§+121 —+ lu’f+1<1’ we have

12
< [+t Jas, @) + asy (b

152 (b ) + afa (T |
L2(Q)

Ll(ﬂ)

+u(Q) sup iy () + [lafz(usT)lln o)
x€[0,1]
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Since for € small enough, df; coincides with di1 on [0, 1], using also the last point of Lemma 2.6 to get aj, < D(2 + 95),
we have eventually (recalling (22)) for some constant C not depending on ¢,

2
@5 b )+ afa bttt < kT @) ey ORp(s ) + )
v L2(0)
2
< Jubtan ) +an @) +e
L2(Q)

where we change the definition of C, so that finally

. <nz {

112
+1\/ds +a€ (uk+1)
L

+C + eCallwi ™ Hl(Q)}
2()

+n Z {IIRE’ wF)|p1 g +7“1||u1f+1|\L1(9)}

2
< an|[uT\/ds, (uT) + a5, (uF) |

N
+ nT'C + netC, wF
Lo T net nkz::lﬂ la1 (o)

+n Z {IRs5 @) oy +rallef o)}

which, using (34), (22), (24) and (25), is going to 0 as n — 0, uniformly w.r.t. 7 and e.

We also have
N

IVuTl(t,2) = D 1k 1)rkr) (B V| (@).
k=1

1—a
Recall the notation B (x) := 2”2 . Given v : Q — Ry such that Bq(v) € HY(Q) (and considering for example the sequence
(v+ 1/m)men), we get
l—a _at1
v
2
weakly. Hence, using (23), we have for all k € [1, N]:

= VBa(v)

k
TZ/ |u{|7“71\Vu{|2dac < Kp(&:(ul) +1).
j=1"4
We know that

[Vuil(t,z) = Zl] e O e

Hence, using the dual estimate (34), we see that Vu7 is bounded in L9 (Q7), where qq is defined by the equality (a €]0, 1[)
a+1l 1 1
+

4 2 ga’
that is go = 8/(2a + 6) > 1. At this stage we obtained, denoting E,, := L1 ([0, T — n]; W2°°(Q)'),
o |lopuy — QTHEW goes to 0 with 7 uniformly in 7 and e,
e (uT); is bounded in L« ([0, T]; Whia (Q2)).

We know that W1:de (Q) < L™(Q) < W2>°(Q)’, where the first injection is compact, the second one is continuous, and r

denotes any real number of the interval [1,¢}[. We may hence use Theorem 5 of [25] to get the compactness of (u7)- in
L([0, T} L7(92)).

From the definition of u7:

N
ul(t,z) =Y uf (@) —1)rkr) (1),

k=1

we get

M=

0—7271-(157 :E) = Eq(t -7, x) = ulf(x)l](k—l)f,kf] (t - T)

™
Il
—

uF (€))7, (kg 1)7) (£)

[l
2 1M

1
U @) (1) ger) (B)-

£
Il
0
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We hence obtain the following expression for the rate of growth

T T
Uy —o0—ruUy

1 1
- = Z Lk—1)r,kr) (1) druf(z) + = 1]0 AB)ui(z) — *1]T T47] t)uy (z),
k=1

recalling the definition of the finite difference operator,
uf —uy

k
Oruf =

Now let us fix a test function 8 € 2([0, T[; €2°(£2)). We have

/ s T Z/k (ot 0 O)ae+ [ h o) ar

where we denote by (-,-) the duality bracket 2’(2)/2(€2) (which is simply the integration on € here ...). A change of
variable leads to

/ /ul—a T tx)dxdtf/ /ul — (¢, z) d:cdt—/ /g"{~ﬂ(t,x)dxdt
Q T

/T T/ (t z)dzdt

0
+/ /u1 —(t,x d:cdt—/ / . t (t,z)dzdt .
T—1 T —r

Then, equals to 0 for 7 small enough because 6 € 2([0, T[x2), and equals to 0 for all 7 because of the definition of
u7, so that finally

Z/k o Tu’f,&(t))dt—&—%/(:(u%, dt*/T T/ul (t x) dz dt. (40)
Since for all k € [1, N] we have (in the weak sense)
Ok — A([d51 (uh) + a5y (uh)]ul ) +ewi® — Awb) = Riy(ub),
we also can write, for all ¢t € [0, T,
(- 0(0)) — (afy (uh) + ubara(ub) + cubu, ABE) ) + £, 0(2) — AB() = (Riz(uh), 0(1).

so that integrating on |(k — 1)7, 7] and summing over k € [1, N], we get

Z/ (Bruk, 0(t)) dt — / / afy (u]) +uTai2(u}) +euluf ] AO(t,z) dxdt
k—1)T

kT T
+ez/ (wh,0(t) — A6(t)) dt :/ / RS, (u™)(t, 2)0(t, z)dz dt.
1/ (k=17 0o Ja
Using (40), we eventually get

T
/0 /Ql[O,T—T[(t)E‘; tx)dxdt / / af; (u7) + uTa2 (uh) + euful } AO(t,z) da dt
+EZ/ (wk,0(t) — AO(t)) dt

= 1‘/ (ul, o( dt+/ /R12 )(t, x) 0(t, x) de dt.
7 Jo

We now can study the limit (7,e) — (0,0). Thanks to the compactness result that we proved above, we get the existence
of w:= (u1,u2) € L'([0, T];L"(Q)) (with 7 < ¢%) such that, up to a subsequence, we have

(271-)7',6 — ui,

(7,6)—(0,0)

(EE)T,E — u2,

(7,6)=(0,0)

in L ([0, T];L"(£2)), and also almost everywhere on Q7. Because of the dual estimate (34) ( a1z (v 2)) is bounded

T,
in L2(Qr). Using assumption H2, we see that a1z is at most linearly growing, so that using again the dual estimate (34)

but inverting the subscripts 1 and 2), (ai2(uf is bounded in L?(Q7). Writing
2
T,E

uTa12(uh) = uiy/a12(u})/a12(u}),
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we see eventually that (g’{alg (y'g)) is bounded in L4/3(QT) and we may thus extract a subsequence converging weakly
T,€

in this space, and whose limit has to be equal to ujaiz2(u2) (because of the previous almost everywhere convergence).

As for the self-diffusion, the dual estimate (34) ensures that (y"l' dil(g"{» is bounded in L2(Qr). Since d5, is

T,E

a nondecreasing function, we infer the boundedness of <ail(g'§))7 . = (g'{dil(g’{))Ts in L1 (Qr), so that the weak

convergence of this sequence can be deduced from its uniform integrability (Dunford-Pettis theorem). Since d5; < di1
which is a nondecreasing continuous function, introducing the pseudo-inverse g11(¢) := inf{z € Ry ;xz d11(z) > ¢} which is
also going to +o0o with ¢, we get

T T
/0 /Qﬂdil(M)lquilmq)zM(tvm)dxdtS/ /u§d§1(MUlgduwgzM(tvI)dzdt
/ /u1d11 uﬂizgll(M)(t,Z)dmdt

2
‘i\/ di, (“T)

gll(M)

which indeed goes to 0 with M, uniformly in €, 7, thanks to (34).

L2(Qr)

We hence get

/ /Q ‘111 +u1a12( )] AG(t, x)dxdt(‘re)ﬂ(oo/ / a11(u1)+u1a12(ug)] AG(t, ) dx dt.

Since 6 is smooth, we have
0—o.0
T — 840,
T T—0

uniformly on Qr, and 1[g 1_,[ converges to 1 in all L*(Qr) (s < 00), hence

/ / [0,7—r[(H)uT - f(t z) de dt - s):ZO 0 / / uy - 0¢0(t, x) dz dt.

For the reactions terms, since the nonlinearities are always strictly sublinear or dominated by the self diffusion, one easily
manages (using the dual estimate) to use Dunford Pettis criterion. Indeed, first, since (7¢)e is increasing to the identity,
the uniform integrability of R;5;°(u™) reduces to check this property for both s11(u7)u7 and si2(ul)ul. Since dii is
nondecreasing, we always have lim su(2)

z—=4o00 zd11(2)
t}, which is also going to +oco with ¢, we get for M > 0

= 0, so that using again the pseudo-inverse f11(t) := inf{z € Ry;z s11(z) >

T
/ /Qsll(y’l')g’l'lsu(ﬂvl-)ur>M(t z)dzdt = / / s11(u 1,7 > f11 (A (¢, ) dadt
0
2
s11(z
< 11(2) ’ di1 (u7) ,
2> f11 (M) #d11(2) L2(Qr)
which goes to 0 with M1 uniformly in ¢, 7 thanks to (34). We used here the fact that estimate (34) is still true if one

replaces d5; by di1 (Fatou’s lemma). For si2(u%)u7, using again the pseudo-inverse, it is easy to exhibit some positive
function £ going to +oo in 400 such as si2(uf)u] > M large enough, v} < £(M) = w7 > ¢(M). In the case of the
previous implication, one may easily use the already noticed uniform integrability of (u7), and if G < (M), then we have

by Young’s inequality for any small § > 0,

52, (u
u1 s12(u2) < du? ara(uz) + M7
daiz(u2)

so that we may conclude using (34) and assumption H1 :

s12(2)

lim ——————
2400 z 4 /doa(z) + a12(z)

For the other terms, first notice that

N
(w,0(t) — AO(t)) dt| < e]|0 — A0 0, 712002y 2 Tkl (q)
k=1

(k—1)7

N 1/2
<16 = 26|00 0,772 eTVN {Z w]fing)}
k=1
VET(8(u) +1)
<1e- AQHLOO([O,T];LQ(Q))ET\/NT

= (16 — A0|| 00 ([0, 73,12 (0)) VEV T K1 (8 (u0) + 1) (‘r,s)j?0,0)

where we used (22) for the last but one inequality.
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We also have

[ eutuga0.o) dedt] < ellTls g I3lus 140 0.

which goes to zero with (7,¢) thanks to the dual estimate (34).
Finally because of the continuity of 6, we can write

1 T 1
7/0 (w0, 0()) dt = /0<u9,9(rt)>dt

T

(W0, 6(rt)) =/Qu9(m)e(o,z) dz

—
(7,6)—(0,0)
so that it only remains to show

1 T T
=t - utoeydr= [ @ 000 ar
0 0

—
T (7,6)—(0,0)

From equation (21) for k =1, i =1, j = 2, we have (x1 = 0(t))
(@rul, 000)) — ( [afy (ul) + ularz(ud) + eutub], A0(1)) + e(wl, 0(t) — A0(1))
= <Ri2(u%7u%)7 9(t)> )
that gives, since L!(Q) < W2>(Q)’, for some positive constant Cy depending on 6,

1 T
Co /0 (0ru1, 0(t ))dt‘ < 7llafy (ui) + uiarz(uz) + eujug + ewi + RlQ(u17u2)”L1(Q)

< lui “il(g‘rl-)l[O,T]XQHLl(QT) + luTar2 (uh) Lo, rxallLt (@
+ €||E§||i2(QT) + 5||H§Hi2(QT> + e/ p(Q)||lwi L2y + 1RT2(u )10, rxallLt (@)

As shown before, all the sequences written in front of the characteristic function 1y ,1xq are uniformly integrable (we
actually showed this for the self diffusion term, and have some LP(Qr) with p > 1 for the two others), and they hence

vanish with (7,€). The three other terms also vanish, because of the duality bound for the ||u7 HIQP(QT) terms and because

estimate (22) for the ||w%||L2(Q) term.

We get then

/Q u1{8t9 — [di1(u1) + agg(ug)}AB} dadt = / ud(x)0(0, z) dz

Q
that is the weak formulation on Q7 of the equation
Oru1 — A[an(m) + U1a12(u2)] = Ria(u1,u2),

initialized with u1(0,z) = u{(z). A similar (symmetric) formulation holds for us.

We end up the proof of our Theorem with the passage to the limit in the duality estimates. First notice that the
constant D in (34) can be written as a polynomial function (with positive coefficients) of (||u® [lL (), 6= (w 0)). Since

(uT+/d5 11 +a12 )<5 r) converges almost everywhere to ui+/di1(u1) + a12(u2), and since é"g(uo) converges to

&(ul), the class1ca1 weak estimate ensures that

HUI d11(u1)+a12(u2)‘ (||UOHL1(Q &),

L2(QT) —

for some polynomial function P with positive coefficients. O
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